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Problem 1 Let the data be a random sample y1, y2, y3 of size 3 from the
population defined by the probability density f of

X = θU (1)
where U > 0, and P(U ≤ u) = 1 − exp(−u). Let θ > 0 and define τ = 1/θ.

a) 1. Prove f(x) = θ−1 exp(−x/θ).
2. Show that the empirical mean y = (y1+y2+y3)/3 is a sufficient statistic.
3. Illustrate in a drawing how the sufficiency principle and y gives a data

reduction by a partition of the data space.

b) 1. Is y the unique uniform minimum variance unbiased estimate of θ?
2. What is the standard uncertainty of the estimate y?
3. It follows that Y ∼ Gamma(α, β). Find the shape α and the scale β.

c) Find the moment estimate of τ .

d) 1. Find the unique uniform minimum variance unbiased estimator T of τ .
2. Compare the standard uncertainty of the estimator T with the lower

limit obtained from the Cramer-Rao lower bound.

e) 1. Derive the likelihood ratio test for the hypothesis H0 : τ ̸= τ0.
2. The standard expanded uncertainty is defined by a 95% confidence in-

terval s = [a, b] for τ . Derive formulas for calculation of the standard
expanded uncertainty by inversion of the likelihood ratio test.

Problem 2

a) Let the data y1, y2, y3 be a random sample from the population defined by
the discrete density f(x) = θx(1−θ)1−x where x = 0 or x = 1, and 0 < θ < 1.

1. Is the family of probability densities an exponential family?
2. Prove that the empirical mean y is a complete sufficient statistic.
3. Is the order statistic t = (y(1), y(2), y(3)) a complete sufficient statistic?

b) Exemplify and define the following terms as used in statistical inference.

1. Parameter.
2. Estimator.
3. Statistic.
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Figure 1: Functions in statistical inference.

Problem 3 Let the data be a random sample y1, y2, y3 from f(x) = θ−1 exp(−x/θ)
where x, θ > 0. Let the Bayes prior distribution of θ be π(θ) = 1/θ and set τ = 1/θ.

a) 1. Find the Bayes prior distribution of τ .
2. Show that the Bayes posterior distribution of τ is Gamma(n, 1/(ny)).
3. Find the Bayes estimate of τ corresponding to quadratic loss.

b) 1. Prove that
ga(y1, y2, y3) = (ay1, ay2, ay3) (2)

defines a group G = {ga | a > 0} of transformations on the data space.
2. Show that the assumed family of probability densities for the data is

invariant under the group G.
3. Show that the loss l = [ln(t) − ln(τ)]2 of an equivariant estimate t of τ

is invariant.
4. Illustrate in a drawing how the equivariance principle gives a data re-

duction by a partition of the data space.

c) 1. Derive formulas for calculation of a 95% credibility interval s = [a, b]
for τ such that the size |s| = ln(b/a) is minimized.

2. Is the credibility interval estimator S = s(Y ) equivariant?


