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@BA'CED,F	GHD�I:JLK	MON$C	PRQTS&FLUWV
X�YHZ[Z\Y^]�_L`3a(_L_LbdcfefeLg(hLiLg(c
jlk Ynm�Y*Z[Z[Y�op]�qfr3qfY*`�cLcLg(eLg3s�tLe

upvRwyx zO{}|W~y���.��u��Rx�w�������������w���zO���.zO|��
���&�3oTb[rE_�����Y*��Y��:�%Y*o�c�Z[���L�f�Lg

�����WYL�?�Lc����L����s���� �f�

¡ QHMOU�N$D0D¢Q[J�FLN�J'I�V
£¤Y k¥k�¦�§©¨ t<b[�3Y*Y*Z § �¥Z[�R� ¦ �3o ¦�§ `��3_L`3r § oT�¥Z[Z[Y�`1` ¦ Z[Y�b�ª
« F(¬HQH­$­�QHM:A[Pd®�A'MHU�­�QHM¯N°IHD,FLD�N�IHD0N�±�±�² ��_L³3�¥od´ ¦ o k _�a&µHª
¶�ª�· ¦ Z[Z\��_L`3`¸�B¹ FLD¢QHUWFLD�N�Iº±d®�A'MHU»QH­�I�FLU�­¼N$C	P ª
½ _ k ��� k _�Z ¦ o*� ¾�m?�f�f¿%ª

À?ÁlÂn]�ÃÄ¿�¾

���3Y�YHÅ�_L�W��`E_'Z\� ¦ `.o[Y*b[� k Z\b�_Lo[Ynr3��Y:Æf_�`	�3_LoT�Ri'Z\���L�f�(t	ª

Ç��'��È�!��	- É Ê:Ë��ÍÌ<���%��Î(�yÌ<��!$
��

ÏÐo ¦ `3Ñ�Y��¥b¯_L`Ò_ k¥k�¦ � § �3Y�oTY�� ¦ ³3³�Y�on_�`3rÍZ\��`y_Lo[Y<Z[�3Y<��_L��`y� ¦ �W³ ¦ `�Y�`(Z\b*ª^ÓÔY�bTZ\��r��#Z[�3Y�� ¦ `(Z[Y�`(Z ¦LÕ
� ¦ ³3³%Y*od��`R�3o ¦ `3Ñ�Yn� ¦fk Z[b ¦LÕ _�af�×ÖfY*`�r3�¥��Y*`3b[� ¦ `�Ø § �3���º�1��b���_Lr3Y ¦LÕ _Ùb[³�Y�����_ k Z¢�	³�Y ¦LÕ �3o ¦ `3Ñ�Y�_ k¥k�¦ �fª

���3Y<� ¦ �W³E_L`(�yÚ M\A'C�I�QºI¢ÛEQºIHN�FL­¼N�IHDÜQHC ³3o ¦ r3����Y�bp�3o ¦ `3Ñ�Y^� ¦fk Z\b*Ø%_�`3rÍ_�b[_L�W³ k Y ¦LÕ
n = 10

��o ¦ `3Ñ*Y:� ¦fk Z[b
��b�Z\_LÝLY*` Õ o ¦ �ÞZ\�3Yn³3o ¦ r3���*Z\� ¦ `�ª¤���3Y:� ¦ ³3³�Y�od� ¦ `&Z[Y�`(Z�Ø

Xi

Ø
i = 1, ..., n

ØE�¥b��WY�_�b[�3oTY�r#�¥`RY�_L�º�y��o ¦ `3Ñ*Y
� ¦fk Z���`1Z\�3Y^b\_L�W³ k YLªßÓÔY<_LbTb[�3�WY^Z[�E_�Z

X1, X2, ..., Xn

_Lo[Y^��`3r3Y*³%Y*`3r3Y*`&Zl_L`3ry` ¦ o[��_ k�k �.r3�¥bTZ[o[������Z\Y*r
o\_�`3r ¦ �àÖ�_LoT�á_L� k Y�b § �¥Z\�

E(Xi) = µx

_L`3r
Var(Xi) = σ2 ª
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���yÓÔY�_Lb[bT�3��Y¯Z[�E_�Z�Z\��Y��WY�_�`1�¥b
µx = 85

aLo\_L�Wbd_L`3rRZ\�3Y¯Ö�_LoT�á_L`3�*Y¯��b
σ2 = 1

afo\_���b 2 ª
Ó �E_'Zß��b?Z\��Y�³3o ¦ �E_L�3� k �×Z¢�:Z\�3_�ZBZ[�3Y�� ¦ ³3³�Y�oB� ¦ `(Z\Y*`(Z���`�_:o\_�`3r ¦ � k ���º� ¦ b[Y*`��3o ¦ `�Ñ�Y�� ¦fk ZB�¥b k Y�bTb
Z[�E_L`

