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Problem 1 This problem uses subscripts for partial derivatives: u; = du/dt, etc.

To a C? function u solving the wave equation u;, — u,,, = 0, we associate the energy
density e = %(uf + u2), and also the right traveling energy density e, = %(ut — uy)?
and the left traveling energy density e_ = %(ut +u,)?, sothate = e, +e_.

a. Let u be a solution to the wave equation for x € (0,1). Put

1
Ei(t)zf e, (t,x)dx
0

and show that

dE, dE_
T = e+(t,0)—e+(t, 1), T = e_(t,l)—e_(t,O).

b. Assume the solution u satisfies boundary conditions
u,(t,0) —au(t,0) =0, wu,(t,1)+ bu(t,1)=0

where a > 0 and b > 0 are given constants. Show that

1
f e(t,x)dx + Eu(t, 0)? + éu(t, 1)?
o 2 2

is constant, and that the problem

Uy — Uyy = f(t,x) forx € (0,1)andt >0
u(0,x) =g(x) forx e (0,1)

U, —2au = hy(t) forx=0andt >0

u,+2bu=hnh(t) forx=1landt>0

has at most one solution in C2((0, o) X (0,1)) N C*([0, o) X [0,1]) for given

functions f, g, hy, and h;.

Problem 2 Let u be a real-valued function satisfying — Au = Au in a bounded
domain Q. Itis known thatif A is the smallest eigenvalue of — A, then u is of one sign:
Always positive, or always negative. Show that u is not of one sign in Q otherwise.

Hint: Orthogonality.
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Problem 3 Let Q C R" be a bounded domain with piecewise C! boundary.
Assume that a function ¢ € C([0,T] x Q) is given, with ¢ > 0 inside Q and ¢ = 0
on 0Q.

a. Show that the initial value problem

ou

-V (c(t,x)Vu) =0 in(0,T) X Q, 1)

u=0 inQfort =0, (2)
has only the trivial solution u = 0 in C3([0, T] X Q).

Hint: Consider f %uz d"x.
Q

b. State the weak maximum principle for the ordinary heat equation u,—Au = 0.
Show that it holds for equation (1) as well, where we no longer assume (2).

Hint: Look at u(t,x) — et where ¢ > 0, and let ¢ — 0.

Problem 4

a. Let O C R" be a bounded domain, and assume that u € C*(Q) N C2(Q) is a
non-constant function satifying

A(Au) >0 inQ,
Au<0 onodQ,
u>0 onodQ.

Show that u > 0in Q.

Hint: Consider the function v = Au first.

b. Let Q C R" be abounded domain, and assume that u € C2(Q)NC(Q) satisfies

Prove that —1 <u <11in Q.

Hint: Assume the opposite, and use a maximum principle.
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Problem 5 Let h(t, x) be the depth of water in a river at time ¢ and position x
along the river. After a suitable scaling of the variables, the water depth satisfies the

equation

oh 0
(3 =0, 3)

a. Find the characteristics of equation (3) corresponding to the initial condition

1 if x <0,
h(0,x)=41—x if0<x<1,
0 if x>1,

and show that the characteristics start colliding immediately near x = 1.

b. The weak solution will develop a discontinuity (shock) which can be described
asacurve x = o(t) for t > 0, with 0(0) = 1. What is the value of h(t, x) in the
region 2t < x < o(t)?

c. Write up a differential equation satisfied by o(t). You do not need to solve it!
Draw a rough sketch showing the characteristics and the shock curve x = o(¢).



