
Lecture 11and 12: Heat Equation
1. Derivation of the heat equation
3 Steps involved :

a) Conservation of energy :

.

• eEit) ( with units [ glue] )

density of internal energy at
R point x [m) and time t Es]

• I = ICE
,t) [ 31cm's) ] a vector field

describing the beat Slue through some surface or
• p = pce ,t) E J / Cms s)) a scalar function
describing the power density of a beat source
( think of candle in the boom)

Thew the principle of conservation of energy dictates that

Catz Se CE ,t) DV = - S Finds tfp DV
r ar s
- -
Total chiange- of total energy Slowing total energy

energy through surface generated
per time unit inside R

per time unit .



Now recall the Gaap 1 divergence theorem

SFinds = § divF dV , plugging this in yields
Or

£ § ekit)dV=§ofelect) dV=§f dirt +p)DV
since this apply to any arbitrary domain I , it must
hold that

of eCI,t) t dio ICI ,t) = p CE it) for all x c-do ,

and t 2 O
.

.

b) Constitutive laws :
Absolute temperature TCE ,t) [KI is ameasure Ser
the storage of energy at point F and time t .
• First constitutive law relates internal energy density
to temperature :

e = eo t o (T- To)
[ chosen reference temperature

= lo t OW (O - T- To)
O -- oCE) E 31 Cui KD specific beat capacity

• Second constitutive law ( Fourier 's law) relates

temperature to the Beat Stu :
F = - I 170

• I = XCx) [ 31 ( in Ks)) is the Beat conductivity
• If additional energy transport through convection
( e.g .

in a fluid) -occurs . IT e - XDot E e
.



Plugging in constitutive laws gives the beat equation :

oofO - D . ( t 170) ⇐

p tf x c- Do it > o .

If we assume that X does not depend on I
( e.g. for Bohogenerous material) , then this reduces to

• of O - t so =

p
f x c- do it >0 .

c) Boundary and initial conditions

To finally determine the temperature 0 ,
we must

also Bhow :

• the initial temperature distribution Of K)
-
-Ocho)

• whether and what kind of energy exchange occurs
with the boundary @So ⇒ boundaryconditions .

dost common boundary conditions (for the beat equation)
• IT in = KCEct ) (O -Va)
Va is some ambient temperature ,3h [ 31cm'sK))
is the beat thawsfr coeffiuht .

with Iouuir 'S law this gives
- 4170.w = - t Owo = 34 V - Va)
Robin boundary condition :

howO t & (O-Va) - O oh Odo.



• Limit case 2=0 ( perfectly isolated) :

(Homogeneous) Weinmann condition it OnV = O ow Odo

• Limit case 3h → Oo ( infinitely fast beat exchange) :
(Julioingenious) Dirichlet condition : G --Va on Odo .

• Iwm now ow we will consider the beat equation
in the John

¥1
Ew = ut

- Es w =p .



I
.
Solution on bounded intervals ; separation of variables

want to compute tempdate of
o_0

a rod .

%Yo, III!! , = o Dirichlet boundary condition
ace 07 - f Ce) initial condition

• Separation of variables : daybe our solution uceutI
can be written as a product of a function Ice) andSCH?

Ansate : UH,t) = Ice) Sct) ,
thew

qw = 8
'

CHIK) = ESCH F " K)

Sorting terms . S
' Ct)

*,
= 7¥
Ice)

T T
function in t function in x

since e and t can vary independent of each other ,
we must Rave that

g
' Ct)

CF
= B - Facey

Ice)

for some constant B which we don't know yet .



Thus we get

I
"

(x) t B't Ce) = O

g
' CH t E B Sct) = O

dit 's Bove a look at B and F first .

• Case B = O :

Thew I
" (x) = O⇒ FK) = A t B x for some constants .AB.

B.c. gives Ico) SH) = 0 so either SCH = O K t
( which is uninteresting since alert1=0 feet ) or Flo) = O .
If Flo) - o ⇒ A = 0

Second b.c gives F (d) Sct) = O , same reasoning as before
gives F (d) = BL = O ⇒ O ,

so I (e) = 0 if D --O .

