
Lecture 13 and 14: The wave equation 
1. Derivation of the wave equation

• Model problem : I - dimensional vibrating string
which is fixed at x = O and x =L .

• uk it) describes

• Assume uniform mass density g Ce) [ kg Im] ,
no gravity forces ⇒ only forces acting are stretch forces Illusion

acting parallels to the sting
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• Since we assume that there is no Rohitouted movement of

the point I , the Boiizowlel component of In and Tz must cancel
→ -

out each other : (ta)
,

= T = -¥4 .
-

• Using Newton's second law IT = moi
,
the vertical

acceleration is given by tug QiuKit) = Tz - Tn ,
or

go:O: akit ) =I
hi

⇐ ofw
'

cat) = ¥j=Qwktht)-Quc giant)
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Setting c
'
= I we obtain the wave equation :
S

Z

oink ,
t) -- c dialect ) x c- Cad)

,
t > O

.

+ Dirichlet b. c. uco
,
t ) = uld , t) = 0 .

• We heed also some initial condition .

i. c. I ucx
,
O ) = f. Ce) ( initial displacement) .

i. c.I face , O) - gu) (initial velocity ) .



I
. So lhkow of the wave equation on an interval
subtitle i Separation of variables again

• Consider OE

PDE : @IwCx.t7-t0IwCe.t) x E 10,4) , t >O

① Dirichlet b
- c .

i WCO
,
t) = uCdt) = O t > O{ Initial i. c.I : UK

.
O ) = fk} fee {Oo:{}conditions

i. c.I: Qu (XO ) =

5kg see decline H .
• We proceed similar as for the beat equation and tug to construct

a solution via the method of separation of variables :
• Ansate : hi,t) = F Cx ) Sct)
• Plugging this into the PDE yields

g
"

HI text -- c' SHI 't
"

K ) ⇒ §"gy = ¥I E - B
for some so far unknown constant B since the variables x andt
bag independent of each other . Thus we again left with
1) t

"
H t Bt Cx ) = O

2) g
"
Ct) t Beget) = 0

Starting with 1) the exact considerations as in Lecture Il

we know that the general solution for l) can we written as

FK) = I eF× t IIF " ,
hit O{It Ix E - O



As discussed in deduce 11
,
we can rule out the boring /

non -wading case B = O and B s O
.

For B > O

Ff = i tow is imaginary and thus

F = I ein
"

+ Ty e-
iBe

= A cosBx t B siwPhx
and taking Dirichlet b.c. into account
led us to a nontrivial solution I if

B = Cgi)
'

w e Al , then

F Cx ) = sin wait x

solves l) and respects our Dirichlet b.c .

• Turning to 2) . For our particular cohoice of B = (III ,
we heave

eject) t chat) SH) = 0 ,

with the general solution

gwct) = Ah cos CLIt t Bn sin cantt ,
which in turn gives us a family of functions

uwcx ,t ) = FG) fact)
= (Ah cos CLIt t Bn sin cantt) sin hat x

• We still need to incorporate the initial conditions 8



- As before we superimpose our solution family
uCat) = ⇐(Aw cos t t Bw singert) - sin gas x

• Now try to incorporate i.c.I which yields for t =0 :

D

f Cx) = wk, O) = -2 An Siming x
h=r

Thus
,
we need to develop C again tf ) fCe) into a

Fourier Is in semis
,
and thus { Awlgn! are the

Fourier coefficients to the odd extension fo of f :

Aw=÷§fK)siwyIxd
• Incorporating i.c.I gives

gk) = ofuCx ,o) = ¥
,

f-gut .Aisin aye t t

cut . Bw. cos CWT
L

• sin ma

Tty .

t= O

d-
×

= E
, Cig .Bw sin wtf x .

I
= : Bw

• So {India are the Fourier coefficients of the odd extension go ;
and

thnsgw.IS?gcx7simwaIxd



Theorem 1

The wave equation of the form It was the solution

ucx it) -- Ii
,

(Aw coscyt t Bws in cyt)sinhatx
""

Example : see kuyseig ,
section 12.3

. example l :
" Vibrating sting if the Initial Deflection is

Triangular
"

.



3 . Solution for a flute

Problem we consider is now

PDE @EwCxit7-c0kuCx.t)
,
X E (Qd)

,
t > O

El!÷÷÷" ¥:
"" "

face ,O) = gu) .

We won't solve this problem in detail , the idea is exactly
the same as in Section 2

,
see also dotTew's d N.

To work out the details starting fwm forten
'
s d . N. and

section 2 will be part of Exercise set 7 .



4. Wave equation on the entire x - Axis : D
'

Alembert

We want to solve

{
E' wCat) = dance ,t ) x eh

,
t > o

a.Cx
,
O) = f Ce) i. c.I

OtakiO) = gce) i.c. I

• Ansate : uk
,
t) = 4 ( x tot) t 4 (x- Ct)

for two functions of iQ →R , y :D→R which are

twice differentiable .

Thew

Qiulat ) -- c
'

of
"
let ct) t Ey

"

Cx - at)
c' QiuKit) = c

'

¢
"

K tot) t c
'

y
"

Cx - et)
• How to incorporate initial data ?
3.C.I ' wk

,
O) = of K) t y Cx ) = f- Cx ) l)

3. C
.
I : face,O) = Clo

'

K) - c y
'

Ce) - gu)

ih¥Y guy - yee) = I jgce) t D
.

2)

1) ① 2) gives
2 of Cx) = fee) t I Ight D

1) ⑦2) gives
gyu) = f Ce) - I Stgk) -D



• If we insert this into our ansate wceit) = of ( x *et) t y Cx - Ct) :

ace ,t) = of (x tot) t y Cx - et)

= I fcxtct) t ate It + ID
+ If u - ca - Eas

" -

Y - ED
= I ( fact) - fee - et)) t fo §!!!Cy) dy .

. we summarizes this in the following

Theorem 2

The problem

{
E' wCat) = EauKit ) x eh

,
t > o

uCx
,
O) = f Ce) i. c.I

OtakiO) = gce) i
. c . I

has the solution

ucxitl-zffktct-fv-cthttz.fi?!gcy)dg


