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>�?�@BADC,@	CFE(G'HJI,?'E'I2?BKML	H�N	COKPCQE�R�?BSTCOH�U
V�WOXYXZW9[�\B]3^(\B\B_a`cbcbBd(eBfBd(`
g hDijhDklV1mTeon(pB`cn(p'd3q�rod3qBq�scfcfcnBn

tvuxw�yxz{tv|~}��%yl� �lz�yl��������w���yv�.}�w��.}Ou#u
[�\B�3ij�J\B^�p"�o�j�3]�h��BscsBd
��hD���3sc`���scs���q�d���scs

���$A$A�?BI�H�C�����COA �JCOS���N(N	COA�U
� �3� Xa¡�p¢\oiYk.£=W��¤W�h ^c]3W¦¥J\o]3�3_Yk&ijW*§	]3WP]�mBXQ\oXZ\Bi��
��?(¨OCOA$ADCOKPGY@a©�G'KOS�ADCOK¦�ªROI,?BI��DROI0�DE�E�«���\B¬3h ia­�mBiY�®\o^&¯O�
°���±²moXYXZ£�\B]3]���³´?BIµCOS=?BI��DRQEa©�G'K�STCOA�R�?BS�A¶�$H	@B�
°M\B�Dk&�3�D\oXZmBi��3·�¸¹ncs(º%�

»a¼¦»�½¦±�º�°

º"W*]3_Y�3i*�%�Bb��'�j�3]�h��BscsBd3�

¾ �������(���À¿ Á�
�!���Â�Ã���!�Ä���Å

Æ²XY_Y¬3ÇBi��jhD]�^�\�§=�3W���XQ\Bk'\BiY\Bi¹h%¥&�3£=mciÉÈ�mc^9iYW�\B�Dh�XËÊ"¬�iYmc^ciY\B£Ì¬JÍ9�ÏÎÐ¥J\BiÑ�3W*]._Yh _jXZW²XZh �J\9Ò3� h XjX¹_j§"ÓÏijX�¬�mc¬"È
�3�DÓÏijX��Jº"¬3Çcij_Y£�ÍB�®\P_jmc£ÔÒ3� hDiÕ_jXZh � XYW�k'\B]l§"h���W��DW¦h ]3]lh�XYiYW¦XËÊ	¬%W*i�ÖJmc^�§	h��3WO×J]3W�ijW�i�Ø�Çc� ^��Y\B]��3W��3h _��j�3]3k(XYW
¥3W*]3�3hD]�^(\Bi��

A1 Ù�Ú �3W*XaÒ3� hDiÏ_ÉXZh � X�W*h Xa_Y¬�ÇciY_j£TÍB��\�§.hDk&k��jWOÈË_jW�]3_jh XYh §l]J\'XZ�3i*Ö�Øµ��W*k&_���k(§B\¢¥3W*h XZW*i��3��Û Ú Ö
A2 Ù�Ú �3W*XaÒ3� hDiÏ_ÉXZh � X�W*h Xa_Y¬�ÇciY_j£TÍB��\�§.�3W���§"h _�_YW*]3_Yh�XZh §.]J\oXZ��i�Ö3Øµ�ÜW�k&_��Jkomcia^(\B£=£T\B�%W�ia�3��Û Ú Ö
A3 Ù�Ú �3W*XaÒ3� hDiÏ_ÉXZh � X�W*h Xa_Y¬�ÇciY_j£TÍB��\�§._YW�]�_Yh XYh §l]3\oXZ�3i*Ö�Øµ�ÜW�k&_���¥J\Bia�3�¤§cmBiYWM��XZij��Û Ú �

ÝÕXYhD� �DW�^B^��3W*×3]3W�ijW�i�§	h�¥�W�]3�3h ]3^(\��
L Ù�Ú �3W*� XQ\oko\oiYW�]¤��Ê"^ Ú
­ªÇc�Þ�Y\B]3�3W¦_Y\B]3]3_ÉÊ	]#W�ia^��jW*§	]3Wo�
P (A1) = 0.1

Ö
P (A2) = 0.4

Ö
P (A3) = 0.5

Ö
P (L|A1) = 0.05

Ö
P (L|A2) = 0.2

Ö
P (L|A3) = 0.6

�
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���xÎFhD_��3W*h�×JiYWM¥3W*]3�3hD]�^(\B]3WMh�W�h�X�§cW*]3]3�3hD\B^ciZ\o£��
� h XjX¹\oX¹W�h ]¢�3W���XQ\Bk'\Bi Ò��DhDiª_Y¬3�3iÉXÑW�h X _Y¬3Çcij_Y£�ÍB��\�§PXËÊ	¬�W