84
afo\_���b��

´°�¥`3r._�`&�3�<��Y�o�Ø
k
Ø"b[�3�º��Z\�E_�ZBZ\�3Y�³3o ¦ �E_L�3� k �×Z¢����bB��ª ��s Õ�¦ o Z[�3Y�� ¦ ³3³�Y�oÐ� ¦ `(Z\Y*`&Zß��`._�o\_L`�r ¦ � k �

�º� ¦ b[Y�`��3o ¦ `3Ñ�Yn� ¦fk Z�Z ¦ ��Y k _LoTafY�oBZ\�E_L`
k
ª

ÓÔYB� ¦ `3bT��r3Y*o�Z[�3YB� ¦ ³3³�Y�o�� ¦ `(Z[Y�`(Z6�¥`�Z §B¦ o[_L`3r ¦ � k �l�º� ¦ b[Y*`�Øf�¥`3r3Y�³�Y�`�r3Y�`(Z��3o ¦ `�Ñ�YÐ� ¦fk Z\b�ª�Ó �E_'Z
�¥bÐZ\�3Y�³3o ¦ �3_L�3� k �¥Z¢��Z[�E_�ZßZ[�3Yl� ¦ ³3³%Y*o�� ¦ `(Z[Y�`(Zd��`»Z[�3YlZ §B¦ �3o ¦ `�Ñ�Y¯� ¦fk Z[bÐr3YHÖ"��_�Z\Y�� ¦ oTY�Z\�3_L`Ísfª�t
afo[_L�Wb��

ÓÔYÙ_Lb[bT�3��YÙ�¥`yZ\�3Y�oTY�bTZ ¦�Õ Z[�3��bl³�o ¦ � k Y�� Z\�E_�Zl� ¦ Z[�
µx

_L`3r
σ2 _LoTY��3`3Ý&` ¦�§ `Ô³3_Lo\_L�WY*Z[Y�oTb�ª<´���o[bÄZ�Ø

§ Y k¥¦"¦ Ý�_�ZdY*bTZ\�¥�»_'Z ¦ oTb Õ�¦ o
σ2 ª

È��#Ó �E_'Zp³�o ¦ ³�Y�oÄZ\��Y*b�b[� ¦ � k r1_Ùa ¦"¦ r�Y�bÄZ\�¥�»_�Z ¦ oß�E_�ÖLY��
� ¦ ³ ¦ bTb[��� k Y¯Y�bÄZ\�¥�»_�Z ¦ o[b Õ�¦ o

σ2 _Lo[Y σ̂2 _L`3r S2

σ̂2 =
1

n

n∑

i=1

(Xi − X̄)2

S2 =
1

n − 1

n∑

i=1

(Xi − X̄)2

´°�¥`3r Z\�3Y1��Y�_L` _�`3r�Z[�3Y1Ö�_LoT�á_L`���Y ¦LÕ Z[�3Y1Z §B¦ Y*bTZ\�¥�»_'Z ¦ oTb�ØB_L`3r � ¦ �W��Y*`&Z ¦ ` Z\�3Y1o[Y*b[� k Z\b�ª
²0½Ðk �3Y��¤��b[Yno[Y k _�Z[� ¦ `.Z ¦ �º��� �¢b"!&�E_Lo[Y*r�r���bTZ[o[�¥�3��Z\� ¦ `�µOª

���3Y<� ¦ �W³E_L`(�y¹ QHD,FL­$­�Qº±�I¢ÛEQHMODÜQHC _ k b ¦ ³3o ¦ r��3��Y*bl�3o ¦ `3Ñ�Y^� ¦fk Z\b ¦LÕ Z[�3Y:b[_L�WY:_ k¥k�¦ �R_L`�r#r3�¥��Y*`3b[� ¦ `#_�b
ÏÐo ¦ `3b[Y*b[³�Y�bT�á_ k ��bTZ[Y�`Òr ¦ Y�b�ª ¨ Z�X1Y*Zº_ k�k Y*Ý&b[³�Y�oTZ[Y�`Ô_1b[_L�W³ k Y ¦LÕ

m = 10
�3o ¦ `3Ñ�YW� ¦Lk Z\b¯�¥b¯Zº_LÝ�Y�`�Ø�_L`3r

Z\��Y<� ¦ ³�³%Y*o�� ¦ `&Z[Y�`(Z
Yj

Ø
j = 1, ..., m

Ø%�¥b��WY�_LbT�3o[Y*ry��`�Y�_L�º�Í� ¦fk Zp�¥`�Z[�3Y:b[_L��³ k YLªp]�Y*Z
Y1, Y2, ..., Ym��Y���`3r3Y*³%Y*`3r3Y*`&Z�_�`3r ` ¦ o[��_ k¥k �Rr3�¥bTZ\oT���3�"Z\Y�r § �¥Z\�

E(Yj) = µy

_L`�r
Var(Yj) = σ2 Ø § �3Y�oTY�� ¦ Z\� µy_L`3r

σ2 _�o[Y��3`3Ý&` ¦�§ `y³E_Lo[_L�WY*Z\Y*o[b*ªÐÓ/Y:_Lb[bT�3�WY�Z[�E_�Z���Y�_Lb[��o[Y��WY�`(Z[bpZº_�ÝLY�` ¦LÕ Z[�3Y^� ¦ ³3³�Y�o�� ¦ `(Z[Y�`(Z
��`��3o ¦ `3Ñ�Y^� ¦fk Z\b�_�Z�Z\�3YnZ §B¦ r3�$#%Y�oTY�`(Zp� ¦ �W³E_L`3�¥Y�bp_Lo[Y���`�r3Y�³�Y�`3r�Y�`(Z�ª�´E�3oTZ[�3Y�o*Ø § Y<_�b[b[����Y�Z\�E_�Z�Z\��Y
�WY�_LbT�3o[Y*��Y*`&Z[bp�3_�ÖLY¯Z\�3Ynb\_���Y ² ����Zd�3`3Ý&` ¦�§ `�µ�ÖL_�o[�á_�`3��Y�Ø3�,ª YLª

Var(Xi) = Var(Yj) = σ2 ª

���3Y¤_L�HZ\�E_ k ��Y�_Lb[�3oTY��WY�`(Z\b��¥`lZ\�3Y6Z §B¦ b\_L�W³ k Y*b¸Zº_�ÝLY�` Õ o ¦ � ÏÐo ¦ `3bTY�b[³�Y�bT�á_ k ��bÄZ\Y�`n_�`3r^X�Y*Z\_ k�k Y�Ý&b[³�Y�oÄZ\Y�`
_LoTY k ��bÄZ\Y�r��¥`R�°_L� k Y�sfª
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ÏÐo ¦ `3b[Y*b[³�Y�bT�á_ k ��bTZ[Y�` e�g3ª gLg eLg�ª hfh efi�ª�tLi eft"ª��fh e(t"ª×s�� efi�ª�hf� eft"ª gfi ef��ª�hL� eLg3ª ��s eLg�ª tft
X�YHZº_ k¥k Y�Ý&bT³%Y*oTZ\Y*` eft"ª �L� eLg�ª��fi eLg3ª g(� e�g3ª¥sLs ef��ª gfg e(t"ª�hLc e�g3ª t�� e(�"ª �f� eLg3ª�hL� ef�"ª tL�

��_L� k Y sf� ½Ð¦ ³3³�Y�o � ¦ `(Z[Y�`(Z �¥`��3o ¦ `3Ñ*Y _ k¥k�¦ � �¥`�b[_L�W³ k Y*b Õ o ¦ � ÏÐo ¦ `3b[Y*b[³�Y�bT�á_ k ��bTZ[Y�`�_L`3rÞX�Y*Z �
_ k¥k Y�Ý&bT³%Y*oTZ\Y*`�ª°Ã2Z°��b�af�¥ÖLY�`�Z\�E_�Z Õ�¦ o�ÏÐo ¦ `�b[Y�bT³%Y*b[��_ k �¥bTZ\Y*` ∑10

i=1 xi = 850.75
_L`3r ∑10

i=1(xi−x̄)2 = 8.19
Ø

_L`3r Õ�¦ o�X�YHZº_ k¥k Y*Ý	bT³%Y*oTZ[Y�` ∑10
j=1 yj = 842.10

_L`3r ∑10
j=1(yj − ȳ)2 = 9.70

ª

]�_�Z\Y k �LØ'Z[�3YB��_L`E_�afY��WY�`(Z���`�ÏÐo ¦ `3b[Y*b[³�Y�bT�á_ k ��bTZ[Y�`^�E_Lb�o[Y�³�Y�_'Z\Y�r k ��_L�*���3bTY�rÙX�YHZº_ k¥k Y*Ý	bT³%Y*oTZ[Y�` Õ�¦ o���b[��`�a
_ k¥¦�§ Y*op� ¦ ³3³�Y�o�� ¦ `(Z\Y*`(Zl��`RZ\��Y^�3o ¦ `3Ñ*Y:_ k¥k�¦ �»Z[�E_L`#ÏÐo ¦ `�b[Y�bT³%Y*b[��_ k �¥bTZ\Y*`#r ¦ Y�b*ªÐÓÔY § _L`(Z�Z ¦ �º�3Y*�ºÝ�� Õ
Z\����b���b�Z[o[�3Y�ª

