
❘❡✈✐❡✇✿ ❈❧❛ss✐✜❝❛t✐♦♥ ♣r♦❜❧❡♠

❙✐t✉❛t✐♦♥✿ ❍❛✈❡ ♦❜s❡r✈❛t✐♦♥s (①✶, ②✶), . . . , (①♥, ②♥)✱ ✇❤❡r❡

②✐ ∈ {✵, ✶, . . . , ❏ − ✶} ❣✐✈❡s ❛ ❝❧❛ss✳ ❍❛✈❡ ♥❡✇ ♦❜s❡r✈❛t✐♦♥ ①✵✱ ✇❛♥t

t♦ ♣r❡❞✐❝t t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ❝❧❛ss ②✵✳
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x0: Which color?

❘❡✈✐❡✇✿ ▼♦❞❡❧

❲❡ ❤❛✈❡✿ ♣❥ = P(❨ = ❥)✱ ❢ (① |② = ❥) = ❢❥(①)

•

π❥(①✵) = P(❨✵ = ❥ |①✵) =
♣❥ ❢❥(①✵)∑❏−✶
✐=✵ ♣✐ ❢✐ (①✵)

•

❊❈▼(✐) = ❊(❝(✐ |❨ )|①✵) =

∑❏−✶
❥=✵ ❝(✐ |❥)♣❥ ❢❥(①✵)
∑❏−✶

✐=✵ ♣✐ ❢✐ (①✵)
•

②̂✵ = ❛r❣♠✐♥✐❊❈▼(✐)

✵✴✶✲❧♦ss
= ❛r❣♠❛①✐{♣✐ ❢✐ (①✵)}

⇒

① |② = ❥ ∼ N (µ❥ ,Σ❥)




▲❉❆ Σ✵ = . . . = Σ❏−✶

◗❉❆ ❞✐✛❡r❡♥t Σ❥

❘❡✈✐❡✇

❲❡ ❤❛✈❡ ❛❧s♦ ❞✐s❝✉ss❡❞✿

• ❦✲♥❡❛r❡st ♥❡✐❣❤❜♦✉r ❛❧❣♦r✐t❤♠ ✇✐t❤ t✉♥✐♥❣ ♣❛r❛♠❡t❡r ❦ ✳

• ❊✈❛❧✉❛t✐♦♥ ♦❢ ❝❧❛ss✐✜❝❛t✐♦♥ r✉❧❡s

◮ ▼✐s❝❧❛ss✐✜❝❛t✐♦♥ r❛t❡✿

P(②✵ 6= ②̂(①✵; (①✶, ②✶), . . . , (①♥, ②♥)))

◮ ❆♣♣❛r❡♥t ❡rr♦r r❛t❡✿ ✭✕t♦♦ ♦♣t✐♠✐st✐❝✮

✶

♥

♥∑

✐=✶

✶(②✐ 6= ②̂(①✐ ; (①✶, ②✶), . . . , (①♥, ②♥))

◮ ❙♣❧✐t tr❛✐♥✐♥❣ ❞❛t❛ ✐♥t♦ ❛ tr❛✐♥✐♥❣ s❡t ❛♥❞ ❛ t❡st s❡t✳

✭✕t♦♦ ♣❡ss✐♠✐st✐❝✮

❘❡✈✐❡✇✿ ❈r♦ss✲✈❛❧✐❞❛t✐♦♥ ✭❈❱✮

• ▲❡❛✈❡✲♦♥❡✲♦✉t ❝r♦ss ✈❛❧✐❞❛t✐♦♥

• ❑✲❢♦❧❞ ❝r♦ss ✈❛❧✐❞❛t✐♦♥✱ ✇❤❡r❡ ❑ = ✺ ♦r ❑ = ✶✵ ✐s ♦❢t❡♥ ✉s❡❞✳

❉❡t❡r♠✐♥✐♥❣ ❦ ✐♥ ❦♥♥✲❛❧❣♦r✐t❤♠ ✉s✐♥❣ ❈❱✿
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Test Error
10-fold CV
Training Error
Bayes Error

❍❛st✐❡✱ ❚✐❜s❤✐r❛♥✐✱ ❋r✐❡❞♠❛♥✱ ✏❚❤❡ ❡❧❡♠❡♥ts ♦❢ st❛t✐st✐❝❛❧ ❧❡❛r♥✐♥❣✑✱ ✷♥❞ ❡❞✳✱ ♣✳ ✹✻✼



