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Problem 1 Consider the differential equation

ut + uux = 0. (1)

a) Find the solution of (1) with initial data

u(0, x) =

1, for x ≤ 0,
0, for x > 0.

Show that the solution is a weak solution.

b) Consider now equation (1) with the initial condition

u(0, x) =

0, for x ≤ 0,
1, for x > 0.

Show that

u(t, x) =


0, for x ≤ 0,
x
t
, for 0 < x < t,

1, for x ≥ t,

(2)

is a weak solution of (1).

Problem 2

Consider the differential equation

ut − uxx = 0. (3)

a) We will consider solutions of the differential equation of the form u(t, x) =
U(x/

√
t). Show that U satisfies

−ξ2U
′(ξ) = U ′′(ξ). (4)

b) Solve (4) and express the solution in terms of the error function

erf(x) = 2√
π

∫ x

0
e−z2

dz.

c) Find the solution of the differential equation (3) such that

u(t, 0) = 1, t > 0, u(0, x) = 0, x > 0.

You may use that erf(x)→ 1 as x→∞.
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Problem 3 Consider the the problem of minimizing the variational integral

I(v) =
∫

Ω

(
|∇v|2 + 5v2

)
d 3x

among all functions v ∈ H1(Ω) ∩ C(Ω) with boundary values v|∂Ω = 1. Here Ω is
a bounded domain in R3.

a) Derive the Euler-Lagrange equation.

b) Assume that there exists a minimizer v ∈ C2(Ω). Show that 0 ≤ v ≤ 1.

Problem 4 Suppose that function w = w(x, t) belonging to C2(Ω× [0,∞)) is
a solution to

∂w

∂ t
= ∆w in Ω× [0,∞).

Here Ω is a smooth bounded domain in Rn. Assume that w(x, t) = 0 when x ∈ ∂Ω
and t > 0. Show that∫

Ω
w(x, t)2 dnx ≤

∫
Ω
w(x, 0)2 dnx when t > 0.

Problem 5 Show that

Φ(x) = 1
2k e

−k|x|, x ∈ R,

is a solution of the equation

−d
2Φ
dx2 + k2 Φ = δ

in the sense of distributions. Then find a solution to

−v′′ + k2 v = f, where f ∈ C∞(R) has compact support.
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Problem 6 Consider the wave equation

utt − uxx = sin(x). (5)

a) Show that u0(t, x) = − sin(x)(cos(t)− 1) satisfies (5).

b) Consider equation (5) with initial data

u(0, x) = g(x), ut(0, x) = h(x), x ∈ (0, π), (6)

for given functions g, h, and boundary values

u(t, 0) = u(t, π) = 0, t > 0. (7)

Find the general solution of (5) with initial and boundary values (6), (7).
Explain how the solution you find is defined for all times.


