
���������	��
��	
�������
��
����
���������
��	����
���� �"!������#�����$�%�&�'���$
��(

)*���*
���
���
�
�+,���.-/��
��	-/��
��0��
��1+2�3�

4"5�637989:&;=<

>�?�@BADCE@�F(G'HJI,?'F'ILK	H�M	NPOQNRF�S�?BTUNPH�V
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h9ikj�lkmnhporqQs%lutwvumxlzy�{�y�|~}3vum�lzy�{�y���j�v�lpvzq�j�v.q�iki
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������� � a�� �d������� � �d�

��C$A$AE?BI�I�N�����NPA �JNPT�C�M�A�NPO*V
� �3��Yb� ��� ]B�� U¡¢X��uX�_B^3X¤£J¥B^3�3`� &�ZX*¦	^3X9^3§BY[]¨Y[X*� �
��?(©PNPA$A�NPOªGZ@b«�G'OPT�A�NPO�C¬SPI,?BI�C�SPI0C�F�F�­���]B®3���b¯�§B�Z�°]¨_&± �
² ��³ §¨YZY[¡´]B^3^~��µ¶?BI�NPT¢?BI�C�SRFb«�G'O�TUNPA·S�?BT�ADC$H	@ �
²¤]B�� &�3��]¨Y[§B���3¸º¹ �d�(»%�
¼�½�²pW�¾¿\
» X*^3`Z�3�*� �d� `ZX*®�Y[X*¡QÀ%X*�º� �d�(�"�

Á �������(����Â Ã�-/�	!$
��&�¬����
~
���Ä �	�*
��	-Å-Æ�"!����
Ç ^Å¡¢X*YR]¨�������Z_u£J]B�¤¦"ÈÉ��YQ¡¢X��Ê®J¥k¥1��YZ¦	�� 	��X=X�^Å^(ËÊ��X*_dX�����^3_3Ì�§B_#`Z ']B�Í®3��X�`�X�^(Y[X*�ZXz�3���� BX=X*_dX�^3`� ']B®%X*�
¦dX*����X�_dX*�Z��^3_dX�^´Y[���%`Z��^3X¿ B§B����X*_dX�� �"Î �~`Z ']B�~£3X���`�X�®J¥QÀ%X*`�YZX�¡¢¡´X*��`ZX¿]�¦U`Z¡¢X��EY[X�®��3^3 (Y[XPY�Y[������X*_dX�����^3_BX�^ �
¹¬¥k_B�Z�3^3^�]�¦Æ¡´��^3�3��X¢¦¨]B���°]B`$Ï�§d^3X��p�Ð`Z]B¡¢¡´X*^3`ZXPY[^3��^3_dX�^Å]�¦Æ��X*_dX�����^3_BX�^�Ì�¡U¥¨��X*Ñ�X*��� §d_#����_B^3X�^3��XBÌ� ']B^
_�Ï�X�^(YR]¨Y�Y[X�¡U¥¨����^�_dX�� ]�¦=`�¡´X*��Y[X*®3�3^3 (YZX*YÐYZ���J��X�_dX*�Z��^�_dX�^¢]B^(YR]¨`Ð¥¤¦�ÈÉ��X���X�]B����`[]¨`�Ï�§d^3X*�Í]�¦´�3]�¦	£3X*^3_d��_dXº§B_
^3§d��¡U]¨��Ñ�§d���3X��EY[Xº¦¨]B���°]BÀ���X��Ð¡´X*�uÑ�§B��¦dX*^(Y[^3��^3_d`�¦BX����3�

µ
§d_= �Ï�X�^(Y�`�Y[]B^3�J]¨�Z�J]�¦&¦	�� 

σ = 2◦ Ò �

�%Ó¶�º^&Y[]=Ñ�ÔB�Z`�Y9­� &�3^#����X*YZYZX¤®3�3^3 (Y[XPY�±b]¨Y�Ñ�§d�Õ¦dX�^(YZ^3��^3_B`�¦dX*�Z�3��X�^�X��
µ = 1468◦ Ò �

W�XPYR]B�����3��_dX�^ÖY[]B�=X�^×¡U¥B����^3_k]�¦Å`Z¡¢X���YZX�®3��^3 (Y[X*Y � ¸�¦¨]ÊX*�=`[]B^3^�`�Ë	^3����_d£3XPY[X�^×Ñ�§d�=]¨Y¢§dÀ3`�X��Õ¦dX��ÕY
`�¡´X*��Y[X*®3�3^3 (Y�X��b��]�¦BX���XpX*^3^

1467◦ Ò�Ø
�º^&Y[]�`Z¥k]¨Yp¡´XPYR]B�����3��_dX�^¶Y[]B�ª¥'YZY[X¢�J]�¦	£3X�^�_d��_dX¢¡´¥B����^3_dX��¿]�¦Ê`�¡´X*��Y[X*®3�3^3 (YZX*Y�Ì

X1, X2, ..., X8

�
¸b¦B]kX*��`[]B^�^3`�Ë	^3����_d£3XPY[X*^�Ñ�§B�Q]¨Y�_�Ï�X�^�^3§d¡¢`Z^3�EYZY[XPY�]�¦Å��Xu¥¨YZYZX.¡U¥¨����^�_dX�^3X´]�¦Å`�¡´X*��Y[X*®3�3^3 (YZX*Y�Ì
X̄ = 1

8

∑

8

i=1
Xi

ÌJ����_d_dX*�Ð¡¢X�����§d¡
1467◦ Ò §d_

1469◦ Ò�Ø
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��^(Y[]Ê�É��X�`ÕY[X�^ ]�¦Ö§d®3®3_d]�¦BX�^ ]¨Y�Ñ�§d�Õ¦dX�^(YZ^3��^3_B`�¦dX*�Z�3��X�^×Y[���Ð��X�_BX��Z��^3_dX*^3`Q`Z¡¢X��EY[X*®3�3^3 (Y�Ì
µ
Ì X��=�3 �Ï�X�^(Y�Ì

¡¢X�^�]¨Yb`�Y[]B^3�J]B���J]�¦&¦"�� BXPY�X*�� �Ï�X*^&Y�§d_=���� 
σ = 2◦ Ò �

Ä Ó��bY[��X*�´XPY
90 �  ¨§d^��J��X�^3`���^(Y[X*��¦¨]B���JÑ�§d�

µ
ÀJ]B`�X��ÕYÐ®J¥

n
�J]�¦	£3X�^3_B��_dX�¡U¥¨����^�_dX��¬]�¦=`�¡´X*��YZX�®3�3^� &YZX*Y�Ì

X1, X2, ..., Xn

�
¸b¦d§d��`�YZ§d�b¡U¥

n
¡´��^3`�Y�¦"ÈÉ�ZXpÑ�§d��]¨Y���X*^3_d�3X*^�®J¥=��^(YZX���¦¨]B����XPYb�� & BXp§�¦dX���`�YZ��_dX*�

3◦ Ò�Ø ²p]¨�����3XPYZYZX]B^(Y[]B����X*Y
n0

§d_¢À3�Z�3 z��X
n0

Ñ�Ôd��`�Y[Xp§dÀ3`�X��Õ¦B]¨`�Ï�§d^3X*^3Xª_B��YZYb��Y[]BÀ%X*��� � Y[����¥¢À�X�`ÕY[X*¡´¡¢X¤��^(Y[X*��¦¨]B����X*Y
^&�3¡¢X�����`Z  �

W�XPYR]B�����3��_dX�^�£J]¨�  B§d¡¢¡´XPY Ñ��ZX*¡ YZ���3]'Y Ñ�§d��¦BX�^(Y[^���^3_d`Õ¦dX*�Z�3��X�^´YZ���"��X�_BX��Z��^3_dX*^3` `Z¡¢X��EY[X*®3�3^3 (YÍX��
1468◦ Ò �

Ç ^U]�¦ª B§d����X�_BX�^3X¨Ì(¹ �Z§BÑ�X*`Z`Z§B� » YR¥B�0ÌBX�� �� & BX�X�^���_¤�3¡¢X*YR]¨�������Z_dX*^3` ]B^3]B��Ë	`ZX*� §d_�¡¢X�^3X*�Í]¨YÍ`Z¡¢X��EY[X�®��3^3 (Y[XPY
Ñ�§d����X�_dX*�Z��^�_dX�^uX��b£3Ô¨ËdX���X¤X�^3^

1468◦ Ò �

� Ó¶¯J§d��¡Q�3���*�¿¹ �Z§¨Ñ�X�`Z`�§d� » YR¥¨��`���YZ`[]B_d^ � X*^ £&Ë	®�§BY[X*`ZXPY[X�`ÕYª¦BX��Æ¥.�3X
�J^�X��ZX¢^&�3����£(Ë"®�§BYZX�`ZX�§B_�]¨��Y[X*� �
^J]'Y[��¦U£(Ë"®�§BYZX�`ZX �
» XPYZYº§d®3®1X�^1Y[X�`ÕY[§dÀ�`ZX��Õ¦¨]¨Y[§d��§d_��J^3^1Ñ�§d�Z ']B`ÕY[��^3_d`Z§B¡´�Z¥B�3X*Y � ¸�¦¨]=À3������ B§d^� 	���3`�Ï�§B^3X�^�®J¥=YZX�`ÕY[X�^~Ì
¡¢X��u�J]¨Y[]¢_B��YZYÉ�~YR]BÀ�X���� � Ì3^3¥B�b`Z��_B^3���J ']B^�`Z^3�E¦�¥¨X*Y�X*�

α = 0.05 Ø¸b¦d§d�¢`�YZ§d�´¡´¥
n
¦BX���_BX�`´Ñ�§B�´]'Y¢¦	��¡´X*� X*^ `Z]B^3^3`ÕË"^�����_B£3X*Y´®J¥Æ¡¢��^�`�Y

0.99
`Z ']B�b B§B^3 &���3�3X*�ZX

¡¢X��z]'Y
µ > 1468◦ Ò Ì�^3¥B�Ð��¦	���Z ¨X�����_d£3XPY[X*^ µ = 1470◦ Ò�Ø » ��_d^����J ']B^3`�^3��¦"¥BXPYÉ`� ¨]¨��Ñ�§d�ÕY[`Z]¨YZYL¦�ÈÉ��X

α = 0.05
�

x1 x2 x3 x4 x5 x6 x7 x8� e(gdf � e � e(gdc �·� � e&f �d� g � e(gdc � g � e(gdc � c � e&f �d� a � edgda � e � edgdg � �

��]BÀ%X*��� � ���9?BI,?uG �BNPO�SPTUNPADI�N ��K	H�F'IÍC
◦ !#" �QNPI�GR�(�B@BC�Sp?BI¬@���NPHJH~G'TªSPHJC$I�I�NPI ?$�¢M	N 8

GB©PS�NPO%�'?'S���G'H~NPH~N9NPO
1469.0◦ !#"

