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Problem 1
Consider the differential equation

1
U + — Uty =0

4
in the half plane ¢t > 0 and —oc0 < 7 < co.
a) Find a solution with initial values
u(z,0) =1, —oco0 <z < o0,

using the method of characteristic curves.
b) Determine the shock curve for the initial values

1, whenz <0
0, whenz>0

u(z,0) = {

and find a weak solution.
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Problem 2
Find a solution in R to the equation
d
2 10w =35
dz
where § is Dirac’s delta centered at the origin. Define precisely what you mean by “solution®,
using the family C§°(R) of test-functions.

Problem 3
Let u = u(z,y, z,t) be the solution to the problem A thet
v, (Ou u  Hu C=1
o ¢ (3:1:2 N oy? + 8z2)
u(z,y,2,0) =0
(2,9,2,0) = 31, when z%+4% + 2% > 100
YA Y, 20 = 0, when z%2+%°%+ 22 < 100

a) When is u(5,0,0,t) # 0, ¢ > 0?
b) Calculate u(5,0, 0, 3600); here ¢ = 3600.
Problem 4

Consider the equation
Au = u(u — 2)(u + 1)

in a bounded domain (2. Suppose that the solution u € C*(£2) has zero boundary values. Prove
that -1 <24 <2in Q.

Hint: First, consider the domain where « > 2 and show that it is empty.

Problem 5
Consider the problem of minimizing the variational integral

I{u) = f f f (uf + 2ul + u? — du)dzdydz
B

among all functions u € Hy?(B), where B is the ball z2 + 42 + 22 < 1.
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a) Find a differential equation for the minimizer (the BEuler-Lagrange equation).

b) Prove that clxo‘: dz
¢ [Vu|*dee< I(u) + Q
Il

for all u € Hy?(B). (Here the positive constant ¢ has to be independent of u.)



