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Formulas for TMA4265 Stochastic Processes:

The law of total probability

Let By, Bs,. .. be pairwise disjoint events with P(U2; B;) = 1. Then

P(AIC) = " P(AIB, 1 C)P(B,IC),

i=1

E[X|C] = i E[X|B; N C]P(B;|0).

i=1
Discrete time Markov chains
Chapman-Kolmogorov equations
(m+n) _ = p(m) p(n)
m-+n m n
P = PR
k=0

For an irreducible and ergodic Markov chain, 7; = lim, Pi(jn) exist and is given by
the equations
szzﬂ'ipij and Zﬂ'i:l.

i i
For transient states i, j and k, the expected time spent in state j given start in state i,
Sij, is

sij = 0ij + > Piskj-

k

For transient states ¢ and j, the probability of ever returning to state j given start in
state 4, fj, is

fij = (sij = 6i3)/ 8-
The Poisson process

The waiting time to the n-th event (the n-th arrival time), S,,, has the probability density

)\ntnfl IV
fs,(t) = (n—l)!e for ¢t >0.
Given that the number of events N (t) = n, the arrival times S1, So, ..., S, have the joint

probability density

n!
I51,80, 80N () (51552, - -+, Sn|n) = m for 0<s1<s9<...<8,<t.
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Markov processes in continuous time

A (homogeneous) Markov process X(t), 0 < t < oo, with state space Q C ZT =
{0,1,2,...}, is called a birth and death process if

Piiv1(h) = Aih + o(h)

Pii-1(h) = pih + o(h)
P;i(h) =1— (N + pi)h + o(h)
Py(h) = ofh) for [j—il =2
where Pij(s) = P(X(t+s) = j|X(t) =), i,j € ZT, A; > 0 are birth rates, yu; > 0 are
death rates.

The Chapman-Kolmogorov equations

7,] t+3 szk ij

Limit relations

lim

Kolmogorov’s forward equations
= ariPi(t) — viPy(t).
k#j

Kolmogorov’s backward equations

ZQlkij zf)z]( )
k#i

If P; = limy_,o Pj;(t) exist, P; are given by

viPj =Y qjPx and Y Pj=1.
k#£j J

In particular, for birth and death processes

1
Py= = and P, =0,F for k=1,2,...
> k=0 Ok
where o) N
0p=1 and 6, = 071" TR gy k=1,2,...

H1pe2 - ke
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Queueing theory

For the average number of customers in the system L, in the queue Lg; the average
amount of time a customer spends in the system W, in the queue Wy; the service time
S; the average remaining time (or work) in the system V', and the arrival rate \,, the

following relations obtain
L=X\W.

Lo = A\Wo.
V = M E[SWE] + A E[S?]/2.

Some mathematical series

+1 a

p_ 1—a" — .k
Za =— ;;)ka _7(1—a)2

1—a