Á �������(���'& (9�	�%
��&
��*)��,+/�����	
~
��&��
.-��	���	�*
��&�
���3�Z���#`Z ']B��®3��`Z`ZXª§d®3®# �Ï�Ôd & ¨X�^3XPY�§d_=¦"���Z�3X*�ZX���¥´��X���X¤��^3^�`�^3X� & ¨X��ZXQYZ����¥=_�Ï�ÔB�ZXÉÏ�§dÀ3À�X�^ �0/ XPY�X*��¡ªËBX
¥/_�Ï�Ôd�ZX���À(Ë	_d_dX*À3�[]B^�`�Ï�X�^~ÌÉ§d_Å���3�Z��� ¦	�����3^3�3X*�Z`�Ôd BX £(¦d§d�U�°]B^3_Ê¦dX*^&YZX*YZ��� £&�3^�¡U¥Æ�ZX�_B^3Xk¡¢X�� Ñ�Ôd�
£&�3^# ']B^zÑ�¥=`[]¨Y�Yb��_(]B^3_¢]B��À%X*���3XPY � ¸��3^�£3]B�ÉÑ�¥¨YZY�]¨^	À�X*Ñ�]¨��YbÀ(Ë	_d_d¡¢X�`�YZ�ZX*^3X9��1¤¼ ]�¦.¦BX�^3^3X*�º`�§d¡ £J]¨�
_�Ï�X�^3^3§B¡¢Ñ�Ôd�ÕYÉY[����`Õ¦B]¨�ZX�^��3X�®3�Z§B`�Ï�X� (YZX�� �
��^(Y[]�]¨Y¬¦BX�^(Y[XPY[����X�^

X
ÌB�"]B^(YR]¨���	�3 BX*��ÌB£�§d` �21¤¼ÅX*� X�^Q`ÕY[§d ']B`ÕY[��`Z ¤¦B]¨�Z�°]¨À%X*�"¡¢X��Q &�3¡ª�3�°]¨YZ��¦�Ñ�§d���3X�����^3_

F (x) =

{

1 − exp(−αx2) x ≥ 0,

0 x < 0.
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�%Ó¶�º^&Y[]´]'Y
α = 0.04

�
¸b¦B]=X���`Z]B^3^3`ÕË	^3����_d£3X*YZX�^1Ñ�§d�b]¨Yb���3�Z���1¡´¥ª¦dX*^(Y[Xª��X�^3_BX���X�^�^k�Q�3 ¨X�� Ø
/ X*�Z`�§d¡ ���3�Z���kÑ�¥B��À�X�`� �Ï�X��Ê§d¡ ]'Y�¦dX*^(Y[X*YZ���3X*^ÆX*�¿¡¢��^3`ÕY¤�´�3 ¨X��*Ì�£&¦¨].X*�¿�J].`[]¨^3^3`�Ë	^3����_d£�X*Y[X*^
Ñ�§d�b]'Yb£	��^#¡´¥ª¦dX�^(YZXª��¡¢��^3`ÕY � �3 BX*� Ø
Î ��`b]¨Y�`[]¨^3^3`�Ë	^3����_d£�X*Y[`ÕY[XPYZY[£�X*Y[X*^�YZ���

X
­�Ñ�§B��_dX�^3X*�ZX*���

α
±ÐX��

f(x) = 2αx exp(−αx2)
Ñ�§d�

x ≥ 0.

�Ð��X�`ÕY[X�^#]�¦z§d®3®3_d]�¦BX�^1`Z ']B��¦	��]B^(YR]¢]¨Y
α
X*���� �Ï�X*^(Y �

¯JÔd�¤£&�3^ÅÀ�X�`�YZX�¡¢¡´X*�9`�X�_#Ñ�§B�9¥1X�^3_d]B`�Ï�X*�ZXU��1¤¼�Ì�Ôd^3`Z ¨X��9���3�����/¥�X�`ÕY[��¡´X*�ZX�Ñ�§d��¦BX�^(Y[XPYª¦BX�^(Y[XPY[���~Ì
µ
Ì

£3§d`b��1p¼ � / X�^3^�X9X*��_B��YZYÐ¦dX��

µ =
Ç
(X) =

√
π

2
√

α
.