� �Ím �3o[_Lb[Y Z\�3�¥b1_Lb1_ �(�	³ ¦ Z\�3Y*b[�¥b1Z[Y�bTZ��(� r3Y��3`3��`3a Z\��YÒ`&� k¥k �(�"³ ¦ Z[�3Y�bT��b�_L`3r Z\�3YÒ_ k Z\Y�oT`E_�Z[�¥ÖfY
�(�	³ ¦ Z\�3Y*b[��b*ª
Â¯�¥ÖLYp_nZ\Y*bTZ ¦ �3b[Y*oTÖ�_�Z ¦ oÐ_�`3r��3`3r»Z\��Yp�*o[�¥Z[����_ k o[Y*af� ¦ `�Ø § �3Y�oTY § Y�oTY��TY��HZBZ[�3Y��&�	³ ¦ Z\��Y�b[�¥b�ª6Ó �E_'Z
§ � k�k � ¦ ��oßr3Y��*��bT� ¦ `.��Yl� Õ � ¦ ����b[YlZ\��Y�rE_�Z\_<��`��°_L� k Y:sLØ�af�×ÖfY�`.Z[�E_�ZBZ\�3Y k Y*ÖLY k¸¦�Õ b[��aL`3���E��_L`3�*Y���b
α = 0.05

�
½ _ k ��� k _�Z\YlZ[�3Y

p
�,ÖL_ k �3Y�Ø��(�R�3b[�¥`3aÙ�°_�� k Y��"ª

t
sLª�e(� sfª efi sfª cf� sLª�cLg sfª cfe �"ª��f� �	ª��fi

ν = 18
��ª c(tfh �"ª�cfiL� ��ª cfif� ��ª cfifi �"ª�cfiLe ��ª c(h"s ��ª c(hL�

ν = 19
��ª c(tLe �"ª�cfi"s ��ª cfiLg ��ª cfifi �"ª�cfiLc ��ª c(h"s ��ª c(hL�

ν = 20
��ª c(tLe �"ª�cfi"s ��ª cfiLg ��ª cfi(h �"ª�cfiLc ��ª c(hf� ��ª c(h�g

��_L� k Y��"� ½ �3�<� k _�Z\�×ÖfY:r���bTZ[o[�¥�3��Z\� ¦ `#�¥`�Z[�3Y
t
�¢r���bTZ[o[�¥�3��Z\� ¦ `�ª�´ ¦ ol_�Z �¢r3�¥bTZ\oT���3�"Z\Y�r#bTZº_'Z\��bÄZ\�¥�

T
§ �¥Z[�

νr3Y*afo[Y*Y�b ¦LÕ�Õ oTY�Y*r ¦ �1Ø�Z\�3Y¯Z\_L� k Y¯bT� ¦�§ b
P (T ≤ t)

Õ�¦ o�r3� #¸Y*o[Y*`&ZdÖ�_ k �3Y�b ¦LÕ
t
ª

X�YHZº_ k¥k Y�Ý&bT³%Y*oTZ\Y*`��E_Lb��%Y*Y�` Ö�_L`3rE_ k ��Ñ*Y�r�Øß_L`3r Z[�3Y § �¥`3r ¦�§ _�Z�Z[�3Yy��_L��` ¦
	 ��Y § _Lb»�3o ¦ Ý�Y�`��(� _
�3o ¦ `3Ñ�Y�� ¦fk Z?Z\�3o ¦�§ `._�ZÐ�×Z�ª6����Y�³ ¦fk �¥��Yd��b¤��`(ÖfY*bTZ[��a(_�Z[��`3a�Z\�3Yp��_LbTYLØ�_L`3r § _L`(ZÐZ ¦ Ý&` ¦�§ � Õ ��o ¦ `3Ñ*Yl� ¦fk Z
Z\�3_�Z��3o ¦ Ý�Y¯Z\�3Y § ��`�r ¦�§ § _Lbd³3o ¦ r3�3�*Y�r#�(�1X1Y*Zº_ k�k Y*Ý&b[³�Y�oTZ[Y�` ¦ o��(�1ÏÐo ¦ `3b[Y*b[³�Y�b[��_ k �¥bTZ[Y�`�ª

