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>�?�@BADC+@	CFE'G&HJI+?&E&I1?BKML	H�N	COKPCQE�R�?BSTCOH�U
V�WOXYXZW9[�\B]2^'\B\B_a`cbcbBd'eBfBd'`
gih WMj�W)XYXYW�kl[�mcn2mcW)]�`B`Bd'bBd2o�pBb

qsrut�vuwxqsy{z}|%v�~ ��w�v���������t��lvs�-z�t��-zOr#r
���BkY_Yn2\B^T`5�2n2W�_�W��}��W�kF�B�c��d

���Dn��2�c`����c����o��5���c�

���$A$A�?BI�H�Ci����COA �JCOS���N'N	COA�U
� �2h Xa¡ip�¢£\Bk�¤T�=W�n¥W��¦^c]2W §J\�]2n2_Y¤"k��¦¨	]2Ws]2�BXQ\&XQ\Bk)�
��?'©OCOA$ADCOKPGY@aª�G&KOS�ADCOK �!ROI+?BI��DROI/�DE�E�«���\B¬2�¦ka­��Bk h \�^"®O�
¯���°±��XYXZ�²\B]2]���³´?BI£COS=?BI��DRQEaª�G&K�STCOA�R�?BS�Aµ�$H	@B�
¯M\ h ¤ �2h \�XZ�Bk��2¶lj·�c�'¸%�

¹aº ¹ g °l¸�¯

¸5W)]2_ � k)��f���»Y\B] � \Bk±�B�B�'p5�

¼ ������½����¿¾ À}���������"ÁÂ�% $
��2�

ÃÄk��c]2_YW·W)k�W�� h W�^cW)kY�D]�^Ån2W�k�¤��c¬J\Bk��B^ÅXZ�D]�] W�k�n2W)�c¨5�¦¤"�¦XZ^c\B_�XYWÆ¤B�c�=¬��c]2W�]'XZ\B]2WB�)Çi�c_ÈX � n2W)kYW)k�¤��c¬J\Bk��D]2]�§J\ h n�W)X
���2k��c]2_YW)�%� h XQ\�ka\�¨-W��D]¥^c��XYX�n��D�=W�]2_$»��c]¥_Y�c�ÉW)k h \B^'\P\�¨¥W)��_Y¬�W�_��DW hDh XËÊ	¬%WM�2k��c]2_�W h W)^cW�k��D]2^��

Ç·W�n¥��W�n2k��¦Ì$XZ\²ÍaKZG&H�R�CQRË�JCQRO��?BAµ�DROI£COHP¨BW�kÈXln�W)Xa¬2k��5n � _YW�kÈXa�2kY�B]2_YW)�%� h XQ\Bk)Î��c^Ïn2WOXaW�kÅXYW�¤BWM_ÈXZ�D¤"¤"¬2k�mB¨cW)kl\�¨
n = 10

�2kY�B]2_YW)�%� h XQ\BksÌ�kZÐu¬2k��5n � ¤"_�»��c]2W)]��Â¯±�c¬J\Bk��D]2]2§2\ h n2WOX�Î
Xi

Î
i = 1, ..., n

Î!W)k}�²Ð h X���ÇF�ÄÌ�mck�W�_YWOX
\�X

X1, X2, ..., Xn

W�k � \�¨	§2W�]�^�»�W)^cWT�c^0]2�ck��T\ h Ì��ck�n2W h XZW}_ÈXZ�c¤&\B_ÈXZ�D_�¤BWÏ¨�\BkY�D\B� h \�ki�²W)n
E(Xi) = µx

�B^
Var(Xi) = σ2 �
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���uÇF�ÆÌ�mckYW)_YW)X9\�X Ì��Bk�¨cW)]'XZ]2�¦]2^'\¥W�k
µx = 85

^ckY\B� �c^�¨�\Bk�� \B]2_�W�] W�k
σ2 = 1

^ckY\B� 2 «�¤ � ] �Ân2WOXYXYW
¬ � ]2¤'XZW)XQ®O�
¯·¨B\�W)ks_Y\B]2]2_ÈÊ	]2W)XsÌ��ckM\�XM¤��c¬J\Bk��D]2]2§2\ h n2WOXM�ÆW��¦] XY� h Ì�W h n��D^Ï¨B\ h XM�2k��c]2_YW)�%� h XMW�k �=�D]�n2kYW�W)]2]

84^ckY\B���
­!�¦]2]sW��¦X�XZ\ h Î

k
Î&_ h �¦¤ \�X�_Z\B]�]2_�Ê	]2WOXÂW�k�������o Ì��ck�\�X�¤��c¬J\Bk��D]2]2§2\ h n2WOX!�'W)�D]sXZ� h Ì�W h n2�D^Ä¨�\ h X��2kY�c]�_YW���� h X

