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Problem 1 Suppose that v = u(z,y), v = v(z,y) satisfy the Cauchy-Riemann
Equations
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in the whole plane. Assuming that the second derivatives are continuous, calculate
the Laplacian
Auw).

Which of the alternatives A(uv) > 0, A(uv) = 0, or A(uv) < 0 holds ?

Problem 2 Consider the equation
U = Upp +u>—1, in  Qp=(-1,1)x(0,T).

Show that a solution with continuous second derivatives in [—1,1] x [0, 7] cannot
attain its maximum anywhere else than on the parabolic boundary.

Problem 3 The energy integral for the Klein-Gordon Equation
0?u
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ot?
where m and ¢ are constants and v = u(z,y, z,t), is given by
E(t) = l/// <u2 + | Vul* + m2u2) dx dy dz
2 R3S '

a) Suppose that v € C?*(R? x R) and that v = 0 when 2? + y> + 22 > R? (=
some large number). Show that E(t) is constant.

b) Show that the initial value problem

u(z,y,x,0) = f(z,y,2)
ut(x,y,z,()) = g(ZL‘,y,Z)

for the Klein-Gordon Equation has at most one solution u € C?(R3 x [0, c0))
which is zero when 2% 4 2 + 22 > R%
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Problem 4 Consider the weak solutions of the equation
ou 0 [ut
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when —oo <z < o0 and ¢ > 0.

a) Solve the initial value problem

(2,0) 2 when z <0
u .T, pry
1 when x> 0.

Draw a picture of the shock curve and the characteristics.

b) Solve the initial value problem

(2,0) 1 when z <1
w(x,0) =
2 when x> 1.

Give an explicit formula for the rarefaction wave. Draw a picture in the
xt-plane.

Problem 5 Let v = v(z,y, x,t) denote the solution of the wave equation
Uyt = (Vg + Vyy + Vs2) in R? x (0, 00)
with inital values

1—e v if 2<0

v(z,y,2,0) =0 and vt(af,y,z,O):{O $ 250

When is v(0,0,1,¢) # 07 Determine also

tlgglov((),o, 1,1).

Good luck!



