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Introduction 

In this study we use the Ensemble Kalman Filter (EnKF) to incorporate seismic data to a 
reservoir simulation model. The EnKF, introduced in Evensen (1994), is successfully applied 
to history matching reservoir models using production data (Nævdal et al., 2005). However 
for history matching time lapse seismic data, unwanted effects are reported (Skjervheim et al., 
2007). In Myrseth and Omre (2009) we identify some issues that result in such artifacts and 
introduce the Hierarchical Ensemble Kalman Filter (HEnKF) to be robust against these 
effects. This paper presents a comparative case study of the EnKF and HEnKF on a synthetic 
reservoir.   

Ensemble Kalman Filtering 

Let nx
tx  be a vector of states and reservoir variables at time t and nd

td  an associated 
vector of observations. The EnKF can be represented by the graph in Figure 1 describing a 
hidden Markov model. The objective is to predict 1.tx   At time 0 the filter is initiated by 
assigning a prior to 0.x  An ensemble of m  realizations 0 0,: { ; 1,..., }u u

je x j m  is then 
generated from this prior. Assuming that observations are related to the states by a Gauss-
linear error structure: [ | ]i i i id x Hx   , where H  is a given observation matrix and i is a 
Gaussian distributed variable with zero mean and covariance matrix ,d  the update at time 
step i  is  
 
 1

, , , ,: { ( ) ( ); 1,..., },c c u T T u
i i j i j i i d i i j i je x x S H HS H d u Hx j m        

  
where 0S is the ensemble covariance and 0, ; 1,...,ju j m  are realizations from a Gaussian zero 
mean distribution with covariance .d  At this point the ensemble is integrated forward in 
time, in our case using a reservoir simulator, and the update procedure is repeated. This 
sequence of steps explores the hidden Markov model until time 1t  , when the ensemble 
mean and covariance can be used to estimate 1tx   and provide prediction intervals. Note that 
when the EnKF is used with large amounts of data, the term T

iS H will be low rank unless the 
number of ensemble members is greater than the dimension of the data or the dimension of 
the state vector. Note further that the estimation uncertainty when using a covariance matrix 
estimated from a small ensemble might be large. These issues are dealt with in the HEnKF.  

 
Figure 1: Hidden Markov model. 
 
The HEnKF is based on a hierarchical hidden Markov model as shown in Figure 2. This 
model is an extension of the hidden Markov model in Figure 1. The added layer in the 
hierarchy corresponds to prior distributions on the ensemble mean and covariance. We choose 
the prior distributions to be [ | ] ~ ( , )i i i i iN     and ~ ( , )i i iIW   . That is; the Gaussian 
distribution for the mean conditioned on the covariance and the inverse Wishart distribution 
for the covariance, where the parameters and i i  have less influence and i and i are 
matrix scaling and degrees of freedom parameters. The matrix scaling parameter has to be 
specified according to belief in correlation structure and length, and the degrees of freedom 
according to belief in prior. These choices of distributions are from the Gaussian conjugate 
family of distributions and can be analytically adapted to the ensemble:  
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where ia is the ensemble mean. When the prior parameters have been specified, the HEnKF is 
the same as the EnKF except that the update is 
  
 1

, , , , , ,: { ( ) ( ); 1,..., },c c u T T u
i i j i j i j i j d i i j i je x x H H H d u Hx j m          

 

Where 0, ; 1,...,j j m   are realizations from 

 

    11
( ( 1) ( ) ( )( ) , ).T

i i i i i i i iIW m S a a m
m

            
 
The advantages of the HEnKF are that rank issues and estimation uncertainty associated with 
the use of one low rank estimate of the ensemble covariance is replaced by full rank samples 
from the inverse Wishart distribution.  

 
Figure 2: Hidden hierarchical Markov model. 

Reservoir model 

The synthetic reservoir is 640m 640m 40m divided into 16 16 10 grid blocks of equal 
size (Figure 3). The reservoir has 5 wells, one producer in the center, and 4 injectors, one in 
each corner. The state vector includes the parameters porosity, permeability, saturation, p-
wave velocity, s-wave velocity and density in each grid cell. The objective is to estimate 
permeability based on repeated seismic surveys. For modeling purposes the state vector 
includes the log transform of permeability and the logit transform of saturation, and porosity 
is linearly related to permeability. Hence the effective number of state parameters is 12 800. 
The reference permeability is generated based on a log-normal distribution where the 
expected permeability ranges from 1 to 901 upwards through the layers. 

