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General information

Lecturers:

• Lecture: Andrea Riebler, room 1242

andrea.riebler@math.ntnu.no

• Exercises: Geir-Arne Fuglstad, room 1238,

geir-arne.fuglstad@math.ntnu.no

Time and place:

• Lecture: Tuesday 12:15-14:00 F2, Thursday: 12:15-14:00 R21

• Exercises: Thursday 16:15-17:00 K5

TMA4300: Learning outcome, Knowledge

• The student knows computational intensive methods for doing

statistical inference.

• This includes direct and iterative Monte Carlo simulations, as

well as the expectation-maximisation algorithm and the

bootstrap.

• The student has basic knowledge in how hierarchical Bayesian

models can be used to formulate and solve complex statistical

problems.

• Finally, the student understands a number of classification

techniques.

TMA4300: Learning outcome, Skills

• The student can apply computational methods, such as Monte

Carlo simulations, the expectation-maximisation algorithm and

the bootstrap, on simple applied problems.

• General competence. The student is able to give an oral

presentation where he or she communicate his or her findings

in a project.



TMA4300: Course webpage

https://wiki.math.ntnu.no/tma4300/2014v/start

Please check this website regularly!

• Messages

• Course information

• Curriculum

• Lecture plan

• Exercise classes

• Reference group

• Exam

Course outline

Reference book:

Givens, G.H., Hoeting, J.A., 2013, Computational Statistics,

2nd edition, John Wiley & Sons.

Extra references might be used.

The course is divided in three topic blocks:

Part 1: Algorithms for stochastic simulation

Part 2: Markov chains Monte Carlo methods

Part 3: Expectation-maximisation algorithms, bootstrap and

classification methods

Exercises

Each lecture block is followed by an exercise block

• The exercises have to be done individually or in groups of two

persons.

• The exercises have to be done using the statistical package R.

• In evaluation of the exercises the following aspects will be

considered: correctness, clarity of presentation, discussion of

results. All exercises must be found acceptable to be admitted

to the exam.

• The exercises (a selection?) account for 30% of the final mark.

• In an oral presentation each group will once present their

finding on a selected part of the exercises.

Statistical software R

R is available for free download at The Comprehensive R Archive

Network (Windows, Linux and Mac).

• Rstudio http://www.rstudio.org is an integrated

development environment (system where you have your script,

your run-window, overview of objects and a plotting window).

• A nice introduction to R is the book P. Dalgaard: Introductory

statistics with R, 2nd edition, Springer which is also available

freely to NTNU students as an ebook.

https://wiki.math.ntnu.no/tma4300/2014v/start
http://www.rstudio.org


Exam

• The exam will be on 24.05.2014 at 09:00.

• Examination aids: C (to be decided on)

• The exam counts for 70% of the final mark

TMA4300: Topics of the course

• Simulation & Bayesian inference:
I Generation from standard parametric families
I Inverse cumulative distribution function
I Rejection sampling
I . . .

• Markov chain Monte Carlo
I Metropolis-Hastings algorithm
I Gibbs-Sampling
I Implementation & Output analysis
I Approximate Bayesian inference

• Expectation-Maximisation (EM) algorithms, bootstrap,

classification

Do you have experience with . . .

• Basic Bayesian inference

• Markov chains

• The computer language R

Random variables

We shall not always be interested in an experiment itself, but rather

in some consequence of its random outcome.

Example: Rolling two dice

Let

X := “Sum of the two dice”

Such consequences, when real-valued, may be thought of as

functions which maps the state space S into the real line R, and
are called random variables.



Discrete random variables

A random variable X is discrete, if they can either take a finite or

countable number of values.

We define the probability mass function p(x) of X by

p(x) = P(X = x)

The following properties have to be fulfilled:

∞∑
i=1

p(xi ) = 1, p(xi ) ≥ 0.

The cumulative distribution functions F can be expressed in terms

of p(a) by

F (a) = P(X ≤ a) =
∑
i :xi≤a

p(xi )

Properties of the cumulative distribution function (CDF)

• F (x) is monotone increasing (“step function”) .

• F (x) is piece-wise constant with jumps at elements xi , where

p(xi ) > 0.

• limx→∞ F (x) = 1.

• limx→−∞ F (x) = 0.

Examples of discrete distributions

• Bernoulli distribution, Bin(1, p)

• Binomial distribution, Bin(n, p)

• Geometric/Negative binomial distribution, NB(r , p)

• Poisson distribution, Po(λ)

• . . .

Definition of continuous random variables

• Idea: A random variable X is called continuous, if for two

arbitrary values a < b from the support of X , every

intermediate value in the interval [a, b] is possible.



Continuous distributions

A random variable X whose set of possible values is uncountable, is

called a continuous random variable.