That is dull
.

• Case B L O : Thew F
"

t B F Bas the general solution
Ice) = A eFbkt ① e-

Fbi
?

Using our boundary conditions again and excluding SH) E O ,
we get that

¥5 ' no? o
⇐

'

if
det C = e-Ad . eFmg

= 0 it 0--0-
=: C

< o if B s O .

So for B co , mdi.ie C is invertible ⇒ A = B --O .
This is a very unexciting solution.



• Case B > O
.
Still our general solution is

I (x) = AN ett " t ⑥ e- "
but now

= Fei + I e-
irk

so in general our solution I can now Outten es

Ice) = A cos The t B SinRix .

• Using b.c. WCO , t) =0 we get
I co) = A = 0

.

• Using b.C. h(ht) - O we get

ICD = B Siu AL = 0
This we can satisfy for some hoh- trivial B if
TEL is some integer multiple of nTi

Rd = wt ⇒ B =
.

• Ehought to consider h 20 ,
otherwise

sin just courses sign and can be incorporated into B.

• Now we can turn to get) :

g
'
HI t E B SH) =0

For each w will we get an equation

sich t SH - O

⇒
Sult) = An e

-4¥)'t



So starting from the separation of variables ansate and
incorporating b.c . and ignoring trivial / uninteresting solutions
we get possible solution functions of the form

Un kit) = Fk) Sult) = An e- sinCE x) .
Of course any superimposition / linear combination

will be a solution to the heat equation as well , and
will satisfy our boundary condition .:

UK,t) = ÷
.

An i sin CLI x)
• Hoo can we determine Aw ? use initial condition ?

£67 = ucx ,o) -- Ein An sin (TI e)
That smells suspiciously like a Fourier series
( dove precisely a Sin series ) .
. So Aw is the town coefficient to the odd extension
fo of f or

An = Ia & fu) sincee) dx .
We summarize our derivation in the following theorem .



Theorem 1
The beat equation problem

{It 9%15=00 Homogeneous Dirichlet condita

w ex ,o) - f Cx) 3mohomogeneous initial conditions

" ""



3. Solution on an infinite tool

• of u - c
' ai w ①

• Boundary conditions - time wCat) = O.
x→too

• Initial conditions u (x,O) -f Ce) .

Idea . Iouuir dem's useful for bounded interval ,

maybe the tower transform might be Belpfnl how ?

• Start with Tonier transform④ in x :

F Cau) = T F Cq
'

w)

• F Cau) -- Larp ! Ew cat) e-
""
de

= ft tf fo!wut) e-
""
de

= efz ie (wit ) .

• F COwu) = i w FCau) = - w
' ICw)

.

So we obtain
qT (wit ) = - Ew

' ICwit) .

Turing w , we can treat this as an ODE :

ie (wit) = A (w) e-
""t

.

Iouuir transform the initial condition gives
£ Cw) = ie (w.o) = Acu) .



Thus

heat) = FI Cui) - tuff Icw) e'
init
e

" "
dw

• Now recall the convolution theorem for I , which

we can reformulate as

La f #s = I
"

C Sig) .

*

alert) = Iz f * /FICe_iw
• Can we compute the last term ? Now remember four
declare ④ that

, ( e-
aEy . Lama e-

IT
.

so to compute TL we set Fa = Et ⇐ a - 4¥
and then we obtain that

y = D- . e-
4k¥

and thus
c TE

wat) -- f * ftp.m i t)
-

- fi Staff i do .

Define that kernel by
Seki 'SCat) = tf e-

¥
,

then uHit) - (f * get) K) .



• Observations ,

• If scat) de = I tf t > O
.

• For t → o Skit) → 8 ( Dirac function)

• Skit) solves the beat

if
' equation

• Same applies to G (x .Et) . Thus we expect
that

uh
,
t) =I * go.dk) → (f * d) le) -- fCe) .

• That is indeed the case but we won't prove it rigorously.