Figure 3: A schematic figure of the synthetic reservoir. The arrows indicate injector 
(downward pointing) and producer (upward pointing) wells. 
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The horizontal covariance is defined by the covariance function 
( ) 0.01 exp( 3 | | /15)c i j i j     , where nodes i and j are at the same depth. No vertical 

correlation is assumed. The initial saturation is fixed at 0.1, and the reservoir is produced for 
1500 days using a fluid flow simulator that uses a two point flux approximation for the 
pressure and streamlines for the saturation (SINTEF 2007). 
At production days t=0, 500, 1000, 1500 well saturation data are gathered as direct 
observations [ | ] ,s s

t t t td x Hx    where H picks saturation grid cells in the well locations 
and t is a Gaussian white noise term. Synthetic seismic data are generated at grid resolution at 
these times using the linearized AVO forward model in Buland and Omre (2003): 
[ | ] ,m m

t t t td x WADm    where m
td are seismic responses for angles 0, 10 and 20 degrees, W 

is a Ricker wavelet of length 10 grid blocks, A is a linearized version of the Zoeppritz 
equations, D is a difference matrix, tm  is the logarithm of the elastic parameters and m

t is a 
Gaussian white noise term. Saturation is forwarded via the reservoir simulator, and elastic 
parameters are forwarded based on Gassmann’s quasi-static equations (Bachrach, 2006). 
Priors for the state at time t=0 are based on a horizontal covariance function with correlation 
length 60 and appropriate scaling and correlation structure between parameter types. For 
computational reasons a localized update scheme is used where only the 25 nearest seismic 
traces are used when updating each cell. In the example the ensemble size is 40m  . This 
means that for every local update there are 750 observations, 1250 parameters to be updated 
and 40 ensemble members. 

Results 

Figure 4 shows a section of the estimated permeability and 95% empirical prediction intervals 
for layers 1, 3, 5, 7 and 9 from the top for the EnKF and the HEnKF solution. The traditional 
EnKF provides predictions which seem to be correctly centered, but the prediction intervals 
are unrealistically narrow. This can be related to overfitting the ensemble towards the data. 
The HEnKF predictions also seem to have the correct centering and the prediction intervals 
appear more trustworthy. In Table 1 the Root Mean Square Error (RMSE) and coverage is 
listed for the two procedures. The RMSE indicates that the EnKF and HEnKF perform 
equally well when it comes to estimating the mean permeability. The coverage, which 
describes when the reference solution is within the prediction interval, should be 95% for a 
95% prediction interval. Overall the coverage is 13.2% for the EnKF, which means that the 
prediction interval does not cover the reference solution 86.8% of the time, whereas the 
HEnKF prediction intervals cover the reference 84.2% of the time. Overall the results from 
the HEnKF appear more trustworthy than the EnKF results.  
 
 EnKF HEnKF 
 Coverage RMSE Coverage RMSE 
Layer 1 18.4% 97.7 100.0% 77.6 
Layer 3 4.3% 170 81.6% 121.8 
Layer 5 18.4% 75.6 88.7% 91.4 
Layer 7 12.5% 57.0 92.5% 53.1 
Layer 9 17.2% 14.9 85.5% 19.6 
Total 13.2% 86.1 84.2% 77.8 
Table 1: Coverage and RMSE for the EnKF and the HEnKF. 

Concluding remarks 

This case study has been designed to expose some of the weaknesses in the EnKF. The results 
show that when there is a large amount of data, rank and estimation uncertainty issues have an 
effect on the solutions. The HEnKF framework solves these issues in a fully Bayesian 
manner. 
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Figure 4: The estimated permeability (solid) for a section of the first, third, fifth, seventh and 
ninth layer from the top, within 95% empirical prediction intervals (dotted) and the reference 
solution (red) for the EnKF (left) and the HEnKF (right). 
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