❙t❛♥❞❛r❞ ❡rr♦rs ❢♦r ❝r♦ss ✈❛❧✐❞❛t✐♦♥

❙❡❡ ❜❧❛❝❦❜♦❛r❞

❇♦♦tstr❛♣

❤tt♣✿✴✴tr❛❞✐♥❣❝♦♥s❡q✉❡♥❝❡s✳❜❧♦❣s✳❡❞✐♥❛✳❛❝✳✉❦✴❢✐❧❡s✴✷✵✶✸✴✶✵✴❉r❴▼❛rt❡♥s❴❜❧❛❝❦❴♦❧❞✳❥♣❣

❇♦♦tstr❛♣ ❇✐❧❧ ❚✉r♥❡r

✏❇♦♦tstr❛♣✑ ❇✐❧❧ ❚✉r♥❡r ❢r♦♠ P✐r❛t❡s ♦❢ t❤❡ ❈❛r✐❜❜❡❛♥✳

✳ ✳ ✳ ❇❛r❜♦ss❛ t✐❡❞ ❇✐❧❧ t♦ ❛ ❝❛♥♥♦♥ ❜② ❤✐s ❜♦♦tstr❛♣s ❛♥❞

s❡♥t ❤✐♠ t♦ t❤❡ ❜♦tt♦♠ ♦❢ t❤❡ s❡❛✳

❤tt♣✿✴✴❦✐❞st✈♠♦✈✐❡s✳❛❜♦✉t✳❝♦♠✴♦❞✴♣✐r❛t❡s♦❢t❤❡❝❛r✐❜❜❡❛♥✸✴✐❣✴P✐r❛t❡s✕❆t✲❲♦r❧❞✲s✲❊♥❞✴✲❇♦♦tstr❛♣✕❇✐❧❧✳❤t♠

✳ ✳ ✳ ♣✉❧❧ ♦♥❡s❡❧❢ ✉♣ ❜② ♦♥❡✬s ❜♦♦tstr❛♣s

❚♦ ❜❡❣✐♥ ❛♥ ❡♥t❡r♣r✐s❡ ♦r r❡❝♦✈❡r

❢r♦♠ ❛ s❡t❜❛❝❦ ✇✐t❤♦✉t ❛♥② ♦✉ts✐❞❡

❤❡❧♣❀ t♦ s✉❝❝❡❡❞ ♦♥❧② ♦♥ ♦♥❡✬s ♦✇♥

❡✛♦rt ♦r ❛❜✐❧✐t✐❡s✳
❲✐❦t✐♦♥❛r②

❚❤❡ t❡r♠ ✐s s♦♠❡t✐♠❡s ❛ttr✐❜✉t❡❞ t♦ ❘✉❞♦❧❢

❊r✐❝❤ ❘❛s♣❡✬s st♦r② ✏❚❤❡ ❙✉r♣r✐s✐♥❣ ❆❞✈❡♥t✉r❡s

♦❢ ❇❛r♦♥ ▼✉♥❝❤❛✉s❡♥✑✱ ✇❤❡r❡ t❤❡ ♠❛✐♥

❝❤❛r❛❝t❡r ♣✉❧❧s ❤✐♠s❡❧❢ ✭❛♥❞ ❤✐s ❤♦rs❡✮ ♦✉t ♦❢ ❛

s✇❛♠♣ ❜② ❤✐s ❤❛✐r

❤tt♣✿✴✴r❡❞st❛t❡❡❝❧❡❝t✐❝✳t②♣❡♣❛❞✳❝♦♠✴r❡❞st❛t❡❴❝♦♠♠❡♥t❛r②✴✷✵✶✵✴✶✶✴s✉st❛✐♥❛❜✐❧✐t②✲✐s♥t✲s✉st❛✐♥❛❜❧❡✳❤t♠❧



❇♦♦tstr❛♣♣✐♥❣ ✐♥ st❛t✐st✐❝s

❇♦♦tstr❛♣ ✐s ❛ ❝♦♠♣✉t❡r✲❜❛s❡❞ t❡❝❤♥✐q✉❡ ❢♦r ❞♦✐♥❣ st❛t✐st✐❝❛❧

✐♥❢❡r❡♥❝❡ ✭✉s✉❛❧❧② ✇✐t❤ ❛ ♠✐♥✐♠✉♠ ♦❢ ❛ss✉♠♣t✐♦♥s✮✳ ■t ✐s ♥♦t

❇❛②❡s✐❛♥✳

❙❡❡ ❜❧❛❝❦❜♦❛r❞ ❢♦r r♦✉❣❤ ✐❞❡❛

❙❤♦✇ ❛♥✐♠❛t✐♦♥ ✐♥ ❘✿ ❜♦♦t✳✐✐❞ ✐♥ ❛♥✐♠❛t✐♦♥ ♣❛❝❦❛❣❡✳

❇♦♦tstr❛♣ ♣r✐♥❝✐♣❧❡

❆ss✉♠❡ ✇❡ ❤❛✈❡ ✐✐❞ ♦❜s❡r✈❛t✐♦♥s ❢r♦♠ ❛♥ ✭✉♥❦♥♦✇♥✮ ❞✐str✐❜✉t✐♦♥ ❋ ✿

❋ → (①✶, . . . , ①♥)