A2

Ö(k(§B\¦W*iÑ_Y\B]3]3_ÉÊ	]3W*XÑØ�mci¹\oX¹�3W*� XZ\Bk'\BiYW*]
h k	k��jWM� Ê	^3Ö

P (L′|A2)
Û

°¹§B\�W*i²_Y\B]3]3_ÉÊ	]3W*X²Ø�mcia\oX²W�h ]lXZhD��Ø�W�� �3hD^v§B\o�D�l�3W*� XQ\oko\oi�� Ê	^3Ö
P (L)

Û

g h X¢\�§ _Y¬3ÇBiY_Y£�ÍB�D\#_Ymc£ Ò3� hDiviYW�k&]J\ Í#§BW�iYW¤\�§ �3W���§	hD_�_jW�]3_jh XZh�§/]3\oXZ�3iPW�i��ËkBmci�^c\B£�£�\B�¹W�iP�3��Û Ú �ªg¹h^cij�3¬3¬�WF¬JÍ
n
¬%W*iY_jmc]J\Bi¹§o\BijX _jXZh � XÑ�3WOXYXZW�_Y¬3ÇBiY_Y£�ÍB� W*X�Ö&�3W*iYWOXYXZW*i §o\BijXÕ_j§o\BiY\PiYW*^chD_ÉXZijW�ijXYW�mB^P_Z\o£T\B]��DhDk&]J\

£=W���hD]"Ø�mciY£�\B_��jmB]/hÑm���W*](XZ�DW*^cW.ijW�^ch _jXZW*i��ª[�\'X
X

§cW*iYWlW*hD] _ÉXZmck'\B_ÉXZhD_jk §o\Bijh®\BÒ�W��Ñ_YmB£ \B]�^chDivXQ\B� W*X9¬JÍ
¬�W�iY_jmc]J\Bia_jmc£Ô� Ê	^¢Ò3�D\B](X

n
¬�W�ij_Ymc]3\Bi�Ö3mB^=�D\oX

p
§cW*iYWv_Z\B]�]3_jÊ	]3WOXFØ�mcia\oXaW*hD]¤¬�W�iY_jmc]1� Ê	^3�

� �´Æ²]3�3W�iak(§o\¢Ø�mBiÏØ�ÇciYW*_YW*XY]J\B�3W*i²§	h �
X
§cW�ijW9Ò�hD]3mc£=hD_jk=Ø�mBiY�3W*� X�Û

ÎFh�Ø�ÇciYW*_YW*X�\oX
p = 0.2

mB^T\oX�§	h�_j¬3Çci
n = 20

¬�W�ij_Ymc]3\Bi���°¹§B\�W*i
P (X = 4)

Û
°¹§B\�W*i

P [(X ≤ 2) ∪ (X > 5)]
Û

Î�h�Ø�ÇBiYW�_jW*X²]3m�\oX
p
W�ia�3k��jW*]&X���­�mBi�Í=W*_jXYhD£=W�iYW

p
W*i²��W*XaØ�mciYW*_Y�DÍoXYX�XYm=W*_jXYhD£�\oXZmciY\Bi�Ö

p̂ =
X

n

mc^
p∗ =

X

n − 1
.

� �´­ªh ]3]lØ�mcij§BW�](XZ]�hD]3^c_É§cW*iY�3h�mc^�§o\BiYhD\B]3_ÏXYhD��W*_jXZh £T\'XZmciY\B]3W
p̂
mc^

p∗
�

°¹§B\�Ø�mciÏXYm¢W�hD^BW�]3_jko\o¬J\Biak��jW�]3]3WOXZW*hDk&]J\BiaW�h ]¤^cm"�¤W*_jXZh £T\'XZmciZÛ
°¹§B\�Ø�mci�W*hD]1\�§lW�_ÉXZh £T\oXYmciZ\o]3W

p̂
mc^

p∗
§	h ���3�¤Ø�ÇciYWOXZiYW*k&kBW�Û � iY��]3]3^ch�_É§B\oiYW*X��

Î�h�Ø�ÇBiYW�_jW*X�\oX
n
W�ia_ÉXZmci�mc^�§BW���Í�Ò3iY�3koW9W*_jXYhD£�\oXZmcijW�]

p̂
§	hD�J\oiYWB���FÍ¢W*i

Z =
p̂ − p

√

p(1−p)
nXZh �D]JÓÏij£T\9_jXQ\o]3�J\Bij��]3mBiY£�\B� Ø�mcij�3W���X��

�Ï\B_jW�iÉXª¬JÍÏXYhD�3� W�^(\BijW �3]3�3W*iY_jÇck&hD]3^(\oi�Ø�ÇBiYW�_jW*X�§	h&\oX
p = 0.2