� �Í´°�¥`3rR_L`��¥`&Z[Y�oÄÖL_ k Z\�E_'Z § �¥Z[�Rc(t
� ³�o ¦ �E_��3� k �¥Z¢� § � k¥k � ¦ `(Zº_L�¥`R_<`3Y § ¦ �3b[Y*oTÖ�_�Z[� ¦ ` ¦LÕ Z[�3Y¯� ¦ ³�³%Y*o
� ¦ `(Z\Y�`(Zp��`1_Ù�3o ¦ `�Ñ�Yn� ¦Lk Z Õ o ¦ � ÏÐo ¦ `3b[Y*b[³�Y�bT�á_ k ��bTZ[Y�`�ª¤´°�¥`3rR`&�3��Y*o[�¥��_ k Ö�_ k �3Y�b Õ�¦ odZ[�3Yn��`(Z\Y*oTÖ�_ k
�(�R�3bT��`3a�Z\��Y�r3_�Zº_���`R��_L� k Y�sfª¤Ân�×ÖfYlZ[�3Yn� ¦ oTo[Y�bT³ ¦ `3r3��`�a��¥`&Z[Y�oÄÖL_ k¸Õ�¦ o�X�YHZº_ k¥k Y�Ý&bT³%Y*oTZ\Y*`�ª
���3Y��3o ¦ `3Ñ�Yn� ¦fk Z § �����º� § _Lb��3bTY�rRZ ¦ �3o[Y�_LÝ»Z\��Y § �¥`3r ¦�§ _�ZpX1Y*Zº_ k�k Y*Ý&b[³�Y�oTZ[Y�` § _�bp�WY�_LbT�3o[Y*r
Z ¦ �E_�ÖfYd_l� ¦ ³3³%Y*o6� ¦ `&Z[Y�`(Z ¦LÕ efi�ª �f��aLo\_L�1ª ½ _�`Ù� ¦ ��Ø(�E_�b[Y�r ¦ `<Z[�3Yß�¥`&Z[Y�oÄÖL_ k b�� ¦ �Ù�»_�r3Yß_L� ¦ ÖfY�Ø
b[_��1_�`&�&Z[�3��`3aW_L� ¦ ��Z § �����º�1� ¦ �W³E_L`(�.Z[�E_�Zd³3o ¦ r3����Y�r1Z\�3Y¯��o ¦ `3Ñ*Y^� ¦fk Z �
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jlk Y�m�Y*ZTZ\Y�oÙ�E_�bW��Y�Y*` _Lb[Ý�Y�r�Z ¦ � ¦ ��` _Í³(�	o\_L�W��r bT�º�3Y��WYLª ¨�k�k �3Y��E_Lb<Z ¦ r ¦ �¥b:Z ¦ ³E_�� _ �*Y�oÄZº_L�¥`
_L� ¦ �3`(Z ¦LÕ � ¦ `3YH�fØ�_�`3ryZ\�3Y*` o[Y��*o[�3�×Z �3ÖLY�`3Y § ³%Y*o[b ¦ `3b�Ø § �����º� § � k¥k ��Y<³ k _L��Y*rÍ��`#Z[�3Y k YHÖfY k �%Y k�¦�§
�3�¥�Þ��`�Z\��Y^³(�	o\_L�W��r¸ªBÏ¤�Rr ¦ ��`�aWb ¦ ØE�3Y���b�_LbTb[�3oTY�r�Z[�E_�Z��3Y § � k¥k ��_LÝLY��3Y�_�³3b ¦�Õ � ¦ `3YH�fª ¨ ��� ¦ o[r3�¥`3a
Z ¦ Z\�3Y�³%Y*o[b ¦ ` § � ¦�§ _L`(Z[Y�r/Z ¦ o[Y*��oT�3�¥Z jlk YWm�YHZ[Z\Y*o�Ø _1³%Y*o[b ¦ ` § � ¦ ��b�_Lb[Ý�Y�r Z ¦ � ¦ �¥`ÒZ[�3Y�³(�	o\_����¥r
b[�º��Y��WY § � k�k � ¦ �¥` § �×Z\�Í³3o ¦ �E_L�3� k �×Z¢�

p = 1/3
Ø¸b ¦ Z ¦ aLY*Z ��ÖfY�`3Y § ³�Y�oTb ¦ `�blZ ¦ � ¦ �¥`#bT� ¦ � k rÍ` ¦ Zl��Y�_

³3o ¦ � k Y*��ª

ÏÐY Õ�¦ o[Y jlk YWm�YHZ[Z\Y*o:r3Y*���¥r3Y�b ¦ ` § �3_�Z^Z ¦ r ¦ Ø���Y § � k¥k ³�Y�o Õ�¦ o[� b ¦ ��YÙ��_ k ��� k _�Z[� ¦ `3b ¦ `Ô³3o ¦ �E_L��� k �×Z\�¥Y�b
_L`3r1YHÅ"³�Y��HZ\Y�r�ÖL_ k �3Y*b�Ø�Z ¦ �E`�r ¦ �"Zp� ¦�§ �<�3�º� §Ð¦ o[Ý.Z\��Y�oTY��*o[�3�×Z\��`�a�³3o ¦ ��Y*b[b § � k�k �%Y�ªB¾�Ynr3Y��*��r3Y*b�Z ¦
� ¦ `3b[�¥r3Y�onZ\�3YWo\_�`3r ¦ � Ö�_LoT�á_L� k Y

X
Ø § �3���º�Ôr3Y�bT��o[�¥�%Y*b^Z[�3Y�`&�3�:�%Y*o ¦LÕ ³%Y*o[b ¦ `3b^��Y»�E_LbnZ ¦ _LbTÝÒ��`&Z[� k

Z\��Y�� M\IHD�ÛEQHM\I�A'C _LaLo[Y�Y*b�Z ¦ � ¦ ��`�Z[�3Y¯³(�"o[_L�W��rRb[�º�3Y*��Y�ª

���yÓ �E_'Z<_LoTYWZ[�3Y�_Lb[bT�3��³"Z\� ¦ `3b Õ�¦ o
X
Z ¦ �E_�ÖfY»_1afY ¦ �WY*Z\oT���Ùr3�¥bTZ\oT���3�"Z\� ¦ ` � Ã¢`ÔZ\��Y�oTY�bTZ ¦LÕ Z[�3��b

³3o ¦ � k Y��1Ø�� ¦ ����_L`�_LbTb[�3�WY Z\�E_'Z
X
��b�afY ¦ ��YHZ\oT����_ k�k �dr���bTZ[o[�¥�3��Z\Y*r § �¥Z\�¯³�o ¦ �E_��3� k �¥Z¢��r3��bÄZ\oT���3��Z[� ¦ `

f(x) = p(1 − p)(x−1) Õ�¦ o
x = 1, 2, ...

