TMAA4305 Partial differential equations 2017-11-29

Solution

Problem 1

We do both cases at once, always with F being the sign opposite +:
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= | ¥ ux)z]i: = F(ea(t,1) — e.(t,0)).

ALTERNATIVE SOLUTION: (Here using J; as a shorthand for d/dt, etc.) Note that (0; +0, )(u; Fuy) =
Uy — Uy = 0, so that u; Fuy, and therefore e, is a function of x F ¢. Say, e, (¢, x) = €,(x Ft): Then

1 1xt
E.(t) = / e, (xFt)dx = f 2, (s)ds,
0 T

t

and differentiation with respect to ¢ yields the desired result by the fundamental theorem of calcu-
lus.

Start with the integral:

a (! dE, dE_
E ‘/0‘ €(t,X) dx = T + T = (€+(t, 0) - e_(t,O)) — (€+(t, 1) - e_(t, 1))
Next, get

e, (t,0) — e_(t,0) + %(%u(t,o)z) = —u,(t,0)u(t,0) + au(t, 0)u,(t,0) = 0

by the given boundary condition at x = 0. Similarly,

—(ep(t, 1) —e_(t,1)) + %(gu(t, 1)2) = u;(t, Duy(t, 1) + bu(t, Duy(t,1) = 0.

Combining the results of the above three calculations yields the desired result.

The uniqueness result follows because the problem, including the initial and boundary conditions,
is linear. The difference of two solutions will then solve the homogeneous problem. The energy of
the difference will be zero initially, and hence zero forever, so the difference remains zero — because
the ¢ derivative must vanish, and integrating from ¢ = 0 completes the argument.

Problem 2

Let A, be the smallest eigenvalue, and u; the corresponding (real) eigenfunction. When u is a real
eigenfunction with an eigenvalue 1 # 4;, we know that u L u;:

f uu; d"x =0
Q

(without any need for a complex conjugate, since u and u; are real-valued). The integrand cannot
be identically zero, since u is never zero in Q. Therefore, the integrand must be of both signs, and
hence so must u, since u; is not.
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Problem 3

Put E(t) = f,, 3u*d"x, and compute

((ji—E = f uu, d"x = f uV - (cVu)d"x =f v - (ucvVu) dS—[ Vu - (cVu)d"x
t Q Q Q Q

where the first integral vanishes because ¢ = 0 on 9Q, so we get

d—Ez—/c|Vu|2d”x§0
dt o

because ¢ > 0. Thus E(t) in non-increasing. Since E(t) > 0 always, and the initial condition gives
E(0) = 0, we must have E(t) = 0 for all t, and so u = 0.

The weak maximum principle: Given a bounded domain Q and T > 0, let Qp = (& T)x Q, and
I'= ({0}xQ)u([0,T] % Q) (the parabolic boundary). Then any solution u € C*(Qr) of the heat
equation u; — Au = 0 achieves its maximum on T'.

The same holds when u solves the equation from parta: Lete > 0,and let v(t, x) = u(t, x)—et. Then
vy — V- (cVv) = —e < 0. If v has a maximum at some point (ty,x) € Qr \ T, then Vu(ty, x() = 0,
and so V - (cVv) = cAv + Ve - Vv = cAv < 0 at (ty,Xq). Also, v; > 0 (with equality if ¢t < T),

so vy — V- cVv > 0 at (t, xg), which is a contradiction. But v, being a continuous function, has a
maximum somewhere on the compact set Q, so this maximum must occur in I'. We conclude

u=v+et§mlng+€T§mlgxu+eT.

Now letting € — 0, we conclude u < maxr u.

Problem 4

First, Au is subharmonic because A(Au) > 0. Therefore, Au < 0 in Q because of the subharmonic-
ity and the assumption Au < 0 on Q (from the weak maximum principle applied to v = Auw).
Thus u is superharmonic. It follows, this time from the weak minimum principle, that u > 0 on Q.
Finally, the strong minimum principle asserts that if u has any zero in Q, then u is constant. Since
itis not, then u > 0in Q.

Note that u achieves its maximum and minimum in Q, because of continuity and compactness. If
the maximum is greater than 1, then it is achieved in Q, and Au = u3 —u > 0 at the maximum
point. But this cannot happen, since Au < 0 at a maximum. Therefore u < 1in Q.

A similar argument shows that u > —1. A quicker way is to note that —u satisfies the same con-
ditionss as u itself (with different boundary values, but still between —1 and 1), so the first part of
the argument shows that —u < 1.

Problem 5

The quasilinear form of the equation is
h; +2h'2h, =0,
so the characteristic speed associated with h is 2hY2 Therefore, the characteristic startingat (¢, x) =

(0, &) hasspeed 2(1—&)Y2if 0 < &£ < 1,20f € < 0,and 0if £ > 1. The equation of this characteristic,
then, is

x=§&+2t if¢ <o,
x=E4+20 -5V ifo<éE<,
x=¢ if&>1.

We can detect the collision of characteristics by taking the derivative d¢x in the above equations.
When this derivative becomes < 0, characteristics collide. For 0 < £ < 1, we find 6§x =1-(1-
£)7V2t, and d;x < 0if and only if t > (1 — £)¥/2. Since (1 — §)¥/2 — 0 when £ — 1, characteristics
start colliding near £ = 1 at time 0.
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In the specified region, the solution is given by the characteristics emanating from (¢, x) = (0, )
with 0 < ¢ < 1. On one such characteristic, with the equation x = £ + 2(1 — £)1/2t, we know that
h =1 - £, so we may write x = 1 — h + 2h'/?t and solve for h without solving for £ first. Here, it is
best to treat h'/? as the unknown at first. We get, in order:

h—2th?2=1-x
(hV2 —£)® =1 —x + 12
W2 =t + (1 —x +t2)V2

Looking at the initial condition and setting t = 0, it is clear that we must pick the positive sign:

h=(t+(1—x+2)12)%

The flux function for the problem is f(h) = %h*2. The solution on the left side of the shock,
h(t,o(t)7), is given by the solution found in b, while the solution on the right is zero. The Rank-
ine—-Hugoniot condition becomes

3/2
1/2

do _ f(h(t,0(0)) = f(k(t,00)) _ §(h(o0)™ 4 (n(t,0(0)7))"",

dt — k(o)) - h(t,c(O)Y) k(o))

and finally inserting the value of h from b, we have

do

i 2(t+ A —o(®) + 1))

This has the solution o(t) = 1+ gtz, which also fits the initial condition o(0) = 1. This remarkably
simple solution is not easy to discover,! which is why we did not ask for it.

Even without knowing the exact solution for o(t), it should be clear that ¢’(0) = 0, and that ¢’ ()
is an increasing function, since the h(o(t)™) increases with time. See the picture below, where the
curve x = o(t) is drawn in red, and the characteristics in blue. Note that, at some point - to be
precise, at (t,x) = %, % - the characteristics from the constant initial data at £ < 0 reach the
characteristic curve, so its speed becomes constant.

t

A

1t was found almost by accident, after this problem set was created!