��ÎFh(Çc]3_Yk��jW*i�Ía�3]3��W�iY_jÇck��jWÕmB£Ð�3W�h&h ]3]3_Z\o£��D\
�J\oXZ\BW�]�Wv^BhDi�mc_j_²^BiY�3]3]¤XZh ��Í�XZij�#\'X

p
W*i�_jXYÇciYijWvW*]3]

0.2
�

Ã��´­Jmcij£��3���*i �3WOXYXYWv_jmc£ W*hD]¤¥(Ê	¬%mBXYW�_jW*XZW*_jX²§cW*�#Í��3WO×J]3W�ijWM]	���D�D¥(Ê	¬�mBXZW*_YWMmc^¢\B��XZW�ij]J\oXYh §�¥&Ê	¬�mBXZW*_YWo�
� ij�3kl\oX

Z
W�iÏXYhD� ]JÓÏiY£�\P_jXZ\B]3�J\oiY�1]3mciY£�\B��Ø�mciY�3W*� XÑXZh ��Í�Ò%W*_jXZW*£�£=W¦W�h�X�Ø�mciYk'\B_ÉXZh ]3^c_YmB£�iYÍB�3WFØ�mci

]&�3� �D¥(Ê	¬%mBXYW�_jW�]1]JÍBi�§	h�§cW���_jhD^c]3h�×Jk'\B]3_j]3h §"Í
α = 0.01

�
°¹§B\lÒ3� hDi�kBmc]3k&� �3_��jmc]�W�]/¬3ÍlXYW�_ÉXZW�] ]JÍBi

n = 200
¬�W�iY_jmc]J\Bi�§o\BiÉXM_Y¬3��iY�3W¢mc^

x = 55
¬�W�iY_jmc]J\Bi

�D\B�3^&Û
ÎFhD�

p
È2§BW�iY��hDW�].XYhD��XZW*_jXZW*]l§cW�ijWM£�h ]3�3iYW�W�� �DW�iÕ_jXYÇciYijW�W�]3]1s���s�q�Û � iY�3]�]3^ch�_É§o\BiYWOX���« �FW*XaÒ3� hDiÑhDk&k��jW

k&iZ\�§	�x\'Xa�3��ijW�k&]J\Bia��X
p
È2§cW*iY�3h W�]���¯
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º"W*�D_Yk'\B¬�W*X ¡F^c�3W*ijØ�ij�3k(X W�i ]�mBXZW*ijX ¬JÍ�Ò3ÇciY_jW�]��oÎ�h"Ø�ÇBiYW�_jW*X¹\'X W�]��3iYh ]3^(\
X
h	§cW*iY�3h W�]�¬JÍ�W*hD]�¡�^c�3W�iÉØ�iY�3k(XÉÈ

\Bk&_��jWvh��DÇc¬�W*X²\�§¤W*hD]1�J\B^=W�ia]3mcij£T\B��Ø�mciY��W�� X £�W*�1Ø�mBij§cW*](XZ]3h ]3^c_j§BW�ij�3h
µX = 0.15

k&ijmc]3W�i²mc^=_jXZ\B]3�J\BiµÈ
�J\�§&§	hDk

σX = 0.60
k&ijmc]3W�i*� ·F\oiP�3�ÀW�h ]�\Bk&_��jWlhÕ¡F^c��W�ijØ�ij�3k(X�§	hD�

X > 0
Ò�W*XËÊ/Ø�mBijXZW*]3W�_ÉXZWoÖ £�W*�J\B]

X < 0
W�iÏXZ\B¬��

��� °¹§B\�W*i²_Y\B]3]3_ÉÊ	]3W*X²Ø�mciaÍ�XQ\B¬�W¦¬%W*]3^(\Biah�� Çc¬�W*X²\�§lW�h ]¤�J\B^3Ö3�"§"_*�
P (X < 0)