A random variable is called continuous, if there exists a function

f (x) ≥ 0, so that the cumulative distribution function F (x) can be

written as

F (a) = P(X ≤ a) =

∫ a

−∞
f (x)dx

Some consequences:

• P(X = a) =
∫ a
a f (x)dx = 0

• P(X ∈ B) =
∫
B f (x)dx

•
∫∞
−∞ f (x)dx = 1

The CDF F (x) of continuous random variables

Properties:

• F (a) is a nondecreasing function of a,

i.e. if x < y then F (x) < F (y)

• limx→−∞ F (x) = 0

• limx→∞ F (x) = 1

• d
daF (a) = f (a)

• P(a ≤ X ≤ b) = F (b)− F (a) =
∫ b
a f (x)dx

• P(X ≥ a) = 1− F (a)

Normalising constant

A normalising constant c is a multiplicative term in f (x), which

does not depend on x . The remaining term is called core:

f (x) = c g(x)︸︷︷︸
core

We often write f (x) ∝ g(x).

Examples of continuous distributions

• Uniform distribution U [0, 1]

• Exponential distribution Exp(λ)

• Gamma distribution Ga(shape = α, rate = β)

• Normal distribution N (µ, σ2).

• . . .



The word simulation . . .

. . . refers to the treatment of a real problem through

reproduction in an environment controlled by the

experimenter.

Gamerman & Lopes, Markov Chain Monte Carlo, 2nd Edition, Page 9

Motivation: Queueing problem

M/G/1 - queue:

• Customers arrive to a queueing system according to a Poisson

process, i.e. interarrival times are exponentially distributed.

• One server

• Independent service times distributed according to f (t).

• Queue system empty at time t = 0

X (t) customers in queueing system at time t.

Motivation: Queueing problem (II)

If service times are exponentially distributed, X (t) is a Markov

process and an explicit analytical formula for the limiting

distribution is available.

For general f , analytical solutions might not be available.

⇒ Idea: Simulate the queueing process on a computer and return

the quality of interest, e.g. min{t > 0 : X (t) ≥ 7}.

Random number generator

From now on, we assume to have a random generator on the unit

interval available.

• Generate an integer uniformly on [0,M], for given M.

• Division by M leads to numbers in [0, 1].

Examples:

• Using atmospheric noise, see RANDOM.ORG

• Congruential generator: ui = (a · ui−1 + c) mod M with u0

denoting a start seed. (Modulo operation in R: a%%b). Here,

a, c,M are fixed constants in N. Common choice for M is

231 − 1 = 2 147 483 647. Fortran libraries use M = 259 and

a = 1313. (pseudo-random)

• See also http://www.random.org/randomness/

RANDOM.ORG
http://www.random.org/randomness/


Discrete distributions

Let X be a stochastic variable with possible values {x1, . . . , xk} and
P(X = xi ) = pi . Of course

∑k
i=1 pi = 1.

An algorithm for simulating a value for x is then:

u ∼ U[0, 1]

for i = 1, 2, . . . , k do

if u ∈ (Fi−1,Fi ] then

x ← xi

end if

end for

Each interval Ii = (Fi−1,Fi ]

corresponds to single value of x . F0 = 0
p1 = F1

p1 + p2 = F2

p1 + p2 + p3 = F3

Fk−1

Fk = 1

u

p1

p2

Proof & Note

Proof.

P(x = xi ) = P(u ∈ (Fi−1,Fi ])

= P(u ≤ Fi )− P(u ≤ Fi−1)

= Fi − Fi−1 = (p1 + . . .+ pi )− (p1 + . . .+ pi−1) = pi

Note: We may have k =∞

• The algorithm is not necessarily very efficient. If k is large,

many comparisons are needed.

• This algorithm works for any discrete distribution. For specific

distributions there exist alternative algorithms.

Bernoulli distribution

Let S = {0, 1}, P(X = 0) = 1− p, P(X = 1) = p.

Thus X ∼ Bin(1, p).

The algorithm becomes now:

u ∼ U[0, 1]

x = I (u ≤ p)

0

p

1

p

1 − p

Binomial distribution

Let X ∼ Bin(n, p).

The algorithm from before can be used also here. An alternative is:

x = 0

for i = 1, 2, . . . , n do

generate u ∼ U[0, 1]

if u ≤ p then

x ← x + 1

end if

end for

return x



Geometric and negative binomial distribution

The negative binomial distribution gives the probability of needing

x trials to get r successes, where the probability for a success is

given by p. We write X ∼ NB(r , p).