W)k±_ÈXZmck�kYWMW�]�]
k
�

ÇF�'_YW�k�¬JÐ�¤B�B¬J\BkY�¦]2]2§J\ h n2WOX��cXZ�aXZ� h Ì�W h n2�D^ ¨B\ h XZWÂ�B^ � \�¨	§2W)]2^�»�W�^cW �2kY�B]2_YW)�%� h XQ\Bk)��¯ ¨�\�W�k�_Y\B]2]2_ÈÊ5]�W)X
Ì��cka\&Xa¤B�c¬J\�kY�D]�]2§J\ h n2W)Xa��n2W)��XZ�Ï�2k��c]2_YW)�%� h XQ\�]2WM\�¨	¨	�¦¤��²W)n0�=W��¦kÅW�]�] oc��p}^ckZ\����

Çi��Ì�mckYW)_YWOX���k�W�_�XYW�]0\�¨T�B¬2¬2^'Ð�¨�\�\�XÅ�2ÐBn2W
µx

�c^
σ2 W�k � ¤�»�W�]2n2W ¬2\BkZ\B�=W)XYkZ\Bk)�'Çi��_�W�kÅÌ�mck�_�XÄ¬JÐ}W�_ÈXZ�D�²\&¢

XZ�BkZ\BkÅÌ��ck
σ2 �

Á��´¯·¨B\�W)�D^cW)]2_Y¤&\B¬J\�k±¤�»�W)]2]2W)XYW��¦¤	]2\BkaW��D]¥^c�	n¥W�_ÈXZ�D�²\�XY�ck��
���T\�¤"X � W h¦h WiW)_�XY�D�²\�XZ�ckY\BkÄÌ��ck

σ2 W)k σ̂2 �c^ S2

σ̂2 =
1

n

n∑

i=1

(Xi − X̄)2

S2 =
1

n − 1

n∑

i=1

(Xi − X̄)2

­!�¦]2]PÌ��ckÈ¨cW)]"XY]2�D]�^c_�¨BW�kYn��DW�]=�c^i¨�\Bk�� \B]2_�W�]PXY� h n2W��	XZ� W�_ÈXZ�¦�T\�XY�ckZ\�]2WBÎ&�c^ ¤B�B�²�=W�]'XZW)k��2«/¶l�¦]'X��B��k � ¤
k�W h \�_�»��c]�XZ� h ¤�»���¢1¤"¨�\Bn�kZ\�XÈ¢1Ì��ck�n2W h �D]2^"®��

Ç·W�n ��W�n2k��¦Ì$XQ\#³ COI1?BA$ADCQE�RË�JCOK�IËCOH0¨BW�kÈX9n�W)X��c^¥¬2kY�	n � _�W�kÈX9��kY�c]2_�W���� h XZ\BkM\�¨´_Z\��²W h W)^cW�k��D]2^��B^0n��D�=W�]5¢
_�»��B]0_��c� §&»YÐ�ÃÄkY�B]2_YW)_Y¬�W�_Y�D\ h �¦_�XYW�]���¶Â»YÐÏV�WOXQ\ h¦h W�¤"_�¬%W)k�XZW)]¥W�kÅn2WOX�XZW)¤BW _�XY�D¤"¤"¬2kYm�¨cW�k±\�¨

m = 10
�2kY�B]5¢

_YW)�%� h XQ\�k�Î·�c^ ¤B�c¬J\�kY�D]�]2§J\ h n2W)X
Yj

Î
j = 1, ..., m

Î·W)k²�²Ð h X��Â[�\
Y1, Y2, ..., Ym

¨cW)kYW � \�¨	§2W)]2^�»�W)^cW#�B^
]2�ck��T\ h Ì��ck�n2W h XZWÅ_ÈXZ�c¤&\B_ÈXZ�D_�¤BW�¨�\BkY�D\B� h \BkÆ�=W�n

E(Yj) = µy

�c^
Var(Yj) = σ2 Î'n2W�k·�JÐBn�W µy

�c^
σ2 W)k � ¤c¢

»�W�]�n2WP¬J\�kZ\B�=W)XYkZ\Bk)�2Çi��Ì�mckYW)_YW)XF\�Xl�TÐ h �D]�^'\Bk�\�¨0¤B�c¬2\BkY�¦]2]2§J\ h n����2k��c]2_�W���� h XZ\Bk�Ì�kZÐ²n�W���XZ�=�%W)n2kY��Ì$XZW�]�W
W�k � \�¨	§2W)]2^�»�W)^cWB�ÂÇF�DnJ\Bk�W-Ì�mckYW)_YWOX=¨	�a\�XÏn�W)X=W�k�_Y\B�²W « � ¤�»�W�]2n2W�®�¨�\Bk�� \B]�_PÌ��ck��²Ð h X�¤��c¬J\Bk��D]2]�§J\ h n �
�2k��c]2_YW)�%� h XQ\�kÅÌ�kZÐ�n2W���XY�Ï�%W)n2kY��Ì$XZW�]�WBÎJn�¨	_��

Var(Xi) = Var(Yj) = σ2 �

�i\�XZ\ÏÌ��Bk�_�XZ�¦¤"¤	¬�kYmB¨BW�]2WMÌ�kZÐÏÃÄk��c]2_YW)_Y¬�W�_�� \ h �D_�XYW�]0�c^²V�W)XZ\ hDh W�¤"_Y¬�W�kÈXZW)]�W)k�¬2kYW)_YW�]'XYW�k�XF��XQ\��%W hDh oc�

ÃÄk��c]2_YW)_Y¬�W�_�� \ h �D_�XYW�] b�d2��dBd bBd�� ece bcf���pBf bcp5���ce b'p5��o�� bcf���ec� bcp5��dcf bc����eB� bBd2����o bBd�� pcp
V�WOXQ\ h¦h W�¤"_�¬%W)k�XZW)] bcp5� �B� bBd����cf bBd2� d'� b�d2�¦oBo bc��� dcd b'p5��eB` b�d2� p�� b'�5���c� bBd2��eB� bc�5� pB�

��\B�%W hDh oc��¯l�c¬J\�kY�D]�]2§J\ h n �'�2kY�c]�_YW h W�^cW)kY�¦]2^a�'_�XZ�¦¤"¤	¬�kYmB¨BW�k�Ì�kZÐ±ÃÄkY�c]�_YW�_�¬%W)_Y�D\ h �¦_�XZW)]M�c^iV0W)XQ\ hDh W)¤"_Y¬�W�k�XYW�]��
�FWOXF¨cW)k�Xl^�»�WO¨cWs�c¬2¬#\�XaÌ��ck±ÃÄkY�c]�_YW�_�¬%W)_Y�D\ h �¦_�XZW)]#W)k ∑10

i=1 xi = 850.75
�c^ ∑10

i=1(xi − x̄)2 = 8.19
ÎJ�c^

Ì��ck±V�WOXQ\ h¦h W)¤	_�¬%W)k�XYW�]0W�k ∑10
j=1 yj = 842.10

�c^ ∑10
j=1(yj − ȳ)2 = 9.70

�
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[�W��¦�D]2^'\²�ÆÃÄk��c]2_YW)_Y¬�W�_�� \ h �D_�XYW�] §J\BkF�Æn2W�] _��D_�XYWPXZ�¦nJ\-^�»�W�]'XZW)¤	]�W=^B�c]2^'\Bkl_Y¤ �2h nJ\0V�W)XZ\ hDh W�¤"_Y¬�W�kÈXZW�]´Ì��ck
\�XF¤B�c¬J\�kY�D]�]2§J\ h n2W)Xl����kY�c]2_�W���� h XZ\B]2WsÌ�kZ\-V0W)XQ\ hDh W)¤"_Y¬�W�k�XYW�]uW)k h \�¨�\Bk�W9W)]2]´¤B�B¬J\BkY�¦]2]2§J\ h n2WOXF���2kY�B]2_YW�¢
��� h XZ\B]2WiÌ�kZÐÏÃÄk��c]2_�W�_Y¬�W�_�� \ h �D_ÈXZW�]���Çi��mc]�_Y¤�»�W�k±Ð � ]2n2W)kY_YmB¤�»�Ws�c� n2W)X�XZWsW�kÅXZ� h Ì�W hDh WOX��

� �´­J�ck�� �2h�� kÄn2WOXYXYWs_��c� W)�D]¥§'Ê	¬%�BXYW�_�W)XZW)_�X±¨cW)n#Ð�n2W��J]2W�k�WM] ��hDh §'Ê	¬��BXZW)_YWM�c^Ï\ h XZW�k�]J\�XY�¦¨²§"Ê	¬��BXZW)_YW��
¸5WOXÅ�c¬�¬-W��¦]TXZW)_�XZ�B�2_YW)k�¨�\�XZ�BkÄ�c^��J]2]-Ì��ck�¤�\�_�XZ]��D]2^c_��c�=kZÐBn2WOX��"¯·¨B\s� h �¦k·¤B�c]2¤ h¦� _�»��c]�W�]�¬JÐ9XYW�_ÈXZW�]�Î
�=W�n¥nJ\�XZ\=^�»�W)¨BWM��XQ\B��W h¦h ocÎ2]2ÐBka_Y�D^B]2���J¤&\B]�_Y]2��¨�Ð�W)X�W)k