Û
°¹§B\�W*i

P (0 ≤ X ≤ 0.15)
Û

�FW*iY_jmc£ �3�Tk��jÇc¬�W�iaq�sv\Bk&_��Y\BiÑhJ¡F^B�3W�iÉØ�iY�3k(XÕhD�J\B^Mmc^v_YW*�%h £�mBiY^cmc]�ÖBk(§o\vW*iÑØ�mciÉ§cW*]&XZ\vØ�mciÉXZW*]3W�_ÉXZW�Û
­ªh ]3]¤mc^c_YÍ�§o\Bijh®\B]�_YW�]lXYhD��Ø�mciÉXZW*]3W�_ÉXQ\��

º"W*�D_Yk'\B¬�W*Xa��iYÇB]3�3W�iÉØ�iY�3k(X²W�i�mB^c_ZÍ�]3moXZW�iÉXa¬JÍ�Ò3Çcij_YW*]��3Î�h�k'\B� �®\BiÑW�]��3iYh ]3^(\�¬JÍ�W�h ]l��ijÇc]3�3W*ijØ�ij�3k(XjÈµ\ok	_$�jW
h � Çc¬%WOXM\�§´W�h ] �J\B^.Ø�mci

Y
Ö��3W�i

Y
W*i¦]3mciY£�\B��Ø�mciY�3W*� X�£�W*�´Ø�mcij§BW�](XZ]3h ]3^c_É§cW�ij�3h

µY = 0.15
k&iYmc]�W�iMmc^

_jXZ\B]3�J\oiY�J\�§&§	hDk
σY = 0.80

k&iYmc]3W*i��

� �#ÎFh�_YW*i ¬JÍ�\ok	_$�jW�k&�3ij_YW�]��3iYh ]3^(\¦¬JÍF�3W*]¢_Z\B£=W �J\o^cW�]�Ø�mci�¡F^B�3W�iÉØ�iY�3k(X mc^F��ijÇc]3�3W*ijØ�iY��k&X¹mB^FØ�ÇciYW*_YWOX
h��3WOXYXYWv¬��3]3k(XZWOX�\oX²\ok	_$�jW�k&�3ij_YW�]��3iYh ]3^(\B]3W

X
mc^

Y
W�ia�J\�§	¥3W�]3^BhD^cWo�

ÝË�J\o^�W�iÑ§cW�ij�3hDW*]TXZh ��W�hD]�¡F^c��W�ijØ�ij�3k(XjÈË\Bk&_��jW��3W*]._Z\o£�W²_Ymc£ §cW*iY�3h W�]TXYhD��W�h ]T��iYÇc]��3W�iÉØ�iY�3k(XjÈË\Bk&_��jWo�
ÎFh%Çc]�_Yk��jW�i Í9�3]3��W�iY_jÇck��jWFXZijWF£=mc^c� W�^cWa_jXYiZ\oXYW�^chD\Bi Ø�mciÕ\Bk&_��jW�k��jÇc¬�Ö��3W*iÑ§	h�k��jÇB¬%W*iÏ\Bk&_��Y\oi hD�3\B^9mB^
_jW���hD£=mciY^Bmc]��

� �´°Õ�jÇc¬lXYm�\ok	_$�Y\Biah�¡F^B�3W�iÉØ�iY�3k(X��
��� �#°Õ�jÇc¬¤W�h ]1\Bk&_��jWMh�¡F^c��W�ijØ�ij�3k(X²mc^¢W�hD]1\Bk&_$�jW9h���iYÇB]3�3W�iÉØ�iY�3k(X��
���0� ��°Õ�jÇc¬lXZm=\Bk&_��Y\oi²h���ijÇc]3�3W*ijØ�iY��k&X��

�FW*iY_jmc£Ô�3�l§	hD��¥3\�£�h ]3_jX�£=mc^cW*�DW*^�iYh _YhDkom�Ø�mciÏh ]&§BW�_ÉXZW�ijhD]3^c\¢��h,Ö�k(§o\�Ø�mciÏW*hD]1\�§.�3W*h�XZijW¦hD](§cW*_jXZW�È
ijhD]3^c_j_jXYiZ\oXYW�^chD\B]3W¦m�§cW*ia§	h ���3�¤§cW��Þ�jW�Û � iY��]3]3^ch�_É§B\oiYW*X��
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­ªh ^c�3iYW*] §	h _YW�i1��Xj§"h k&�DhD]�^(\À\�§ \ok	_$�jW�k&�3ij_YW�] XYhD�¦¡F^B�3W�iÉØ�iY�3k(X «�_jXYhD¬3�D\(¯T_Z\o£T\B] £=W��Ð\ok	_$�jW�k&�3ij_YW�]ÐXYhD�
��iYÇc]3��W�ijØ�ij�3k(X�«�¥3W�h � XYiY�3k&kBW*]�¯O�

°¦�3iY_jW�]3��iYhD]�^(\��J\B^
i
Ø�mcil¡�^c�3W�iÉØ�iY�3k(X¤k'\B� �®\Bi¢§	h

Xi

ÖÏmc^ §	hFØ�ÇcijW�_jW*X1\oX
Xi

W�il]�mciY£�\B� Ø�mBiY�3W*� X�£�W*�
Ø�mciÉ§cW�](XY]3hD]3^

µX = 0.15
k&iYmc]3W*iamc^¢_jXQ\o]3�J\Bij�J\�§	§	h k

σX = 0.60
k	ijmc]3W*i��

°¦�3iY_jW�]3��iYhD]�^(\/�J\B^
i
Ø�mci=��iYÇc]3��W�ijØ�ij�3k(X.k'\B� �®\Bi�§	h

Yi

ÖÕmc^ §	h²Ø�ÇcijW�_jW*X¤\oX
Yi

W*iT]3mcij£T\o� Ø�mcij�3W���X¢£�W*�
Ø�mciÉ§cW�](XY]3hD]3^

µY = 0.15
k&iYmc]�W�iamc^¢_jXZ\B]3�J\Bij�J\�§&§"h k

σY = 0.80
k&iYmB]3W�i*�

°¦�3iY_jW�]3��iYhD]�^(\Bia�3�Dh kBW¦�J\o^(\Bi Ø�ÇcijW�_jW*X²§"h�W*i��J\�§	¥3W�]3^BhD^cWo�

Î�h²_Z\o£T\B]��DhDk&]J\oi��3W�h²XZm/_jW�� _Yk'\B¬J\ §cW�� Í £TÍo�DW¤�3h��%W�iY\B]3_jW�] £=W�� �Dmc£ �3W�h��J\B^c� W�^cW¤k&�3iY_jW�]3��iYhD]�^(\B]3WoÖ
Di = Xi−Yi

Ö'mc^�XZ\F^��jW�]3]3mB£�_j]3h XjX���Î�h	_YW*iª¬JÍ
10
�3\B^(\Bi�mc^�Ø�Íoi

D = 1
10

∑10
i=1 Di = 1

10

∑10
i=1(Xi−Yi)

�

� � � hDi¦×J^c��iYW�]/^ciY�3]�] XZh �¹Í1XYiY� \'XPW*]3�3iYh ]3^(\B]�W�h¹�3W*hÑXYmx\Bk&_��jW*k&�3iY_Y\B]3W._Y\B£�W=�J\B^�Ö
Xi

mc^
Yi

Ö�W*i
�J\�§	¥3W*]3^chD^BW�Û
°²mciYijW��®\o_��jmc]3W*]¢£�W*�D�DmB£

Xi

mc^
Yi

Ø�mBiÑ��W�_Y_jW²XYmM_YW�� _Yk'\B¬J\"Ö
ρ(Xi, Yi)

Ö(W�iÑ\B](XZW*]¢ÈËs���p"Ö(s���s¦W��D� W�i¹s���p"�
°¹§B\�Ø�mci�W*hD]1\�§l�3W*_Y_YWv§cW*iY�3hD\B]3W¦§cW*iYk'\Bia£�W*_jX²iYh £�W*�Dh ^9Ø�iZÍ�×J^B�3iYW*]�Û � iY�3]3]�^ch�kBmBijX��
°¹§B\1Ò3�Dh ivØ�mBij§cW*](XZ]3h ]3^c_j§BW�ij�3h mc^�§B\oiYh®\o]3_vØ�mBi

D
Û � ij�3k´§cW*iY�3h W�] Ø�mcivkBmcijiYW*�®\B_$�jmc]3W�]�Ö

ρ(Xi, Yi)
Ö

_jmc£Ô�3�¤§o\B�D�3W¦m�§BW�i��
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