The generic algorithm can still be used, but an alternative is:

s = 0 . (# of successes)

x = 0 . (# of tries)

while s < r do
u ∼ U[0, 1]

x ← x + 1

if u ≤ p then
s ← s + 1

end if
end while
return x

Poisson distribution

Let X ∼ Po(λ).

An alternative to generic algorithm is:

x = 0 . (# of events)

t = 0 . (time)

while t < 1 do
∆t ∼ Exp(λ)

t ← t + ∆t

x ← x + 1

end while
x ← x − 1

return x

0 t = 1

It remains to decide how to generate ∆t ∼ Exp(λ).

Change of variables formula

Let X be a continuous random variable with density fX (x).

Consider now the random variable Y = g(X ), where for example

Y = exp(X ), Y = X 2, . . . .

Question: What is the density fY (y) of Y ?

For a strictly monotone and differentiable function g we can apply

the change of variables formula:

fY (y) = fX (g−1(y)) ·
∣∣∣∣dg−1(y)

dy

∣∣∣∣︸ ︷︷ ︸
g−1′ (y)

Proof over cumulative distribution function (CDF) FY (y) of Y

(blackboard).



Example

Consider X ∼ U [0, 1] and Y = − log(X ), i.e. y = g(x) = −log(x).

The inverse function and its first derivative are:

g−1(y) = exp(−y)
dg−1(y)

dy
= − exp(−y)

Application of the change of variables formula leads to:

fY (y) = 1 · |− exp(−y)|

It follows: Y ∼ Exp(1)! Thus, this is a simple way to generate

exponentially distributed random variables!

More generally, leads Y = − 1
λ log(x) to random variables from an

exponential distribution with parameter λ: Y ∼ Exp(λ).

Inverse cumulative distribution function

More generally, inversion method or the probability integral

transform approach can be used to generate samples from an

arbitrary continuous distribution with density f (x) and CDF F (x):

1. Generate random variable U from the standard uniform

distribution in the interval [0, 1].

2. Then is

X = F−1(U)

a random variable from the target distribution.

Proof.
fX (x) = fU(F (X ))︸ ︷︷ ︸

1

·F ′(x)︸ ︷︷ ︸
f (x)

= f (x)

Inverse cumulative distribution function (II)

Let X have density f (x), x ∈ R and CDF F (x) =
∫ x
−∞ f (z)dz :
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Simulation algorithm:

u ∼ U[0, 1]

x = F−1(u)

return x

Standard Cauchy distribution

Density and CDF of the standard Cauchy distribution are:

f (x) =
1
π
· 1
1 + x2 and F (X ) =

1
2

+
arctan(x)

π

The inverse CDF is thus:

F−1(y) = tan
[
π

(
y − 1

2

)]
Random numbers from the standard Cauchy distribution can easily

be generated, by sampling U1, . . . ,Un from U [0, 1], and then

computing tan[π(Ui − 1
2)].



Note

The inversion method cannot always be used! We must have a

formula F (x) and be able to find F−1(u). This is for example not

possible for the normal, χ2, gamma and t-distributions.

Gamma distribution

Let X ∼ Ga(α, β). From stochastic processes we know that if

X1, . . . ,Xn
iid∼ Exp(λ), then X1 + . . .+ Xn ∼ Ga(n, λ).

This gives how to simulate when α is an integer.

Further: χ2
ν = Ga(ν2 ,

1
2), X1, . . . ,Xn

iid∼ N (0, 1)⇒
∑n

i=1 X
2
i ∼ χ2

n.

Thus, we can simulate X ∼ Ga(n2 ,
1
2) by

x = 0

for i = 1, 2, . . . , n do

generate y ∼ N (0, 1) . Still have to learn how

x ← x + y2

end for

return x

Gamma distribution (II)
β is a shape (inverse scale) parameter, i.e.

X ∼ Ga(α, 1) ⇔ X/β ∼ Ga(α, β)

Thus, we can simulate X ∼ Ga(n2 , β) by the algorithm
x = 0

for i = 1, 2, . . . , n do

generate y ∼ N (0, 1) . Still have to learn how

x ← x + y2

end for

x ← 1
2x . Ga(n2 , 1)

x ← 1
β x . Ga(n2 , β)

return x
Thus, we know how to simulate from a Ga(α, β) whenever α = n

2

where n is an integer.

Linear transformations
Many distributions have scale parameters, for example

X ∼ N (0, 1) ⇔ σX ∼ N (0, σ2)

X ∼ Exp(1) ⇔ 1
λ
X ∼ Exp(λ)

X ∼ U [0, 1] ⇔ βX ∼ U [0, β]

Adding a constant can also helping us in some situations

X ∼ N (0, 1) ⇔ X + µ ∼ N (µ, 1)

and thereby

X ∼ N (0, 1) ⇔ σX + µ ∼ N (µ, σ2)