❚❤❡ ❡♠♣✐r✐❝❛❧ ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥ ❋̂ ✐s t❤❡ ❈❉❋ t❤❛t ♣✉ts ♠❛ss

✶/♥ ❛t ❡❛❝❤ ❞❛t❛ ♣♦✐♥t ①✐ ✿

❋̂ (①) =
✶

♥
✶(①✐ ≤ ①)

✇❤❡r❡ ✶(·) ❞❡♥♦t❡s t❤❡ ✐♥❞✐❝❛t♦r ❢✉♥❝t✐♦♥✳

❇♦♦tstr❛♣ ♣r✐♥❝✐♣❧❡

▲❡t θ ❜❡ ❛♥ ✐♥t❡r❡st✐♥❣ ❢❡❛t✉r❡ ♦❢ ❋ ✱ θ = ❚ (❋ )✳

❋♦r ❡①❛♠♣❧❡✿

θ = ❊(❳ ) =

∫
①❢ (①)❞①

θ = ❱❛r(❳ ) =

∫
(① − ❊(❳ ))✷❢ (①)❞①

❚❤❡ ♣❧✉❣✲✐♥ ❡st✐♠❛t♦r ❢♦r θ ✐s ❞❡✜♥❡❞ ❜②✿

θ̂ = ❚ (❋̂ )

❚❤❡ ♣❧✉❣✲✐♥ ♣r✐♥❝✐♣❧❡ ✐s q✉✐t❡ ❣♦♦❞✱ ✐❢ t❤❡ ♦♥❧② ✐♥❢♦r♠❛t✐♦♥ ❛❜♦✉t ❋ ✱

❝♦♠❡s ❢r♦♠ t❤❡ s❛♠♣❧❡ ① ✳

❊①❛♠♣❧❡s

❚❤✉s

θ = ❊(❳ )⇒ θ̂ = ❊
❋̂
(❳ ) =

♥∑

✐=✶

①✐
✶

♥
= ①̄

θ = ❱❛r(❳ )⇒ θ̂ = ❱❛r
❋̂
(❳ ) = ❊

❋̂
[(❳ − µ

❋̂
)✷]

=

♥∑

✐=✶

(①✐ − µ
❋̂
)✷
✶

♥
=

✶

♥

♥∑

✐=✶

(①✐ − ①̄)✷

θ = ❙❉(❳ )⇒ θ̂ = ❙❉
❋̂
(❳ ) =

√
❱❛r

❋̂
(❳ )

=

√√√√✶

♥

♥∑

✐=✶

(①✐ − ①̄)✷ ← st❛♥❞❛r❞ ❡rr♦r



❙❡tt✐♥❣

❆ss✉♠❡ ✇❡ ❤❛✈❡ ✿

❋ → (①✶, . . . , ①♥)

❚❤✉s ❋̂ ❣✐✈❡s ♠❛ss ✶
♥
t♦ ❡❛❝❤ ♦❜s❡r✈❡❞ ✈❛❧✉❡✳

❆ ❜♦♦tstr❛♣ s❛♠♣❧❡ ✐s ❞❡✜♥❡❞ t♦ ❜❡ ❛ r❛♥❞♦♠ s❛♠♣❧❡ ♦❢ s✐③❡ ♥

❢r♦♠ ❋̂ ✱ s❛② ①⋆ = (①⋆✶ , . . . , ①
⋆

♥ )

❋̂ → (①⋆✶ , . . . , ①
⋆

♥ )