α = 0.05
�

°aW�¤"] � X
p
¢1¨BW�k�n2�DW)]0¨BW�nuÐ��2k � ¤BWMXQ\��%W hDh �	�

t
oB��b'� oc��bcf oc��`c� oB��`Bd oc��`cb �5���c� �	���cf

ν = 18
����`'pce �5��`cfB� ����`cfc� ����`cfcf �5��`cfBb ����`'e5o ����`'eB�

ν = 19
����`'pBb �5��`cf5o ����`cfBd ����`cfcf �5��`cfB` ����`'e5o ����`'eB�

ν = 20
����`'pBb �5��`cf5o ����`cfBd ����`cf'e �5��`cfB` ����`'ec� ����`'e�d

��\B�%W hDh �5�Å¯ � � �2h \�XY�¦¨"X²_Z\B]2]�_�Ê	] �
t
¢1Ì��BkYn2W h �D]�^'\��·­J�ck

T
X�¢+Ì��ckYn�W h X²�=W�n

ν
Ì�k��D§2W)�¦XZ_�^ckZ\�n2W�k)Î _YÐ.¨	�D_YW)k

XQ\��%W hDh W)]
P (T ≤ t)

Ì��Bk �2h �¦¤BWi¨cW)kYn2�D\Bk±\�¨
t
�

V�WOXQ\ h¦h W�¤"_�¬%W)k�XZW)] §2\BkÏ� h ��XYX � XY_YWOXYXÏÌ��ck�§
	ÅkÈ¨cW�k�¤¿�c^´¨5�¦]2nJ\ � ^cW)XÏ��§2��¨ � n2¤��c]'XZ�ck�W)X=XZ� h �%W)n2kY��Ì$XQ\u¨�\Bk�X
¤"] � _�X ¨cW)nT\�X·W)�D]��2k��c]2_�W���� h XÂ¨�\BkÈXÂ¤&\B_�XZ\M�¦^�»�W)]2]2�c� n2WOX��"j�� h �¦XY�DWOX!WOXYXZW)k�Ì��ck�_Y¤&\BkÂ_Y\B¤&\�Îc�c^MW�kÂ�¦]'XZW�k�W�_�_YW�kÈX
�·Ð��J]2]2W � XM�c� �2kY�c]�_YW���� h XZW�] _��c� ¤"] � _�XZWÏ¨	�D]2n2\ � ^cWOXMW�kM¬2kY�	n � _�W�kÈXP\�¨ V0W)XQ\ hDh W)¤"_Y¬�W�k�XYW�] W h¦h W�kM\�¨
ÃÄk��c]2_YW)_Y¬�W�_�� \ h �D_�XYW�]��

� ��
aX h W)��W)�¦XÅ�¦]'XZW�kÈ¨�\ hDh _Y�B� �=W�n�`'p�� _Z\�]2]2_�Ê	]¥�D]�]2W�§2W h n�W)�D]-]'Ê-�B�2_YW)k�¨�\B_�»��B]�\�¨²¤B�c¬2\BkY�¦]2]2§J\ h n2W)X
�2W)�D]Ï�2k��c]2_YW)�%� h XÂÌ�kZÐ Ã kY�c]2_�W�_�¬%W)_Y� \ h �D_ÈXZW)]��'­!�¦]2]�] � �²W)kY�¦_Y¤BW�¨BW�kYn�� \BkÆÌ��ckÂ�¦]'XZW�kÈ¨�\ hDh W)X!¨BW�n²Ð �2k � ¤�W
nJ\&XQ\c\}Ì�kZÐ}XZ\B�%W hDh oB�J[�\B^ÏW��¦X�XY� h _�¨�\BkZ\�]2n2Wi�¦]"XYW�kÈ¨B\ hDh Ì��Bk±V�W)XZ\ hDh W�¤"_Y¬�W�kÈXZW�]��
ÃÄk��c]2_�W���� h XYW�] _Y�c� ¨�\BkÈXM�2k � ¤"XMXY� h Ð¥¤"] � _YWÏ¨	�D]2nJ\ � ^cW)XM§�»YÐ�V0W)XQ\ hDh W)¤"_Y¬�W�k�XYW�] ¨�\Bk�Xs�²Ð h XlXZ� h Ð
§J\²W��¦Xl¤B�B¬J\BkY�¦]2]2§J\ h nu¬JÐTbcf����c�²^ckY\B�0�%¯M\B]�n �´� XlÌ�kZ\²�¦]'XZW�kÈ¨�\ hDh \=n � §J\Bk h \B^'\Ï��¨cW�k _�W��¦WP]2�c¤��
�c� ¤"¨�\�¬2k��5n � _YW�]'Xl_Y�c� ¤�\�]�§J\ h \B^'\}�2k��c]2_YW)�%� h XZW)] �
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¼ ������½������ �������J, � � �	���Â�	 ��"