���3�Z���z��^3^3£�X�^(Y[X*����^�Ñ�§d��¡U]¨`�Ï�§d^.§B¡ ¦BX�^(Y[XPY[����X�^3X¤Ñ�§d�
n
YZ���EÑ�X�������_¤¦B]¨��_BYZXº¦dX*^3^3X*��`�§d¡ £3]B�ÉÀ3���3 BX¤�21¤¼ �

\�]
X1, . . . , Xn

��X�®3��X�`ZX*^(Y[X���X�¦BX�^(Y[XPY[���3X�^3X�Ñ�§d���3X
n
¦BX�^3^3X*^3X �(Î �3]B^(YR]¨� ]¨Y

X1, . . . , Xn

X�� �J]�¦	£3X*^3_d��_BX
`�YZ§d ']B`�YZ��`� BX¤¦B]¨�Z�°]¨À3��X*�Ð`Z§B¡ ]B����X¿£J]B�b`Z]B¡´¡¢X¿`Z]B^3^3`ÕË"^�����_B£3X*YZ`�Y[XPYZYZ£3X*Y

f(x)
�

Ç ^�X*`�YZ��¡´]¨Y[§d�LÑ�§d�
α
ÀJ]B`ZX*��Y�®J¥

X1, . . . , Xn

X*�

α̂ =
n − 1

∑n

i=1
X2

i

Ä Ó���^3�3X���`ZÔd  §d¡
α̂
X*�z`[]B^�^3`�Ë	^3����_d£3XPY[`�¡U]B &`���¡¢X��Z��^3_d`�X�`�YZ��¡´]¨Y[§B�ZX�^ ­ » W�ÇL±UÑ�§d�

α
­�¦dX*�n¥ �3^3^3X

» W�ÇL± �
¯J§d��X�`Z��¥�X�^1X�`�YZ��¡´]¨Y[§B�ÐÑ�§d�ÉÑ�§d�Õ¦dX�^(YZX*Yb¦dX*^&YZX*YZ���

µ =
Ç
(X)

ÀJ]B`�X��ÕYº®3¥
α̂
�

¸b¦B]´À3������X*`�YZ��¡´]¨Y[XPYºÑ�§d�
µ
��X��Z`�§d¡

n = 6
§d_U�3X9§d®3®3_B��YZYZXp¦BX�^(Y[XPY[���3X�^3X�X*� � Ì�e �·� Ì � Ì~f"Ì�g � � §d_

� �3 ¨X�� Ø

� Ó¶\�] Y = X2
�3Î ��`b]¨Y

Y
X��bX* 	`�®%§B^3X�^3`��°]B�EÑ�§d�Z��X���YÉ¡´X*�1Ñ�§d�Õ¦dX*^&YZ^3��^�_

1/α
�

¼Ð���3 .�3XPYZYZX9��X�`Z����YR]'Y[X*Y�YZ����¥��3^��3X���`ZÔd ¨Xª§d¡
α̂
X���Ñ�§d�Õ¦dX�^(YZ^3��^3_B`Z�ZXPYZY �

­ / �  ']B^�À3���3 BX1��YZX�^×À%XP¦"��`¢]¨Y=�3X���`Z§d¡
T1, . . . , Tn

X*���J]�¦"£�X�^3_d��_dXu§d_ X� &`Z®�§d^3X*^3`Z��]B��Ñ�§B�Z�3X*��Y[X
`ÕY[§d ']B`ÕY[��`� BX¤¦¨]B�Z��]BÀ3��X*�Ð¡¢X��1���� ¢Ñ�§d�Õ¦dX*^&YZ^3��^�_

β
Ì3`Z¥=X*�

E

(

1
∑n

i=1
Ti

)

=
1

β(n − 1)

± �



����� <��&<��
	 ����� <��(<��ª4�
2:�
�5���
05���� 4"5�637�<�:&;=<

Á �������(����� �u!���
�
��&�
¸�Ë	®3®���_d£3XPY[X*^#]�¦.`ÕY[Ôd���ZX¤�3�EË" & ¨X���¦dX*��§d� Ï�X�À�§d�Z��^3_ªÑ��Z]��3Ë&Y[X�^��3X9®��°]¨Y�YZÑ�§d��¡´X*�Ð����§d�Z�3`$Ï�Ô"X*^u`Z ']B���3^��3X�� �
`ZÔB BX�` � \�]

λ
¦"ÈÉ�ZX¢X�^Ê®J]B�Z]B¡´XPY[X*��`Z§d¡ ]¨^3_d����_�Ï�X�^�^3§d¡¢`Z^3�EYZY[����_U]B^(YR]B��� �3��Ë	 & BX*�¤®3� � YZ��¡¢X*¦dX*�Z �Ì��3X*�

λ]B^(YR]¨`¿�3 �Ï�X�^(Y¢­�¡´X*^
λ > 0

± �JÎ ��`�X��¿®J¥
n
®3��]¨YZY�Ñ�§d�Z¡¢X��*ÌJ§d_U��]B�

Xi

À�X*YZX�_d^�X�]B^(YR]B����`�Y[§B�ZXª����Ë	 & BX���®J¥
®3��]¨YZY�Ñ�§d�Z¡ ^3� �

i
Ì
i = 1, . . . , n

�
��^(Y[]1]'Y

Xi

X��¤¹�§d��`�`Z§d^ � Ñ�§d�Z��X���Y�¡´X*�
E(Xi) = ai λ

Ì~£(¦d§d�
ai

X*�¿Y[§BY[]B��Y�]B^(YR]B���¬��Y�Ñ�Ôd��YZXªY[��¡´XP¦dX*�Z 1®J¥
®3��]¨YZY�Ñ�§d�Z¡ ^3� �

i
�
X1, . . . , Xn

]B^(YR]¨`º¥�¦¨ÈÉ�ZX¤�J]�¦	£3X�^�_d��_dX�YZ����Ñ�X*���3��_dXb¦B]¨�Z�°]¨À3��X*� �
�%Ó¶��§´X*`�YZ��¡´]¨Y[§d��X��ÐÑ�§B�

λ
ÀJ]B`�X���Yº®J¥��J]¨Y[]QÑ��[]��3X

n
®3�°]¨Y�YZÑ�§d��¡´X*^3X¿X*�

Λ̂
§B_

Λ∗
ÌJ_d�EYZYÉ¦BX��

Λ̂ =
1

n

n
∑

i=1

Xi

ai

,
§B_

Λ∗ =

∑n

i=1
Xi

∑n

i=1
ai

.

¯¬��^3^zÑ�§d��¦BX�^(Y[��^3_d`Õ¦dX����3��X*^#§d_�¦¨]B���°]B^3`�X�^zY[����£(¦dX*��]�¦z�3X�YZ§¢X*`�YZ��¡´]¨Y[§d��X�^3X
Λ̂
§B_

Λ∗
�

¼ÐX*�ZX*_d^u^	��¡´X*�Z��`� BX�¦BX����3��X*�ÉÑ�§d�
Λ̂
§B_

Λ∗
^J¥¨�

n = 5
§d_ª�3X���^3^�`[]B¡¢��X*�3Xº�3]¨YR]QX*�É_d��Y�YÉ��YR]BÀ�X����~� �

¸b¦"���� ¨X�^�]�¦.�3X�Y[§=X�`ÕY[��¡´]¨YZ§d�ZX*^3X¿¦	������X��3�uÑ�§d��X*Y[��X� & BXp���3X*^3^3Xp`Z��YZ�J]B`$Ï�§d^3X�^ Ø ¼ÐX�_B�Z�3^3^1`�¦¨]B��X*Y �
¹ �°]'YZYZÑ�§B�Z¡ ^3� �

i ai xi�
1.5 · 105

�
�

2.72 · 105
e

�
0.87 · 105

�
e

3.28 · 105
�

�
0.63 · 105

�
��]BÀ%X*���"�"���9?BI,?QG �BNPOÉ?BHJI2?BA$A"K"A
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