Theorem2
The beat equation ow x- axis with initial condition

uCkO) - fCe)

gawbesoloedby-uu.tl#*sedkI--IooscvctE,iiEEI
and we leave that

thing w kit) = f Ce) .



4. Laplace equation
• For an equilibrium stale , temperature will unaim steady /
not change over time any more ⇒ ofwCat ) = O

and thus the temperature Siedd w at equilibrium
satisfies the Laplace problem
is w = O .

• If the tigh-Rand side is not 0 , we talk about the Poisson

problem .

. Consider now the Laplace problem in 8D :

Qi w t Ojw = O t boundary condition

4.1Solution on a bounded rectangular domain

u= f

" was. . o
w (x

, b) = f Ce)
4=0

• Idea : use separation of variables again
Ansett : u Cx,y) = FK) gcy)

O - Su = F
"

(e) fly) t t (x) g
"

ly) and as in yesterday's lecture

⇒
- = §YggI = B for some constant B .

.



So we need to solve

it" Ce) t B 't Ce) = O l )

g
"

Cy) - B Sig) = O 2)

° To find possible solutions to 1) we proceed as in
yesterday's lecture :

B = we uh
,
F Ce) = sin hat x w E Al .

• The general solution for 2) is

Gacy) = AT e-¥5 + In ehIg
= AnsiwewfhaIyJtBucos0@aID.o

general solution which satisfies u( O ,y) = w Lacy) =O :

ace
.g) = Ice) girly) =(Au sinkChai g) t DucosBhaiy))sin naIx.

• Requiring that u( x ,O ) = O leads to

An SinB It Bw cosBO) = O ⇒ Bn = 0 .
• To satisfy wcx

,
b) = ftx) , we superimpose the

EYI.gs?TEuucx.yi=I.ausinoEa)siwcE#
and threw

#fu) = uCx.b) = ¥
,

/An sinew ( nib) sin (nai e)
- *

so similar to yesterday's derivation , ⑧ must correspond to the
Fourier coefficient of the odd extension of f and thus

An=(siwwnTbyJ!z.§wIId.



4. 2 Solution in the half -plane
• I = { (x ,y) E R

'

:

y z 03

• Want to solve Of w toga = O l)
b

too""s' cast. o as

→€0) = fee) with ¥:#e) = 0.3)
• Use Jowuir transform l) w

. r. t . x ( we write Ie ) :

¥ Coin) t Fe 05w) = FCO) = O

⇒ - w
' W' ( w, y) t Og

'
ie (w , y)

= 0

As before we treat this as an ODE in y and obtain

in Cw
, y) = A (w) e-

'"s
t BCw) e'

"s
.

• Fourier thawsfirm of b.c . liyyoo w Ce ,y)
-
-O leads us to

fig in Cw ,y)
= O

.

⇒ BCw) - O
.⇒ in Cw

.g) = Ahs e-
'w's

• Now transform ace
,
O) = fCe) ,

thus

in Cw
, O) = I l w) . ⇒ A Cw) = I (w) .

• Consequently we obtain that

Ecw
,y) = Icw) e-

'w's



• Now take the inverse Tonkin thisform to obtain a levy)

way) = ¥y If I cut i'
"
s ie" dw

= I
"

( Icw) e-
'w's )

By the convolution theorem stating that #g)
'

=Tiff .§
we obtain

way) = Iq . f * FI ( e-
'w's) ( convolution

° Now hecall from Lecture 10 we Buoy
. tfthof variable)

FC e-
a '"

) = f¥fa÷g and therefore

FfFf ft) = e-
'"s ( Wole that F -- F-

'

for

which shows that
these two functions )

.

"

-OO

= (f * Pg) K)

Pyle) = ¥ FE is the Poisson Teruel for
the upper half space .



Observations :

• If Pyle) de = I try > O
• (of toy) PgK) = O

• BK) → 8K) for y-s O .
Thus we expect that
lui a key ) = lying ⇐ * B) Ce) --I * d) le) - feel .g-so

So he does indeed sahfy ow boundary condition on
the bottom part of D.