gih WMj�W)XYXYW�k±§J\BkÅ¨B�ck�XYWs_�¬ � kÈXF�c� Ð�� h ���=W�n0��W)�¦Xa¬'Ê	kZ\B�=�Dn2W)_Y¬�W h �2¡ h Xa§J\B]�XZk�W�]2^²Ð�^�»�W)kYWBÎJW)k±ÐÏ��W)XZ\ h W
�D]�]�W)�D]¥¨5�¦_Y_a_ � � ¬%W)]2^'\Bk)ÎJ�c^²n�W�kYWOXYXYW�k±kYW�¤"k � XYXYW�kYWMÌ�W�� ]'ÊBWP¬�W�kY_��c]J\Bk)ÎJ_Y�c�É¨	� h � h ��¬ h \B_�_YW�kÈX±��]��¦¨5ÐBW)X
� ]2n�W�kF§2\B]u��¬'Ê5kY\B�=�DnJ\����ÆXYXYW�kF\�XFn�W)XiW)kl^�»��ckÈX�ÎJ¨cW)k�X gih WPj�W)XYXYW�k±Ì��ckY_��D¤"kZ\=�c� \�Xl¬%W)]2^'\B]2Ws¨	� h �'Ê5k$»�W
ÐÏ_�XZk�mBÊ	�²WM�¦]2]����1Ì�m h ^�»�Wi¬�W�k�_Y�c]�W�]u_��c�É_Y¬ � kYn2W gih Wsj�WOXYXYW�k�ÎJ¨	� h W)�D]¥¬�W�kY_��c]#_��c�É� h �Dk���W�n2W)]#�c�ÉÐÏXZ\
n2W h �Æ¬'Ê5kY\B�=�Dn2W)_Y¬�W h WOX §J\�W���X _Z\�]2]2_�Ê	]

p = 1/3
Ì��ckMÐ-� h �!�=W�n�Î�_YÐ�n2W)XsÐ-Ì�ÐTÌ�W�� ¬%W)kY_��c]J\Bk XZ� h Ð�� h �

�=W�n�ÎJ_�¤�\ h �D¤"¤�»�Wi¨cW�k�W9]��c¤B�=¬2kY�B� h W)���

­!mck gih Waj�W)X�XZW�k �%W)_�XYW��=�²W)k _�W�^2Îc¨	� h §J\B]Tk�W�¤"]2W h ��XYXÂ¬JÐM_Z\�]2]2_�Ê	]-�B^sÌ��ckÈ¨cW)]"XY]2�D]�^c_�¨BW�kYn�� \Bk)Î"Ì��Bk Ð �J]�]2W
� X ¤��ckF�9Ê5¤�»�W�\�kY��W��Dn#kYW�¤"k � XYXYW�kY�¦]2^c_�¬2kY�c_�W�_�_YW�] ¨	� h Ì�mckYW9�²W)nu_YW)^2��¶l\B]u��W�_ÈXZW��=�=W�kF_�W�^-Ì��ckFÐT_�»YÐ²¬JÐ
n2W)]=_ÈXZ�c¤&\B_ÈXZ�¦_Y¤BW�¨�\Bk�� \B��W h W�]

X
ÎB_Y�B� \B]2^�»�W)¨}\B]'XQ\ h ¬%W)kY_��c]J\Bk gih W�j�WOXYXZW)kÂ�TÐi_�¬2mck$»�WBÎB�¦]2]'XZ� h n2W)]Mª
		KZROIËC

�JCOKZR�G&H�COH²� h �Dk �²W)n���¬"Ê	kY\B�²�¦n2W�_�¬%W h WOX��

��� 
±]2n2W�k�¤'¨B\¿Ì�mckYW)_YWOXZ]J\Bn2\Bk0¨	� h
X

¨ 	ÅkYW ^cW��B�²WOXZkY�¦_Y¤ Ì��BkYn2W h X ���-kYW)_�XZW)] \�¨ �c¬2¬2^cÐ�¨�\�¤&\B] n �
Ì�mck�W�_�W)XYXYWP\&X