❙✐♠♣❧❡ ✐❧❧✉str❛t✐♦♥

❙✉♣♣♦s❡ ♥ = ✸ ✉♥✐✈❛r✐❛t❡ ❞❛t❛ ♣♦✐♥ts✱ ♥❛♠❡❧②

{①✶, ①✷, ①✸} = {✶, ✷, ✻}

❛r❡ ♦❜s❡r✈❡❞ ❛s ❛♥ ✐✐❞ s❛♠♣❧❡ ❢r♦♠ ❋ t❤❛t ❤❛s ♠❡❛♥ θ ✳ ❆t ❡❛❝❤

♦❜s❡r✈❡❞ ❞❛t❛ ✈❛❧✉❡✱ ❋̂ ♣❧❛❝❡s ♠❛ss ✶/✸✳ ❙✉♣♣♦s❡ t❤❡ ❡st✐♠❛t♦r t♦

❜❡ ❜♦♦tstr❛♣♣❡❞ ✐s t❤❡ s❛♠♣❧❡ ♠❡❛♥ θ̂✳

❚❤❡r❡ ❛r❡ ✸✸ = ✷✼ ♣♦ss✐❜❧❡ ♦✉t❝♦♠❡s ❢♦r X ⋆ = {❳ ⋆

✶ ,❳
⋆

✷ ,❳
⋆

✸ }✳

❙✐♠♣❧❡ ✐❧❧✉str❛t✐♦♥ ✭■■✮

X ⋆ θ̂⋆ P⋆(θ̂⋆) ❖❜s❡r✈❡❞ ❢r❡q✉❡♥❝②

✶ ✶ ✶ ✸/✸ ✶/✷✼ ✸✻/✶✵✵✵

✶ ✶ ✷ ✹/✸ ✸/✷✼ ✶✵✶/✶✵✵✵

✶ ✷ ✷ ✺/✸ ✸/✷✼ ✶✷✸/✶✵✵✵

✷ ✷ ✷ ✻/✸ ✶/✷✼ ✷✺/✶✵✵✵

✶ ✶ ✻ ✽/✸ ✸/✷✼ ✶✵✹/✶✵✵✵

✶ ✷ ✻ ✾/✸ ✻/✷✼ ✷✷✼/✶✵✵✵

✷ ✷ ✻ ✶✵/✸ ✸/✷✼ ✶✸✶/✶✵✵✵

✶ ✻ ✻ ✶✸/✸ ✸/✷✼ ✶✶✶/✶✵✵✵

✷ ✻ ✻ ✶✹/✸ ✸/✷✼ ✶✵✷/✶✵✵✵

✻ ✻ ✻ ✶✽/✸ ✶/✷✼ ✹✵/✶✵✵✵

❇♦♦tstr❛♣ ❡st✐♠❛t❡ ❢♦r st❛♥❞❛r❞ ❡rr♦r

• P❛r❛♠❡t❡r ♦❢ ✐♥t❡r❡st✿ θ = ❚ (❋ )

• ❖✉r ❡st✐♠❛t♦r ❢♦r θ✿ θ̂ = s(①)

• ❲❛♥t ✭t♦ ❡st✐♠❛t❡✮ ❙❉❋ (θ̂)✳

❆ ❜♦♦tstr❛♣ r❡♣❧✐❝❛t✐♦♥ ♦❢ θ̂ ✐s

θ̂⋆ = s(①⋆)

❯s❡ ♣❧✉❣✲✐♥ ♣r✐♥❝✐♣❧❡ t♦ ❡st✐♠❛t❡ ❙❉❋ (θ̂)✳ ❚❤❡ ❜♦♦tstr❛♣ ❡st✐♠❛t❡

♦❢ t❤❡ st❛♥❞❛r❞ ❡rr♦r ♦❢ θ̂ = s(①) ✐s ❙❉
❋̂
(θ̂⋆)✳ ❚❤✐s ✐s ❝❛❧❧❡❞ t❤❡

✐❞❡❛❧ ❜♦♦tstr❛♣ ❡st✐♠❛t❡ ♦❢ st❛♥❞❛r❞ ❡rr♦r ♦❢ θ̂✳

◆♦t❡✿ ❊①❝❡♣t ❢♦r ✈❡r② s♠❛❧❧ ♥✱ ❙❉
❋̂
(θ̂⋆) ❝❛♥♥♦t ❜❡ ❝♦♠♣✉t❡❞✳

✭◆✉♠❜❡r ♦❢ ♣♦ss✐❜❧❡ ❜♦♦tstr❛♣ s❛♠♣❧❡✿ ♥♥✳✮



❈♦♠♣✉t❛t✐♦♥❛❧ ✇❛② ♦❢ ♦❜t❛✐♥✐♥❣ ❛ ❣♦♦❞ ❡st✐♠❛t❡

❲❡ ❝❛♥ ❡st✐♠❛t❡ ❙❉
❋̂
(θ̂⋆) ❜② s✐♠✉❧❛t✐♦♥✿

✶✳ ●❡♥❡r❛t❡ ❇ ❜♦♦tstr❛♣ s❛♠♣❧❡s ①✶⋆, . . . , ①❇⋆✳

✷✳ ❊✈❛❧✉❛t❡ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ♣❛r❛♠❡t❡r ❡st✐♠❛t❡s