Ã Õ¸jlk Y�m�Y*ZTZ\Y�o r�Y����¥r3Y�b6Z ¦ � ¦ ��`^Z\�3Y�³(�	o\_L�W��r:b[�º�3Y*��Y�Ø § �3_�Z?��b�Z\�3Y�YOÅ�³�Y��HZ\Y*r�`&�3�<��Y�o ¦�Õ ³%Y*o[b ¦ `3b
�3Yn�E_�bdZ ¦ _Lb[Ý.Z ¦ aLY*Z ¦ `3Yn`3Y § ³�Y�o[b ¦ `RZ ¦ � ¦ ��`.Z[�3Yn³(�"o[_L�W��rRb[�º�3Y*��Y�Ø § �3Y�`

p = 1/3
�

Ó �E_'Zl��bdZ\��Y:³3o ¦ �E_L�3� k �×Z¢�.Z\�E_'Zl�3Y^�E_LbpZ ¦ _LbTÝ�� ¦ oTY�Z[�E_L` ��ÖfY<³�Y�oTb ¦ `3bpZ ¦ afYHZ ¦ `3Y:³�Y�oTb ¦ `yZ ¦
� ¦ �¥`.Z\�3Yn³(�	o\_L�W��rRbT�º�3Y��WYLØ § �3Y*`

p = 1/3
�

jlk Y�m�YHZ[Z[Y�o��¥b�_Ù�3�×Z�bT��Y�³"Z\����_ k Z ¦ Z\�3Y���` Õ�¦ o[��_�Z\� ¦ `»Z\�3_�Z�YHÖfY*oT�1Z\�3�¥o[r1³%Y*o[b ¦ `�Z\�3_�Z��¥b�_�b[ÝLY*r § � k¥k � ¦ �¥`
Z\��Y¯³&�	o[_L���¥r�b[�º�3Y*��Y�ª?���3Y�oTY Õ�¦ oTYLØE�3Y¯r3Y*���¥r3Y�b�Z ¦ Y*bTZ[����_�Z\Y�Z[�3Y¯³3o ¦ �E_L�3� k �×Z¢�

p
Z\�E_�Z�_<³%Y*o[b ¦ `RZ[�E_�Zd�¥b

_LbTÝLY�r § _L`(Z[b�Z ¦ ³3_LoTZ[�����¥³E_�Z[YLªÙ¾pYWr3Y*����r�Y�b¯Z ¦ � ¦fk¥k Y*�*ZnrE_�Z\_��&� � ¦ �3`(Z\�¥`3a�Z\�3YW`&�3�<��Y�o ¦LÕ ³%Y ¦ ³ k YW��Y
�E_LbBZ ¦ _LbTÝ��3`(Z[� k Z[�3Y �EoTbTZ ¦ `�Y¯_LafoTY�Y�bBZ ¦ � ¦ �¥`�ª6¾�Y § � k�k Z[oT�WZ ¦ afYHZ�b ¦ �WY Õ oT��Y*`3r3bÐZ ¦ �3Y k ³��3��� a(_'Z\�3Y*o
¦ �3bTY�oÄÖL_'Z\� ¦ `3b�ªß����Y

i
Z[� Õ oT��Y�`�r ¦ ��b[Y�oÄÖfY*b�Z\�E_'Zp��Y^�E_�b�Z ¦ _LbTÝ

Xi

³�Y�o[b ¦ `3b*ª����3o ¦ ��af�
n
b[��oTÖfYH�	b�Ø jlk Y

m�YHZ[Z[Y�o § � k�k afY*Z
n
�¥`3r3Y�³�Y�`�r3Y�`(Z ¦ �3b[Y*oTÖ�_�Z[� ¦ `3b*Ø

X1, X2, . . . , Xn

¦LÕ Z\��Y�o[_L`3r ¦ �àÖ�_Lo[��_L� k Y
X
ª

È��Í´°�¥`3r^Z[�3YÐ��_'Å"���:�3� k �¥ÝLY k ��� ¦	¦ r¯Y�bTZ[����_�Z ¦ o
p̂
Õ�¦ o

p
�E_LbTY�r ¦ `�Z\�3Y ¦ �3b[Y*oTÖ�_�Z[� ¦ `3b

X1, X2, . . . , Xn

ª
jlk YRm�Y*ZTZ\Y�oÙ� ¦ � k r ` ¦ ZÙafY*ZW_L`(� ¦�Õ �3�¥b Õ o[�¥Y�`3r3b<Z ¦ �3Y k ³ ����� § �×Z\� Z\��Y�b[�3oÄÖfY*�LØßb ¦ �3Y��¥b k Y Õ Z
§ �×Z\� ¦ ` k �<Z[�3Y ¦ �3b[Y*oTÖ�_�Z\� ¦ `W�3Y�� ¦fk�k Y��*Z[Y�rW�3���Wb[Y k¥Õ Ø