X
W)ka^cW��c�=W)XYkY�¦_Y¤²Ì��BkYn2W h X��=W�n0¬ � ]2¤'XY_Z\B]2]�_�Ê	]

f(x) = p(1 − p)(x−1) Ì��ck
x = 1, 2, ...

g � gih WÅj�W)X�XZW�k!�%W)_�XZW)�²�=W�k�_YW)^iÌ��ck!Ðln2W h XQ\l�5¬'Ê5kY\B�=�Dn2W)_Y¬�W h WOX�Î�¤'¨�\iW�k�Ì��Bk�¨cW)]'XQ\ \B]'XQ\ h ¬�W�k�_Y�c]J\�k
§J\�]��²Ð}_Y¬2mBk�»�W Ì��ckaÐ�Ì�ÐÏ�=W�n¥W)�D]¥]'Ê¥¬%W)kY_Y�B]�ÎJ]JÐBk

p = 1/3
�

¯·¨B\�W)k _Z\B]2]�_�Ê	]2W)XsÌ��ckM\�Xi§J\B] �TÐ-_�¬2mck$»�W��2W��Dk�W�W�]2] Ì�W�� ¬%W)kY_��c]J\BkiÌ��ckMÐ-Ì�Ð-W)�D] ¬%W)kY_��c]´XZ� h Ð
n2W h XZ\Ï��¬'Ê	kZ\��²�¦n2W�_�¬%W h W)X�Î2]JÐBk

p = 1/3
�

gih WMj�W)XYXYW�kaW�ka_�¤BW�¬5XZ�D_�¤TXZ� h �D]5Ì��ckY�²\B_�»��B]2W�]-�B� \�Xa¤'¨�\BkÅXZk�W�n&»�WM¬�W�kY_��c]¥_Y�c� � h �¦kÅ_Y¬ � k�X�¨	� h �=W h n2W _YW)^
�D]�]�Î��c^���W�_ÈXZW)�²�=W�ki_�W�^�Ì��ck Ð-W)_�XY�D�=W�kYWP_Z\B]2]�_�Ê	]2W)X

p
Ì��ckF\�X W)�D]´¬�W�kY_��c] _Y�c� � h �¦kF_�¬ � k�X ¨	� h n2W h XQ\²�

¬'Ê	kZ\B�=�Dn2W)_Y¬�W h W)X���¶F\B] ��W�_�XYW��=�²W)ki_YW)^0Ì��Bk Ð�_Z\B� h W}�¦]2]´nJ\�XZ\�Î%¨BW�n.\�X §J\B]´XYW h \B]'XZ\ h ¬�W�kY_��c]J\Bk §2\B]
�²Ð}_Y¬2mck$»�WM�D]2]'XZ� h n2W)]0Ì�mBkY_�XYW _�¨�\Bk�W�k!»Y\�� �FWOXYXYWM¨	� h §J\B]¥¬2k�mB¨cWsÐ}Ì�Ð�]2�c¤"kYWM¤&\B�=W�kZ\&XQ\BkÄXY� h ÐÏ§�»�W h ¬�W _YW)^
�=W�n��	�FW)]

i
XYWa¤�\��²W)kZ\�XYW�]=�c�2_YW)k�¨BW�kYW)kÅ\�X §J\�]²�²Ð _Y¬2mck$»�W

Xi

¬�W�kY_��c]J\Bk)�	­�kYÐ
n
� ]�n2W�k�_Ymc¤"�D]�^'\Bk·_YWOX gih W

j�WOXYXYW�kÄn2Ðs�¦^�»�W)]=�=W�n
n
� \�¨5§�W�]2^�»�W�^cWl�c�2_�W�k�¨�\B_$»��c]J\Bk

X1, X2, . . . , Xn

\�¨�n2W)]T_ÈXZ�c¤&\B_ÈXZ�D_�¤BW±¨B\�kY� \��%W h W�]
X
�

Á��´­!�¦]2]�_Z\�]2]2_�Ê	]2_��T\�¤	_��D�=W�k��D]2^c_�W�_ÈXZ�D�²\�XY�ckYW)]
p̂
Ì��ck

p
�J\B_�W�k�X·¬2ÐM�B�2_YW)k�¨�\B_�»��B]J\B]2W

X1, X2, . . . , Xn

�
�Ë]2^BW�]u\�¨¥¤&\B�=W�kY\�XQ\B]�WiXZ� h�gih WMj�W)X�XZW)kFW�ka�¦]"XYW�k�W�_Y_�W�kÈXi��ÐÏ§&»�W h ¬%WM§J\B]��²W)n � ]2n2W�k�_Ymc¤"�¦]2^'\���¶l\B]
_�W)XÆn�W�k�Ì��Bk��¦^�»�W)]9�=W�n9¤ � ]}n2W�]PW��D]�W �c��_YW�kÈ¨�\B_�»��c]�W�]}_��c� §J\B]P§2\Bk�^�»��ckÈX�_$»�m h ¨�Î