θ̂⋆(❜) = s(①❜⋆), ❜ = ✶, ✷, . . . ,❇

✸✳ ❊st✐♠❛t❡ ❙❉
❋̂
(θ̂⋆) ❜②

❙̂❊❇ =

√∑❇
❜=✶(θ̂

⋆(❜)− θ̂⋆(·))✷

❇ − ✶

✇❤❡r❡

θ̂⋆(·) =
✶

❇

❇∑

❜=✶

θ̂⋆(❜)

◆♦t❡

❧✐♠
❇→∞

❙̂❊❇ = ❙̂❊∞ = ❙̂❉
❋̂
(θ̂⋆)

❊①❛♠♣❧❡

❙❡tt✐♥❣

θ = ❊(❳ )

θ̂ = s(①) =
✶

♥

♥∑

✐=✶

①✐ = ①̄

θ̂⋆ = s(①⋆) =
✶

♥

♥∑

✐=✶

①⋆✐ = ①̄⋆

❍❡r❡✱ t❤❡ ✐❞❡❛❧ ❜♦♦tstr❛♣ ❡st✐♠❛t❡ ❡①✐sts

s❡❡ ❜❧❛❝❦❜♦❛r❞

❚❤❡ ✈❛r✐❛❜✐❧✐t② ✐♥ ❙̂❊❇ ❞❡♣❡♥❞s ♦♥ ♥ ❛♥❞ ❇ ✳

❍♦✇ ❧❛r❣❡ ❞♦ ✇❡ ♥❡❡❞ ❇❄

■♥t✉✐t✐✈❡❧② ✇❡ ✉♥❞❡rst❛♥❞ t❤❛t t❤❡ ❙̂❊❇ ❤❛s ❧❛r❣❡r st❛♥❞❛r❞

❞❡✈✐❛t✐♦♥ t❤❛t ❙̂❊∞✳

❚❤❡♦r②✱ ♥♦t t♦ ❜❡ ❞✐s❝✉ss❡❞ ❤❡r❡✱ ❣✐✈❡s t❤❡ ❢♦❧❧♦✇✐♥❣ r✉❧❡s ♦❢

t❤✉♠❜✿

✶✳ ❊✈❡♥ ❛ s♠❛❧❧ ❇ ✐s ✐♥❢♦r♠❛t✐✈❡✱ s❛② ❇ = ✷✺ ♦r ❇ = ✺✵ ✐s ♦❢t❡♥

❡♥♦✉❣❤ t♦ ❣❡t ❛ ❣♦♦❞ ❡st✐♠❛t❡ ♦❢ ❙❊❋ (θ̂)✳

✷✳ ❱❡r② s❡❧❞♦♠❧② ♠♦r❡ t❤❛♥ ❇ = ✷✵✵ ✐s ♥❡❝❡ss❛r② t♦ ❡st✐♠❛t❡

❙❊❋ (θ̂)✳

❚❤❡ ♣❛r❛♠❡tr✐❝ ❜♦♦tstr❛♣

❲❤❡♥ ❞❛t❛ ❛r❡ ♠♦❞❡❧❡❞ t♦ ♦r✐❣✐♥❛t❡ ❢r♦♠ ❛ ♣❛r❛♠❡tr✐❝ ❞✐str✐❜✉t✐♦♥✱

s♦

❳ ⋆

✶ , . . . ,❳
⋆

♥
✐✐❞
∼ ❋ (① , θ)

❛♥♦t❤❡r ❡st✐♠❛t❡ ♦❢ ❋ ♠❛② ❜❡ ❡♠♣❧♦②❡❞✳

❙✉♣♣♦s❡ t❤❛t t❤❡ ♦❜s❡r✈❡❞ ❞❛t❛ ❛r❡ ✉s❡❞ t♦ ❡st✐♠❛t❡ θ ❜② θ̂✳ ❚❤❡♥

❡❛❝❤ ♣❛r❛♠❡tr✐❝ ❜♦♦tstr❛♣ ♣s❡✉❞♦✲❞❛t❛s❡t X ⋆ ❝❛♥ ❜❡ ❣❡♥❡r❛t❡❞ ❜②

❞r❛✇✐♥❣ ❳ ⋆

✶ , . . . ,❳
⋆

♥
✐✐❞
∼ ❋ (① , θ̂)✳



❇♦♦tstr❛♣♣✐♥❣ r❡❣r❡ss✐♦♥

❈♦♥s✐❞❡r t❤❡ ♦r❞✐♥❛r② ♠✉❧t✐♣❧❡ r❡❣r❡ss✐♦♥ ♠♦❞❡❧

❨✐ = ① ✐β + ǫ✐ , ❢♦r ✐ = ✶, . . . , ♥,

✇❤❡r❡ ǫ✐ ❛r❡ ✐✐❞ ♠❡❛♥ ③❡r♦ r❛♥❞♦♠ ✈❛r✐❛❜❧❡s ✇✐t❤ ❝♦♥st❛♥t ✈❛r✐❛♥❝❡✳

• ◆❛✐✈❡✿ ❇♦♦tstr❛♣♣✐♥❣ ❜② r❡s❛♠♣❧✐♥❣ ❢r♦♠ r❡s♣♦♥s❡ ✈❛r✐❛❜❧❡s t♦

❣❡t ❞✐str✐❜✉t✐♦♥ ♦❢ β̂⋆✳ ❍♦✇❡✈❡r ❨✐ |① ✐ ❛r❡ ♥♦t ✐✐❞✳

• ❈♦rr❡❝t✿ ❇♦♦tstr❛♣ t❤❡ r❡s✐❞✉❛❧s✳

❘❡✈✐❡✇✿ ❘❡s✐❞✉❛❧s

❤tt♣✿✴✴❢s✇❡❜✳❜❛✐♥❜r✐❞❣❡✳❡❞✉✴❞❜②r❞✴st❛t✐st✐❝s✴r❡❣r❡ss✐♦♥✳❤t♠

❇♦♦tstr❛♣ t❤❡ r❡s✐❞✉❛❧s

✶✳ ❋✐t t❤❡ r❡❣r❡ss✐♦♥ ♠♦❞❡❧ t♦ t❤❡ ♦❜s❡r✈❡❞ ❞❛t❛ ❛♥❞ ♦❜t❛✐♥ t❤❡

✜tt❡❞ r❡s♣♦♥s❡s ②̂✐ ❛♥❞ r❡s✐❞✉❛❧s ǫ̂✐ ✳

✷✳ ❙❛♠♣❧❡ ❛ ❜♦♦tstr❛♣ s❡t ♦❢ r❡s✐❞✉❛❧s ǫ̂⋆✶, . . . , ǫ̂
⋆

♥ ❢r♦♠ t❤❡ s❡t ♦❢

✜tt❡❞ r❡s✐❞✉❛❧s ❝♦♠♣❧❡t❡❧② ❛t r❛♥❞♦♠ ❛♥❞ ✇✐t❤ r❡♣❧❛❝❡♠❡♥t✳

✸✳ ●❡♥❡r❛t❡ ❛ ❜♦♦tstr❛♣ s❡t ♦❢ ♣s❡✉❞♦ r❡s♣♦♥s❡s

❨ ⋆

✐ = ②̂✐ + ǫ̂⋆, ❢♦r ✐ = ✶, . . . , ♥.