X1

ª6Ã¢b¤Z\�3Y��»_�Å��¥�<�3� k ��Ý�Y k �¥� ¦	¦ r�Y*bTZ\�¥�»_'Z ¦ o
�E_�b[Y�r ¦ ` ¦ ` k � ¦ `3Y ¦ ��b[Y�oÄÖ�_�Z\� ¦ `R�3`&�3�á_LbTY�r �

Clue :

∞∑

n=1

1

n
an = −ln(1 − a) ; 0 < a < 1
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¿�_�Z[�3o[r3_��ÒÁ ¦ ÖfY��:�%Y*o��fh'Z[�Ô�L�f�Lg3Ø�Z[�3Y�����b[� ¦�§�� ��Y�bTZ�Z\��Y�`E_'Z\� ¦ `�� § _Lb^_L��oTY�r ¦ `/Áp·p¶�sfªWÃ¢`ÔZ[�3��b
b[� ¦�§ Ø��fhL�»³E_�oTZ\�¥���¥³E_L`(Z\b���`#Z[�3Y:bÄZ\�3r�� ¦»§ Y�oTY�_Lb[Ý�Y�r !&�3Y�bÄZ\� ¦ `3b ¦ `#r3�$#%Y�oTY�`(ZlZ ¦ ³3���*b�ªlÏÐ_Lb[Y*r ¦ `#Z\��Y���o
_LafY�_L`�rRZ[�3Yn`&�3�<��Y�o ¦LÕ � ¦ oTo[Y��HZp_L`3b § Y�oTb�Ø�Z\�3YH� § Y�o[Y�Y�_��º�#af�×ÖfY�`1_L`1Ã�� bT� ¦ oTYLª

Ã¢` Z\��Y.��� b[� ¦�§ �¥Z § _�b<b\_L�¥r/Z\�3_�Z<Z\��Y»Z\Y*bTZ § _Lb���_Lr3Y»bT�3�º� Z\�E_'Z:Z\��Y.Ã�� bT� ¦ oTY Õ�¦ o:_yo\_L`3r ¦ � k �
�º� ¦ bTY�`1³%Y*o[b ¦ `Rb[� ¦ � k r���Y¯` ¦ o[��_ k¥k ��r3�¥bTZ[o[������Z\Y*r § �¥Z\���WY�_�`�Y�!&�E_ k Z ¦ s��f�<_�`3rRbTZº_�`3rE_LoTr1r�Y*Ö	�á_�Z[� ¦ `
Y�!&�E_ k Z ¦ s�t"ª

���3Yl����af�3Y*bTZBo[Y*af��bÄZ\Y�oTY�r�Ã�� bT� ¦ oTYl_L� ¦ `3anZ\��Yp³E_�oTZ\�¥���¥³E_L`(Z\b¤��`ÙZ\�3Yp��� bÄZ\�3r3� ¦^§ _Lb�s��f�"ª6� §Ð¦ ³%Y ¦ ³ k Y
a ¦ Z�_�`�Ã�� b[� ¦ o[Y ¦LÕ s��f�"ª

���yÓ �E_'Z¯��b�Z[�3Y<³3o ¦ �E_L��� k �×Z¢��Z\�E_'Z¯_.o\_�`3r ¦ � k �1�º� ¦ bTY�` ³�Y�o[b ¦ ` § � k¥k aLY*Zn_L`ÍÃ�� b[� ¦ o[Y ¦�Õ _�Z k Y�_LbTZ
s��L� �
Ã ÕB§ Y�Z\Y*bTZ^_�o[Y*³3o[Y*b[Y�`(Z\_�Z\�×ÖfY»b[_L�W³ k Y ¦�Õ bT��Ñ�Y��fh��.³%Y*o[b ¦ `3b�Ø § �E_�Z���blZ[�3YÙYHÅ"³�Y��*Z[Y�rÔ`	���<�%Y*o ¦LÕ
³�Y�oTb ¦ `3bdZ\�3_�Z § � k¥k afYHZ�_�`1Ã�� b[� ¦ o[Y ¦LÕ _�Z k Y�_LbTZ�s��f� �
Ó �E_'Z��¥b�Z\�3Y1³3o ¦ �E_L�3� k �¥Z¢�ÒZ\�3_�ZÙZ\�3Y1�»_�Å��¥�<�3� Ã�� b[� ¦ o[Y1��` _ o\_L`3r ¦ � b\_L�W³ k Y ¦LÕ bT��Ñ�Y��fh��
³�Y�oTb ¦ `3b § � k¥k ��Y�_�Z k Y�_LbTZns��L� �

���3Y<³3_LoTZ[�����¥³E_L`(Z\b���`1Z\�3Y^��� bTZ[�3r3� ¦�§ Y�o[Y:r3�¥Ö	��r�Y�ry�¥`&Z ¦ bT�×Å�afo ¦ �3³3b�ª j `3Y ¦LÕ Z\�3Y^afo ¦ ��³3bl� ¦ `3b[�¥bTZ\Y*r
¦LÕ g(� Õ�¦ oT��Y*o � ·dY�_ k �¥Z¢� �¢bT� ¦�§ �¢³E_LoÄZ\�¥����³3_L`(Z\b��\ª ·dY�af_Lo[r3�¥`3aÒÃ�� b[� ¦ o[Y § Y#r�Y����¥r3Y�r¸Ø�³3o[� ¦ o�Z ¦ Z\�3Y����
b[� ¦�§ Ø�Z ¦ o[Y*a(_LoTr1Z[�3Y�bTY:g&��³E_LoÄZ\���*��³E_�`&Z[bd_Lbp_WoTY�³3oTY�b[Y*`(Zº_�Z[�¥ÖfY^b\_L�W³ k Y ¦LÕ Z[�3Y�Z ¦ Zº_ k ³ ¦ ³�� k _�Z[� ¦ `¸ª ���3Y
·dY�_ k �¥Z¢� �¢bT� ¦�§ �¢³E_LoÄZ\�¥����³3_L`(Z\bßa ¦ Z�_L`1_�ÖLY�o[_LafY�Ã�� b[� ¦ o[Y ¦LÕ cLg3ª

È��#ÓÔY<_LbTb[�3�WYnZ\�E_�Z�Z\��Y^Ã�� bT� ¦ oTY ¦LÕ _Ùo\_�`3r ¦ � k ���º� ¦ b[Y*`Í³%Y*o[b ¦ `#��b�` ¦ oT�»_ k�k ��r3�¥bTZ\oT���3�"Z\Y�r § �¥Z[�
�3`�Ý	` ¦�§ `��WY�_�`

µ
Ø&�3�"Z § �×Z\�WÝ	` ¦�§ bÄZº_L`�rE_Lo[r�r3Y*Ö	��_�Z\� ¦ `�Y !&�E_ k Z ¦

15
ª ´���`3rW_:cft
� � ¦ ` �Er3Y*`3��Y

�¥`&Z[Y�oÄÖL_ k¸Õ�¦ oßZ\��Y��WY�_�`1Ã�� b[� ¦ o[Yn�E_LbTY�r ¦ `RZ[�3YnrE_�Z\_ Õ o ¦ �àZ[�3Y�·�Y�_ k �×Z¢�	�2b[� ¦�§ �2³E_LoTZ[���*��³E_L`(Z[b�ª
¨�Õ Z\Y�o.Z[�3Y ��� b[� ¦�§ Øl� k _L�¥��b��E_�ÖfY ��Y�Y�` ��_Lr3Y#Z[�E_�Z�Z\��Y !	��Y�bTZ[� ¦ `�b1�¥` Z\�3YyZ[Y�bÄZ § Y�oTYÍZ ¦	¦
r3� 	 ��� k Z�ØE_L`�r1Z[�	��b�Z[�3Yno[Y�aL��bTZ[Y�oTY�r1Ã�� b[� ¦ o[Y*b § Y�oTY k�¦�§ Y�oßZ[�E_L`1YHÅ"³%Y*�*Z[Y�r�ªßÃ Õ�§ Y:_LbTb[�3�WYnZ\�E_�Z
Z[�3Y»Ã��Þb[� ¦ o[Y ¦LÕ _�o[_L`3r ¦ � k �Í�º� ¦ bTY�` ³%Y*o[b ¦ ` ��b�` ¦ oT�»_ k�k �#r3��bÄZ\oT���3��Z[Y�r § �×Z\�Ô��Y�_L`/Y !	�3_ k Z ¦
s��L�1_�`3r bTZº_�`3rE_LoTrÔr3YHÖ	�á_�Z[� ¦ `ÍY !	�3_ k Z ¦ s�t	Ø § �E_�Z���blZ[�3Y�³3o ¦ �E_L�3� k �¥Z¢� Õ�¦ o¯aLY*Z[Z[��`3aR_�`Ô_�ÖLY�o\_�afY
Ã�� bT� ¦ oTY k Y�bTb�Z\�E_L` ¦ o�Y !	�3_ k Z ¦ cLgÙ��`1_�o\_�`3r ¦ �Þb[_L�W³ k Y ¦LÕ b[�¥Ñ�Y¯g&� �


