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È´[\b\®3�Bl\l\k¡`3a9_�©=�3Z* ¡[]_BoBZ*l\Z´k�§&�3¥=qflMÉ¬qBa9lnZ�_B ¡k¡[ËÊ	®3l\qBafl]_B¥Ì®L¨9�ÎÍÏ§L_BlÐ�3Z*`Wb\k¡bn[\Z�[]k¡�3Z�`=Ñ3 ¡k¡[\[»bÒ©"ÓÎln[Î®�qf®"É
�3 mÓÎln[���¼	®%�flnb\¥µ¨B mZ*`3Z¤b\qf¥ÔbÒ[]k¡ m mZ*b£o'_B`Õ©	k �3Z* mZ=km`3`Ök []lnZ�[ËÊ"®�Z�l*×�qBa¦©	k»�3ZOØL`3Z�lnZ�lzÙ��f mafZ*`3�3Z¤�3k¡b��n�3`3o([\Z
§3Z*`3�3Z� ¡b\Z*l��

A1 Ú�Û �3Z*[dbÒ[]km ¡ mZ*bÎZ*[´b\®��fl\bn¥W¨B �_�©.kmo&oBZ�ÉËb\Z*`3b\kE[]kE©p`L_s[\�3l�×3ÙM�ÜZ�o&b���§(©s_�§3Z*[\Z�l´�3��Ý Û ×
A2 Ú�Û �3Z*[dbÒ[]km ¡ mZ*bÎZ*[´b\®��fl\bn¥W¨B �_�©.�3Z� E©"k¡bdb\Z�`�b\k¡[\k¡©W`L_s[]��l�×3ÙM�ÜZ�o&b��L§(©fqBl�a(_s¥µ¥=Z� %Z�ld�3��Ý Û ×
A3 Ú�Û �3Z*[dbÒ[]km ¡ mZ*bÎZ*[´b\®��fl\bn¥W¨B �_�©.b\Z�`�b\k¡[\k¡©p`3_s[]�3l*×3ÙM��Z*o&b��L§L_Bld�3�¦©"ÓÎln[´��[\l\q&Ý Û �

Þß[\km ¡ mZ�aBa��3Z*Ø3`3Z�lnZ�l�©	k�§�Z�`3�3Z* mbnZ�`��
L Ú�Û �3Z* ¡[T_soBZ�lnZ�`1 ¡Ê&©fZ*l Û
¯¬�f ¡afZ�`��3Z�b]_B`�`3bnÊ	`3 ¡kmaf§3ZO[]Z*l´Z*ldqf®3®3afkE[\[��
P (A1) = 0.1

×
P (A2) = 0.4

×
P (A3) = 0.5

×
P (L|A1) = 0.05

×
P (L|A2) = 0.2

×
P (L|A3) = 0.6
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���|ÍHkmb��3Z�ØLlnZz§�Z�`3�3Z* mbnZ�`3Z9k�Z*[d©fZ*`3`3�3km_Bafl\_B¥��
� k¡[n[._s[WZ�`��3Z* ¡[]_BoBZ*l.Ñ3 mk¡l¤b\®3�3lÒ[pZ*[.b\®3�flnb\¥µ¨B �_�© [ËÊ	®%Z

A2

×Ð§&©s_ Z*l.b]_B`�`3bnÊ	`3 ¡kmaf§3ZO[]Z*` Ù�qfl._s[
�3Z* ¡[]_BoBZ*l\Z�`�kmo&oBZQ EÊ	©BZ�l*×

P (L′|A2)
Ý

¹d©B_¤Z�l�b\_B`3`3bÒÊ	`3 mk¡af§3Z*[\Z�`1Ù�qfld_s[dZ�`¦[]k¡ ¡Ù�Z* m�3k¡a9©s_B mas[��3Z� E[T_BosZ�ld ¡Ê&©BZ�l�×
P (L)

Ý

j [¤_�©/bn®3�flnb\¥µ¨B mZ*`3ZWbnqf¥ l\Z�aB`3Z�b¤¨�©"ÓÎlnZp_�©/�3Z* ¡©	kmb9b\Z*`3b\kE[]k¡© `L_'[]�3l9Z�l��Ë§&©BqflSaf_B¥µ¥=Z� »Z*l��3��Ý Û ��j `afln�3®3®�ZÎ®L¨
n
®%Z*l\b\qB`3Z�l Ñ3 ¡ZßbÒ[]k¡ ¡[��3Z*[n[]ZÎbn®3�fl\bn¥W¨s mZ*[�×s��Z�l\ZO[\[\Z�l Ñ3 ¡Z bÒ©B_sl\Z�`�ZÎl\Z*afkmbÒ[]l\Z*ln[¬qfa£b]_s¥µ¥=Z�`3 ¡kmaf`�Z*[

¥=Z��zkm`�Ù�qfln¥W_sb��nqf`£k(q��¶Z*`&[\ mk¡afZ l\Z*afkmbÒ[]l\Zs��^�_
X
©"ÓÎl\ZÐZ�`zbn[\qfo'_Bbn[\kmbnoH©s_Bl\km_BÑ%Z* fb\qB¥ _B`3afk¡l�_B`([T_B ¡ B®�Z�lnb\qf`3Z*l

b\qB¥  ¡Ê&©fZ*ldÑ3 °_B`([
n
®�Z�l\bnqf`3Z*l�×�qfa¤ °_

p
©"ÓÎl\Zzb]_s`3`3bnÊ	`3 ¡kmaf§�Z*[]Z*`1Ù�qBld_s[dZ�`1®%Z*l\bnqf`# EÊ	©BZ�l*�

� �¸È´`3�3Z�ld§(©	km ¡oBZz_B`([T_BaBZ� mbnZ�l�©	km 
X
©"ÓÎl\ZzÑ3k¡`3qf¥=kmb\o¤Ù�qfln�3Z� E[�Ý

ÍHk�_B`([T_Bld_s[
p = 0.2

qfa=_s[�©	k�bn®3�fl
n = 20

®�Z�lnb\qf`�Z�l���¹d©B_�Z*l
P (X = 4)

Ý
¹d©B_¤Z�l

P [(X ≤ 2) ∪ (X > 5)]
Ý

Í£k�_s`&[]_Bl�`L¨=_s[
p
Z�ld�3o��nZ*`&[���¯�qBld¨¤Z*bn[\km¥=Z�l\Z

p
Z�ld�3ZO[�Ù�qfl\Z*b\ m¨s[\[�[\q=Z*bn[\km¥µ_s[]qflnZ�l*×

p̂ =
X

n

qfa
p∗ =

X

n − 1
.

� �¸¯¬k¡`3`pÙ�qfln©BZ�`([]`�km`3afbÒ©fZ*l\�3k�qfa�©s_Bl\km_B`3bÎ[\km �§(©fZ*lH_�©pZ*bn[\km¥µ_s[]qflnZ�`3Z p̂
qBa

p∗
�

¹d©"k¡ mosZQ[\q¤Z�afZ*`3b\o'_B®�Z�ldo��nZ�`3`�Z*[]Z*af`3Z*lHZ�`1afq	�¦Z�bn[\km¥µ_s[]qBlTÝ
¹d©"k¡ mosZ�`�_�©.Z�bn[\km¥µ_s[]qBl\Z�`�Z

p̂
qfa

p∗
©	km ¶�3�1Ù�qBl\Z*[\l\Z*o	osZ�Ý�½ Z*afl\��`3`�bÒ©s_Bl\ZO[��

Í£k�Ù�qBl\��[\b\Z*[n[]Z*l�_'[
n
Z*ldbn[]qBl�qfa�©fZ� ¡afZ�l´¨�Ñ�Z�`(Ê&[\[]ZzZ�bÒ[]k¡¥W_s[\qfl\Z*`

p̂
©"k¡�3Z�lnZB���£_¤Z�l

Z =
p̂ − p

√

p(1−p)
n

[]k¡ m`LÓÎln¥µZO[�bn[]_B`3�L_sl\�1`3qfl\¥µ_B EÙ�qfl\�3Z* ¡[��

½Î_BbnZ�lÒ[�®L¨9[\km�3 ¡kmafZ*l\Z´�3`3�3Z*l\b\�BoBZ� ¡b\Z*ld_B`([T_BlÐ©"k¶_s[
p = 0.2

�	ÍHk¶�f`�b\oBZ*ld¨S�3`3��Z�l\bn�foBZ�qB¥ �3Z�km`3`�b]_B¥= mZ*�3Z
�L_s[]_�afkml�qfbnbdafl\�3`�`1[\km �¨�[]lnq=_s[

p
Z�ldbn[\�fl\lnZQZ�`3`

0.2
�

Å��¸¯Lqfln¥��3 ��*lÎ�3ZO[\[]ZQbnqf¥ Z�`1§(Ê	®%qB[\Z�bnZ*[]Z*bn[�©fZ��#¨��3Z*ØL`�Z�l\Zz`&�3 m ¡§(Ê"®�qB[\Z�b\ZQqfa=_B E[]Z*l\`L_s[\k¡©µ§(Ê"®�qB[\Z�b\Zs�
½ ln�3o�_s[

Z
Z�l [\km ¡`LÓÎl\¥=Z*[ bÒ[T_B`��L_Bl\�=`3qfln¥W_s ¡Ù�qfln�3Z� E[�[\km L¨�Ñ�Z�bn[\Z�¥=¥µZ�ZO[»Ù�qfl\o'_BbÒ[]`3k¡`3afb\qB¥µl\¨B�3Z Ù�qfl

`&�3 ¡ m§(Ê	®%qB[\Z�bnZ�`1`L¨Bl�©	k�©fZ� ¡afZ�ldbnkmaf`3kEØLo'_B`3bn`3k¡©"¨
α = 0.01

�
¹d©B_�Ñ3 ¡kmlÎosqf`3o& m��b��nqf`3Z*`�®3¨�[\Z�bÒ[]Z�`1`L¨Bl

n = 200
®�Z�lnb\qf`3Z*ldÑ3 mZ�bn®3�3ln[´qfa

x = 55
®�Z�lnb\qf`�Z�ld m��Ê�Ý

ÍHkm 
p
É2©fZ*l\�3k¡Z�`¸[]k¡ �[\Z�bn[\Z�` ©�ÓÎlnZ¤¥µk¡`3�3l\ZSZ� m ¡Z�l£bÒ[]�flnl\Z�Z*`3`/w"��w�u�Ýµ½ Z*afl\�3`�` bÒ©s_Bl\ZO[��Ð­���Z*[zo&l\Z*©BZ�b

k¡o	osZz_s[´�3�¦l\Z�aB`3Z�ld��[
p
É,©fZ*l\�3k¡Z�`���±
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¼"Z* mb\o'_B®�Z*[Ð¢�af�3Z�lÒÙ�l\�3o([ßZ�l»`3qB[\Z�lÒ[»®L¨zÑ��fl\bnZ�`��(Í£k�_s`&[]_BlÐ_s[»Z�`��3l\k¡`3afZ�`
X
k3©fZ�ln�3kmZ*`µ®3¨zZ*`µ¢�af�3Z�lÒÙ�l\�3o([ÒÉ

_Bo&b��nZ�k¶ m�f®�Z*[Î_�©WZ�`¦�L_Ba�Z*l�`3qfln¥W_B EÙ�qfl\��Z� ¡[Ð¥=Z��.Ù�qflÒ©fZ*`&[\`3km`�afbn©BZ�l\��k
µX = 0.15

o&lnqf`3Z�l�qBa�bn[]_B`3�L_Bln�"É
_�©&©"k¡o

σX = 0.60
o&l\qf`3Z*l��L¹�_BlÎ�3�pZ*`1_Bo&b��nZ�k¶¢�af�3Z*lnÙ�l\��o&[�©	k¡ 

X > 0
Ñ�Z*[ËÊµÙ�qfln[��nZ�`3Z*bn[]Zs×3¥=Z�`3b

X < 0Z�l�[]_B®��

���Ö¹d©B_¤Z�l�b\_B`3`3bÒÊ	`3 mk¡af§3Z*[\Z�`1Ù�qfld¨�[T_B®�Z�®%Z*`3afZ*l´k� ¡�f®�Z*[d_�©pZ*`��L_sa3×L��©	b��
P (X < 0)

Ý
¹d©B_¤Z�l

P (0 ≤ X ≤ 0.15)
Ý

¹d©"k¡b¬�3��o��n�f®�Z�lßu�wH_so	b$�nZ�l k	¢HaB�3Z�lÒÙ�l\�3o([ k¡�L_BaHqBaHb\Z* mafZ*l¬k¡¥µqflnafZ�`¶×'§(©s_HZ*l�Ù�qflÒ©fZ�`([\Z*[ Ù�qflÒ[��nZ*`3Z�bÒ[]Z�Ý
¯¬k¡`3`¦qfafb\¨�©s_Blnk°_B`�b\Z�`p[\km ¶Ù�qflÒ[��nZ*`3Z�bÒ[]Z�`¶�

¼"Z* mb\o'_B®�Z*[Î��ln�f`3�3Z*lnÙ�l\��o&[ÎZ�l qBafb]¨�`3qs[]Z�lÒ[Î®L¨9Ñ3�fl\bnZ�`��	Í£k%os_s m mZ*l»Z�`3�3lnkm`3aBZ�`p®L¨SZ*`p��ln�f`3�3Z*lnÙ�ln�3o([nÉM_so	b$�nZ
k» m�f®�Z*[z_�©ÖZ*`/�L_Ba¦Ù�qfl

Y
×��3Z*l

Y
Z�lz`3qfln¥W_s ¡Ù�qfln�3Z� E[£¥=Z��ÖÙ�qfln©BZ�`([]`3k¡`3afbÒ©fZ�ln�3k

µY = 0.15
o&l\qB`3Z�lzqfa

bn[]_B`3�L_sl\�L_�©&©	kmo
σY = 0.80

o&l\qf`3Z*l��

� �#ÍHkßbnZ�l�®L¨#_Bo&b��nZ�o&�3lnb\Z*`3�3l\k¡`3afZ*` ®3¨#�3Z�`�b\_B¥=¥µZ=�L_BafZ*`/Ù�qfl9¢Haf�3Z*lnÙ�ln�3o([�qfa|��l\�B`3�3Z�lÒÙ�l\�3o([�qBa
_B`([]_Bldk��3Z*[n[]ZQ®3�3`�o&[\Z*[H_s[´_Bo&b��nZ*o&�3l\bnZ�`3�3lnkm`3aBZ�`3Z

X
qfa

Y
Z*l´�3_�©	§3Z*`3afk¡afZB�

ÞË�L_sazZ*l ©fZ�ln�3kmZ*`=[\km 3Z*`µ¢�af�3Z*lnÙ�l\��o&[ÒÉM_Bo&b$�nZ´��Z�`=b]_B¥=¥µZ�bnqf¥Ì©BZ�ln�3kmZ*`µ[]k¡ �Z*`µ��l\�f`��3Z�lÒÙ�l\�3o([nÉË_Bo&b��nZs�
ÍHkß�f`�b\oBZ*l�¨1�3`3�3Z*l\b\�BoBZ.[]lnZµ¥S�3 mk¡afZ¤bn[]l\_s[]Z*afkmZ*l�Ù�qflS_so	b$�nZ�o��n�f®�×��3Z�lQ©	kßo��n�f®�Z�lS_Bo&b��nZ*lSkm�3_Ba�qBa
bnZ� maBZ�ldkm¥=qfl\aBZ�`��

� �¸²ß�n�f®p[\qµ_so	b$�nZ�ldk�¢HaB�3Z�lÒÙ�l\�3o([��
��� �#²ß�n�f®¦Z�`�_Bo&b��nZQk�¢�af�3Z�lÒÙ�l\�3o([´qfa¤Z�`�_Bo&b��nZQk���l\�f`��3Z�lÒÙ�l\�3o([��
���0� ��²ß�n�f®p[]q=_Bo&b��nZ*ldk���ln�f`3�3Z*lnÙ�l\��o&[��

�HZ*l\bnqf¥ �3��©	km Î§3_|¥µk¡`3bn[�¥S�3 mk¡a#l\k¡b\k¡oBq|Ù�qfl�k¡`(©fZ�bÒ[]Z*l\km`�afZ�` �3km`¶×¬§(©	km mosZ�` _�© �3Zp[\l\Z.k¡`&©BZ�bÒ[]Z�lMÉ
k¡`3afb\bÒ[]l\_s[]Z*afkmZ*`3Z�q�©fZ�ld©	km ����1©BZ� maBZ�ÝS½ Z*afl\��`3`�bÒ©s_Bl\ZO[��
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¯¬k¡af�3l\Z*`�©	kmbnZ�l���[\©	kmo& ¡km`3afZ*`#_�©�_Bo&b��nZ*o&�3l\bnZ�`¸[]k¡ �¢�af�3Z*lnÙ�l\��o&[�­�bÒ[]km®� mZ*[T±Îb]_B¥=¥µZ*`#¥=Z��#_Bo&b��nZ�o&�3lnb\Z*`Ö[\km 
��l\�f`3��Z�lnÙ�ln�3o([�­�§3Z� E[]ln�3o&oBZ*[T±O�

²��3l\bnZ�`3��l\km`�afZ�` �L_Ba
i
Ù�qflp¢HaB�3Z�lÒÙ�l\�3o([1o'_B m ¡Z�lW©	k

Xi

×�qfa�©	kQ_B`([T_sl¦_s[
Xi

Z*l¦`3qfl\¥µ_B EÙ�qfl\�3Z* ¡[W¥µZ*�
Ù�qflÒ©fZ�`([\`3km`3a

µX = 0.15
o&l\qf`3Z*ldqfa¤bn[T_s`3�L_Bln�L_�©	©	k¡o

σX = 0.60
o	lnqf`3Z*l��

²��3l\bnZ�`3��l\km`�afZ�`��L_sa
i
Ù�qflµ��ln�f`3�3Z*lnÙ�l\��o&[.os_s m mZ*l�©"k

Yi

× qfa ©	k£_B`([T_sl._s[
Yi

Z*lW`3qBl\¥µ_B ¡Ù�qfln�3Z� E[=¥µZ*�
Ù�qflÒ©fZ�`([\`3km`3a

µY = 0.15
o&l\qf`�Z�ldqfa¤bn[]_B`3�L_Bln�L_�©&©"k¡o

σY = 0.80
o&l\qB`3Z�l*�

²��3l\bnZ�`3��l\km`�afZ�l�Ù�qfl��3 ¡kmosZ��L_BafZ*l�_s`&[]_Bb´¨�©�ÓÎlnZQ�L_�©"§�Z�`3afk¡afZB�

Í£k b\_B¥=¥µZ*`3 mk¡o	`�Z�lH��Z¤[\qpb\Z* mb\o'_B®�Z�`�Z¤©BZ��/¨.¥W¨B ¡Z��3k �¶Z*l]_B`3bnZ�`Ö¥=Z� m ¡qf¥ �3Z¤�L_Baf ¡kmafZ9o&�3l\bnZ�`3�3lnkm`3aBZ�`3Zs×
Di = Xi−Yi

×BqBa�[T_�a��nZ*`3`3qf¥=b\`3kE[\[���Í£k	b\Z�l¬®L¨
10
�L_BafZ*l¬qfa´Ù�¨Bl

D = 1
10

∑10
i=1 Di = 1

10

∑10
i=1(Xi−Yi)

�

� � � kmlHØ3af�3l\Z*`Öafl\�3`�`Ö[\km ¬¨p[\l\q¦_s[QZ*`3�3lnkm`3afZ*`3Z�k �3Z�[\q¦_Bo&b��nZ�o&�3lnb\Z*`3ZWb\_B¥µ¥=Z��L_sa3× Xi

qfa
Yi

×�Z*l
�L_�©	§3Z*`3afkmaBZ�Ý
²´qfl\lnZ� °_sb��nqf`3Z*`|¥=Z� m ¡qf¥

Xi

qfa
Yi

Ù�qflH��kmb\bnZS[]qWb\Z� ¡b\o'_B®�Z�`3Zs×
ρ(Xi, Yi)

×�Z�lHZ�`([]Z*`#ÉMw���t"×%w���wµZ� m ¡Z�l
w���t"�L¹d©	km mosZ�`�_�©p�3kmbnb\Z�©fZ*l\�3k¡Z�`3ZQ©	kmlnoBZ�ld¥=Z�bÒ[dl\km¥=Z� ¡kmazÙ�l]_�ØLaf�3lnZ�`�Ý�½ßZ�afln�3`3`1oBqflÒ[��
¹d©B_�Ñ3 ¡kml Ù�qBln©fZ*`([]`3k¡`3afbn©BZ�ln�3k�qfa�©B_sl\k°_s`3b Ù�qfl

D
ÝS½ Z�`(Ê&[\[d©BZ�l\��kmZ�`¦Ù�qfl�osqfl\lnZ� °_sb��nqf`3Z*`�×

ρ(Xi, Yi)
×

bnqf¥ �3�¦©s_B maB[\Z£q�©fZ*l��
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¯Lqfl�¨|o&�3`3`�Z1��km¥=Z�`3b$�nqf`3Z�lnZpZ�`Âqf  �nZ�®3 m_s[\[nÙ�qfl\¥ÔZ*l��3Z*[�©	k¡o&[\kmaÖ¨#©	k¡[\Z.§(©fqfl¤bÒ[]qflnZpÑ3�f maBZ�`3Z.o'_B`�Ñ� mk k
qf¥=l]¨B��Z*[£��Z�l£®3 m_s[\[nÙ�qfl\¥=Z�`1b\o'_B �®3 °_sb\b\Z*l\Z*b�� �HZO[�b\ZO[\[\Z�b��3Z*lnÙ�qfl���[�Z�`¸Ñ��f mafZ*§3�BÊ	�3Z*¥W¨B ¡Z�l*�%^�_
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