✹✳ ❘❡❣r❡ss ❨ ⋆ ♦♥ ① t♦ ♦❜t❛✐♥ ❛ ❜♦♦tstr❛♣ ❡st✐♠❛t❡ β̂⋆✳

❘❡♣❡❛t t❤✐s ♣r♦❝❡ss t♦ ❣❡t ❛♥ ❡♠♣✐r✐❝❛❧ ❞✐str✐❜✉t✐♦♥ ♦❢ β̂⋆✳

❇♦♦tstr❛♣♣✐♥❣ r❡s✐❞✉❛❧s✿ ❘❡♠❛r❦s

❚❤✐s ❛♣♣r♦❛❝❤ ✐s ❛❧s♦ ✉s❡❞ ❢♦r ❛✉t♦r❡❣r❡ss✐✈❡ ♠♦❞❡❧s✱ ❢♦r ❡①❛♠♣❧❡✳

❇♦♦tstr❛♣♣✐♥❣ t❤❡ r❡s✐❞✉❛❧s ✐s r❡❧✐❛♥t ♦♥

• ❚❤❡ ♠♦❞❡❧s ♣r♦✈✐❞❡s ❛♥ ❛♣♣r♦♣r✐❛t❡ ✜tt❡❞

• ❚❤❡ r❡s✐❞✉❛❧s ❤❛✈❡ ❛ ❝♦♥st❛♥t ✈❛r✐❛♥❝❡

❖t❤❡r✇✐s❡✱ ❛ ❞✐✛❡r❡♥t s❝❤❡♠❡ ✐s r❡❝♦♠♠❡♥❞❡❞✳



P❛✐r❡❞ ❜♦♦tstr❛♣

❙✉♣♣♦s❡ r❡s♣♦♥s❡ ❛♥❞ ♣r❡❞✐❝t♦rs ❛r❡ ♠❡❛s✉r❡❞ ❢r♦♠ ❛ ❝♦❧❧❡❝t✐♦♥ ♦❢

✐♥❞✐✈✐❞✉❛❧s s❡❧❡❝t❡❞ ❛t r❛♥❞♦♠

⇒ ❉❛t❛ ♣❛✐rs ③ ✐ = (① ✐ , ②✐ ) ❝❛♥ ❜❡ r❡❣❛r❞❡❞ ❛s ✐✐❞ r❡❛❧✐s❛t✐♦♥ ❢r♦♠

❩ ✐ = (❳ ✐ ,❨✐ ) ❞r❛✇♥ ❢r♦♠ ❛ ❥♦✐♥t r❡s♣♦♥s❡✲♣r❡❞✐❝t♦r ❞✐str✐❜✉t✐♦♥✳

❇♦♦tstr❛♣✿

• ❙❛♠♣❧❡ ❩ ⋆

✶, . . . ,❩
⋆

♥ ❝♦♠♣❧❡t❡❧② ❛t r❛♥❞♦♠ ✇✐t❤ r❡♣❧❛❝❡♠❡♥t

❢r♦♠ ③✶, . . . , ③♥✳

• ❆♣♣❧② r❡❣r❡ss✐♦♥ ♠♦❞❡❧ ♦♥ ♣s❡✉❞♦ ❞❛t❛s❡t t♦ ❣❡t β̂⋆✳

❘❡♣❡❛t t❤✐s ❛♣♣r♦❛❝❤ ♠❛♥② t✐♠❡s✳

◆♦t❡✿ P❛✐r❡❞ ❜♦♦tstr❛♣ ✐s ❧❡ss s❡♥s✐t✐✈❡ t♦ ✈✐♦❧❛t✐♦♥ ♦❢ ❛ss✉♠♣t✐♦♥s✱

❡✳❣✳ ❛❞❡q✉❛❝② ♦❢ r❡❣r❡ss✐♦♥ ♠♦❞❡❧✱ t❤❛♥ ❜♦♦tstr❛♣♣✐♥❣ t❤❡ r❡s✐❞✉❛❧s✳

❈♦♣♣❡r✲♥✐❝❦❡❧ ❛❧❧♦②

❉❛t❛✿ ✶✸ ♠❡❛s✉r❡♠❡♥ts ♦❢ ❝♦rr♦s✐♦♥ ❧♦ss (②✐ ) ✐♥ ❝♦♣♣❡r✲♥✐❝❦❡❧

❛❧❧♦②s✱ ❡❛❝❤ ✇✐t❤ ❛ s♣❡❝✐✜❝ ✐r♦♥ ❝♦♥t❡♥t (①✐ )✳

◗✉❡st✐♦♥✿ ❈❤❛♥❣❡ ✐♥ ❝♦rr♦s✐♦♥ ❧♦ss ✐♥ t❤❡ ❛❧❧♦②s ❛s t❤❡ ✐r♦♥ ❝♦♥t❡♥t

✐♥❝r❡❛s❡s✱ r❡❧❛t✐✈❡ t♦ ❝♦rr♦s✐♦♥ ❧♦ss ✇❤❡r❡ t❤❡r❡ ✐s ♥♦ ✐r♦♥✱ ✐✳❡✳

θ = β✶/β✵✳

①✐ ✵✳✵✶ ✵✳✹✽ ✵✳✼✶ ✵✳✾✺ ✶✳✶✾ ✵✳✵✶ ✵✳✹✽

②✐ ✶✷✼✳✻ ✶✷✹✳✵ ✶✶✵✳✽ ✶✵✸✳✾ ✶✵✶✳✺ ✶✸✵✳✶ ✶✷✷✳✵

①✐ ✶✳✹✹ ✵✳✼✶ ✶✳✾✻ ✵✳✵✶ ✶✳✹✹ ✶✳✾✻

②✐ ✾✷✳✸ ✶✶✸✳✶ ✽✸✳✼ ✶✷✽✳✵ ✾✶✳✹ ✽✻✳✷

❚❤❡ ♦❜s❡r✈❡❞ ❞❛t❛ ②✐❡❧❞ θ̂ = β̂✶/β̂✵ = −✵.✶✽✺✳

❍✐st♦❣r❛♠ ♦❢ ✶✵✵✵✵ ❜♦♦tstr❛♣ ❡st✐♠❛t❡s
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❙❤♦✇ ❘✲❝♦❞❡ ❞❡♠♦✲♣❛✐r❡❞❇♦♦tstr❛♣✳❘

❇♦♦tstr❛♣ ❜✐❛s ❝♦rr❡❝t✐♦♥

❚❤❡ ♠❡❛♥ ✈❛❧✉❡ ♦❢

θ̂⋆ − θ̂

❛♠♦♥❣ t❤❡ ♣s❡✉❞♦ ❞❛t❛s❡ts ✐s −✵.✵✵✶✷✺✳

❚❤❡ ❜✐❛s✲❝♦rr❡❝t❡❞ ❜♦♦tstr❛♣ ❡st✐♠❛t❡ ♦❢ β✶/β✵ ✐s

−✵.✶✽✺✵✼− (−✵.✵✵✶✷✺) = −✵.✶✽✹✳



❇♦♦tstr❛♣♣✐♥❣ ❞❡♣❡♥❞❡♥t ❞❛t❛

❈r✐t✐❝❛❧ r❡q✉✐r❡♠❡♥t✿ ❇♦♦str❛♣♣❡❞ q✉❛♥t✐t✐❡s ❛r❡ ✐✐❞✳

❈♦♥s✐❞❡r ❛ ✜rst✲♦r❞❡r st❛t✐♦♥❛r② ❛✉t♦r❡❣r❡ss✐✈❡ ♣r♦❝❡ss✱ t❤❡ ❆❘✭✶✮

♠♦❞❡❧✿

❳t = α❳t−✶ + ǫt

✇❤❡r❡ |α| < ✶ ❛♥❞ ǫt ❛r❡ ✐✐❞ ✇✐t❤ ♠❡❛♥ ③❡r♦ ❛♥❞ ❝♦♥st❛♥t ✈❛r✐❛♥❝❡✳

❍❡r❡✱ ❛ ♠❡t❤♦❞ ❛❦✐♥ t♦ ❜♦♦tstr❛♣♣✐♥❣ t❤❡ r❡s✐❞✉❛❧s ❢♦r ❧✐♥❡❛r

r❡❣r❡ss✐♦♥ ❝❛♥ ❜❡ ❛♣♣❧✐❡❞✳

❆❘✭✶✮ ♠♦❞❡❧✿ ❆ ♠♦❞❡❧ ❜❛s❡❞ ❛♣♣r♦❛❝❤

✶✳ ❯s❡ ❛ st❛♥❞❛r❞ ♠❡t❤♦❞ t♦ ❡st✐♠❛t❡ α

✷✳ ❉❡✜♥❡ t❤❡ ❡st✐♠❛t❡❞ ✐♥♥♦✈❛t✐♦♥s ❡̂t = ❳t − α̂❳t−✶ ❢♦r

t = ✷, . . . , ♥ ❛♥❞ ❧❡t ǭ ❜❡ t❤❡ ♠❡❛♥ ♦❢ t❤❡s❡✳

✸✳ ❘❡❝❡♥t❡r ❡̂t t♦ ❤❛✈❡ ♠❡❛♥ ③❡r♦ ❜② ❞❡✜♥✐♥❣ ǫ̂t = ❡̂t − ❡̄✳

✹✳ ❘❡s❛♠♣❧❡ ♥ + ✶ ✈❛❧✉❡s ❢r♦♠ t❤❡ s❡t {ǫ̂✷, . . . , ǫ̂♥} ✇✐t❤

r❡♣❧❛❝❡♠❡♥t t♦ ②✐❡❧❞ ♣s❡✉❞♦ ✐♥♥♦✈❛t✐♦♥s {ǫ⋆✵, . . . , ǫ
⋆

♥}✳

✺✳ ●❡♥❡r❛t❡ ♣s❡✉❞♦ ❞❛t❛ ❛s ❳ ⋆

✵ = ǫ⋆✵ ❛♥❞ ❳ ⋆

t = α̂❳ ⋆

t−✶ + ǫ⋆t ❢♦r

t = ✶, . . . , ♥✳

❆❘✭✶✮ ♠♦❞❡❧✿ ❆ ♠♦❞❡❧ ❜❛s❡❞ ❛♣♣r♦❛❝❤

■ss✉❡✿ Ps❡✉❞♦✲❞❛t❛ s❡r✐❡s ✐s ♥♦t st❛t✐♦♥❛r②✳

❘❡♠❡❞②✿ ❙❛♠♣❧❡ ❧❛r❣❡r ♥✉♠❜❡r ♦❢ ♣s❡✉❞♦ ✐♥♥♦✈❛t✐♦♥s ❛♥❞ ❣❡♥❡r❛t❡

❞❛t❛ s❡r✐❡s ❡❛r❧✐❡r✱ ✐✳❡✳ ❳ ⋆

❦ ❢♦r ❦ ♠✉❝❤ ❧❡ss t❤❛♥ ③❡r♦✳ ❚❤❡ ✜rst

♣♦rt✐♦♥ ♦❢ t❤❡ ❞❛t❛ ❝❛♥ ❜❡ ❞✐s❝❛r❞❡❞ ❛s ❜✉r♥✲✐♥✳