X1
�
�Âk!_Z\�]2]2_�Ê	]2_£¢

�²\B¤"_Y�¦�²W)kY�D]�^c_YW)_�XZ�¦�T\&XZ�ck�W�]-�J\�_YW�kÈX±¬JÐ�¤ � ]#n2W)]2]2WMW��¦]2WM�c�2_YW)k�¨�\B_$»��c]2W�]0Ì��ck�¨BW�]'XZ]��D]2^c_�kYWOXYX �

Hint :

∞∑

n=1

1

n
an = −ln(1 − a) ; 0 < a < 1
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[�\ � k�nJ\B^��Be5�5]���¨BW��}��W�k��B�c�BdM¨�\Bk�XÄ�ÅÇl¢Ë¬�kY�c^ckY\B�=�²WOX��£��W�_�XÅ]J\B_�»��B]2W�]��l_�W�]2n�XÅ¬JÐP¹l°l¯�oc� �Â¬2k��c^ckZ\��Ï¢
�=W)X ¨B\�k�XÅ�ceB�Mn2W h XQ\B¤&\BkY\Bk·��_ÈX � n��D�s_�XZ� h X _Y¬�mckY_��TÐ h �¦]2]J\B] �2h �¦¤BWaXZW)�T\��"ÃÄ\B_YW)k�XÅ¬2ÐP\ h n2W�k·�c^P\B]'XQ\ h kYWOXYXYW
_�¨�\Bk�Ì�W)¤	¤�¤'¨�\Bk�n2W h XZ\B¤&\BkÅXZ� h n2W h XÅW)�D] �
	l¢Ë_����ck�WB�

�Æ¬2k��c^ckY\B�²�=W)X!¨B\�k�X n2W)X �c¬2¬ h Ê	_�X \�X·XZW)_�XYW�]²¨�\Bk h \B^'\ _ h �D¤}\&X W)�D]ÏÌ��ck�¨BW�]'XQ\9\�X �
	l¢Ë_
�)�ckYWaXZ� h W��¦]=XY� h Ì�W h n��D^
¨�\ h Xa¬�W�k�_Y�c]0_Y¤ �2h¦h Wi¨BW�kYWs]2�ck��T\ h Ì��ck�n2W h XÄ�=W�n¥Ì��ck�¨BW�]'XZ]��D]2^c_È¨cW)kYn2�·o��c���c^Ï_ÈXQ\B]2n2\BkYnJ\�¨"¨	�D¤uo�p5�

�FW)]T�²\B¤"_Y�D�²\ h W �
	l¢Ë_����ck�Wl_��c� ¨�\Bk�X·k�W�^c�¦_�XYkYW�kÈX �J_�X � n2�D� ¨�\Bkao��c�5ÎB�c^Mn2W)X·¨�\BkÂXZ�M¬�W�kY_��c]J\Bk·_��c� §J\Bn2n�W
n2W)]2]2W �
	F¢1_
�)�ckYW)]��

��� ¯·¨B\�W)k±_Y\B]2]2_ÈÊ	]2W)X±Ì��cka\�X±W��¦]�XZ� h Ì�W h n2�D^s¨B\ h X�¬�W�k�_Y�c]0_Y¤&\ h Ì�Ð�W��¦] �
	F¢1_
�)�ckYWM¬JÐÏ�²�¦]2_�Xio��c� �
g � ¨	��XYW�_�XZ\Bk�W���X�kYW)¬2kYW)_YW)]"XZ\�XZ��¨"X � X�¨�\ h ¬JÐ=�ce��Ï¬�W�k�_Y�c]2\Bk�Î2¤'¨�\�W�k�nJÐ}Ì��ckÈ¨cW)]"XZ\²\�]"XZ\ h ¬�W�k�_Y�c]J\�k
_��c� Ì�ÐBk�W)�D] �
	l¢Ë_
�)�ckYWM¬JÐÏ�=�D]2_ÈX o��c� �
¯·¨B\�W�k}_Y\B]2]2_ÈÊ5]�W)X�Ì��ckP\�X}�²\B¤"_Y�¦�T\ h �
	l¢Ë_����ck�W-� W��¦X9XZ� h Ì�W h n2�D^ � X�¨�\ h \�¨ _�XZ�Bk h W)�D¤ �ce���¨	� h ¨cW�k�W
_ÈXZmck�kYWMW�]2] o��c� �

�FW h XQ\�¤�\�kZ\B]2W0�a_�X � n2�D� ¨�\BkÏn2W h XT�¦]2]��±_�W�¤"_T^Bk � ¬2¬�W�k)Î·n2W�k=W��l\�¨¿^ck � ¬�¬%W)]2W0¨�\Bk=_YWOXYX²_Z\B�²\B] \�¨¿d'�
XZ�¦n h W)^'\Bk�W��£°±W�\ h ��XËÊ'¢Ën2W h XQ\�¤�\�kZ\Bk��Q�5¹FÐBk±n2W)XF^�»�W h n �
	}Î���W�_ÈXZW)�PXZWs¨5���c_�_lÌ�mck±¬2k��c^ckZ\��²�=W)Xa_ÈXQ\BkÈXQ\=Ì��BkF\�X
¨	�5_�¤ �2hDh W _$»YÐl¬JÐ±n2W��	d"�ÅXZ�¦n h W)^'\BkYW·°aW�\ h �¦XËÊ'¢1n2W h XQ\B¤&\BkY\B]2WÂ_Y�B� W��¦X�kYW)¬2kYW)_YW)]"XZ\�XZ��¨"X � X�¨B\ h Ì�kYÐ±��W)Ì�� h ¤"]2�D]�^'\��
°aW�\ h �¦XËÊ'¢Ën2W h XZ\B¤&\BkZ\B]�WlÌ�W�¤"¤�W)�D]¥^�»�W)]2]2�c�=_Y]��¦XYX h W)^ �
	l¢Ë_
�)�ckYWM¬JÐ=`Bd2�

Á��#ÇF�·Ì�mBkYW�_�W)X}\�X �
	F¢1_
�)�ckYWÏXZ� h W��D] XZ� h Ì�W h n2�D^²¨B\ h Xs¬%W)kY_��c].W)k9]2�BkY�²\ h Ì��ck�n2W h X �=W�n � ¤�»�W)]'XPÌ��ckÈ¨cW�]'XÈ¢
]2�¦]2^c_È¨cW�k�n2�

µ
Î��=W�]#¤�»�W)]2nu_ÈXQ\B]2n2\BkYnJ\�¨"¨	�D¤

15
� 
aX h W)��W��¦XF`'p �É¤��c] �Jn2W)]2_Y�¦]'XZW�kÈ¨�\ hDh Ì��cklÌ��Bk�¨cW)]'XQ\

�
	l¢Ë_����ck�WM�J\B_YW)k�X±¬JÐÏnJ\�XZ\�Ì��Bk�n2W���XY�Dn h W�^'\Bk�W °aW�\ h �¦XËÊ'¢Ën2W h XZ\B¤&\BkZ\B]�WB�
�ÆXYXYW�k�¬2k��c^ckY\B�²�=W)X�§J\Bk�n2WOX�� h ��XYX�_�XZ� h X�_Y¬2mck�_Y�²Ð h �B�x�c¬2¬�^'Ð�¨cW)]2W·� �
	l¢1XYW�_�XYW�] ¨�\Bk�Ì��ck�¨�\B]�_Y¤BW h W)^cWBÎ
_ h �D¤P\�X �
	l¢Ë_����ckY\B]2Wa_Y�c� ¨B\�k�X �c¬2¬2]2ÐBn2n2W�¨�\Bk h \�¨�\BkYW�W)]2]=W��D]Ï¤ � ]2]�W±Ì��ckÈ¨cW)]"XYWB� g � ¨	�2Ì�mckYW)_YWOXÅ\�X
�
	l¢Ë_����ck�WiXZ� h W��¦]�XZ� h Ì�W h n2�D^M¨�\ h X�¬�W�k�_Y�c]¥W)k�]2�ckY�²\ h Ì��ckYn2W h X �²W)n�Ì��ck�¨BW�]'XZ]2�¦]2^c_È¨cW�k�n2�·o��c�}�c^�_ÈXQ\B]	¢
nJ\�kYnJ\�¨"¨	�D¤.o�p5Î�¤'¨�\-W�kin2Ð¥_Y\B]2]2_ÈÊ	]2W)XMÌ��ckF\�X W��¦]´�!W)�¦XiXY� h Ì�W h n2�¦^ � XY¨�\ h ¬JÐ-d"�T¬�W�kY_��c]J\BkF�c¬2¬2]JÐ�k
W)�D]¥^�»�W)]2]2�c�=_Y]��¦XYX h W)^ �
	F¢1_
�)�ckYWM¬JÐ��=�D]2n2k�WiW h¦h W)k h �D¤²`Bd	�


