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:�;&<>=@?(<�?BADC$EGF(;$A$FH?JILK�E
M�?JIN?OA&P�;>QR?JE
S
T�UJVWVXU5Y�Z>[ \DZ>Z>]_^a`a`>bDc>d>bD^
e#f gWhji�kGlamjm@U�]nVOZoip^a`aqadad>`a`aq

rts"u�v"wxrty{z}|~v�� ��w�v���������u���vt�*z�u��*zJs�s
Y�Z>f gWi Z>\p�a�a� �nf [ h��>q>qD�
e�h@i�� qa^���qaq��
�&�1��qaq

����=�=�;>F�E�?����
?J= �G?JQ���MDM�?J=�S
� f mjV_���� HZ>gn¡R¢9U�ipU�hj\a[ U¤£GZo[ i ]W¡�gnhj¥�[ Ut[ l>VOZ$VOZ>g��
��;D¦J?J=�=@?JINCW<_§
C$IJQ�=@?JI¤�¨PJF(;>F��@PJF,�@A&A�©�e�Z>ª hjg_k�l>gWm«Zo\�¬J�
­���®¯loVWVX¢°Z>[ [��
±²;>FH?JQ9;>F��@POA_§
C$I�QR?J=�P�;>Q�=³��E�<>�
­LZ>m@¡�f m@ZoVXl>g�� ´�µ¶�aqD·~�

¸_¹¤¸�º¤®�·�­

·1U�[ ]Wf g���b � �nf�m@h��>q>qD�1�

» �#����¼��
�¾½ ¿À���,�#�,���
	
)+¼G!����#��� �

Á}Â�lagn¡oZo[�V*Z
¥ÃU�hjV°]nVWlagnVWh@[ \a]Ä¥oZ>m@\ÆÅ m@hjgÇi U�VR\&�nU�[ [ la¢ÇÂ�ÈagnV9U�hB¢9U�h@[�h@[ \a]n¢RÉom@h@[�\"i U�g°U�h�VRgnU�ª gnU�]WU�[DVOZoVWhj¥�V
f�Vn¥>Zom@\ÆZ
¥�¥aU�mj\DZ>gWZ>[ UpÅ m@hjg}]Wª�f gnVWU�la¢Êi�U�h_Èa[ ]n¡
�nU�g°U�hjVÇgnU�\
�nU�gWhj[ \a]n]W¡�hjÂ�VWU-U�m@mjU�g�h@¡�¡��nU>� � ÉËf�V9hjÂ�gXÉËZoV
Z>[ i�U�m@U�[pZ
¥°¥>U�m@\aZ>gXZ>[�U�]Wla¢ÌÈa[ ]n¡��nU�g�U�h�VÍ]n¡�h�Â�VXU�U�g

p Î la\}m@Z X
¥>U�gWU�VXZ>m@UJVÍªGÉ5ª~U�gW]Wl>[GZ>gÍÅ m@Z>[DV

n
]nª f gÄVXU

]Wl>¢Ï]n¥oZ>gnU�g�Ð>�ÑªGÉ�]Wª
ÈagW]n¢RÉ>mjU�V5Ò
Ó�[ ]n¡��nU�g_i f-U�hjV_gnU�\
�nU�gnh@[ \a]n]W¡�hjÂ�VWU�¥aU�i�¥oZ>m@\>U�VÍVWh@m�£GZof ]nVWU�[�Ô�Ò

�~ÕËÖ¯[ i U�g¨¡�¥oZBÂ�lag#Â�ÈagWU�]WUJVX[GZ>i�U�g¨¥�h@m
X

£ U�g¨¥aU�gWU�Å hj[ la¢9h@]W¡�Â�lagWi U�mjVOÔ_×�f�¢RÉBgnU�m@ZoVXU�gWUØÂ�È>gWU�]nU�VW[GZ>i U�[ U
VWh@m�]nhjVXf Z>]��nla[�U�[p]Wla¢ÙU�g_]W¡�h@mji gXZ�h�l>ª ª \DÉ
¥aUJVXU�¡�]ÄVXU�[��
kGÈagnU�]WUJVÚh�gnU�]nVWU�[�Z
¥9i UJVWVXU¯ª f [�¡�VWU�VÍZoVÍZo[ i U�mjU�[RZ&¥�¥>U�mj\DZ>gXZo[ U�]nla¢ÛÈa[ ]n¡��nU�gÚU�hjVÜgWU�\&�nU�gWhj[ \a]W]n¡�hjÂ�VXU
U�g

p = 0.7 Î la\9ZoV
n = 20

ª~U�gW]Wl>[GZ>g_Å m@hjgÍ]Wª�f gnVWU>��ÝÚgnf ¡�ZoV
X

U�g_Å hj[ la¢9h@]W¡ÇÂ�lagni U�m�V
�
­¶¥>ZÞU�g*]XZo[ [ ]nß�[ UJVpÂ�lag�ZoV²�
`+U�mjm@U�g9àGU�hjgWU²Z
¥ái U�hL�oq+]Wª f�gnVXU²]Ä¥oZ>gWU�g-Ð>�âªGÉÞ]Wª
Èagn]W¢°É>m@UJV*la¢
gnU�\
�nU�gWhj[ \a]n]W¡�hjÂ�VWU&Ô
­¶¥>Z�U�g¯]WZ>[ [ ]Äß�[ U�V¯Â�lag_ZoV_àGU�h@gWU¤U�[ [Æ�&q Î ¢9U�[pÂ�ãÍgWgnUtU�[ [Æ��� Î Z
¥�i U�h#�>q�]WU�h@U�g�Ð>��Ô
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kGÈagWU�]WUJV�ZoV¶VXlNZ
¥1hj]WU�gØªGÉtU�hj[RÅ
U�]nVWU�¢NVÚiGZ>\tª gWU�]WU�[�VWU�gnU�g�gWU�]Wf m�VOZoV¶Â�gWÉtVXlt¢9U�h@[�h@[ \a]n¢RÉom@h@[�\DZ>g Î \
�nU�[ [ l>¢Ç Â�ÈagÄVXU5Z&¥-¡D¥oZ>gnVB]Wh�VWV�¢°U�h@[ hj[ \a]W¢°É>mjh@[ \a]nh@[ ]ÄVXh�VXf�VnVÍÝØß�gWÉ°� l>\*ÝØß�gXÉ°ÝB�~Y#Z
n1

¥>U�gnUNVOZ>mjU�V¯ªGÉ9]Wª f gÄVXU}l>\
X1

VOZ>mjU�V�]nla¢ ]n¥oZ>gWU�gtÐ>� h¨¢°É>mjh@[ \DZ�Â�gXÉ�ÝÜß1gWÉ*� Î la\ n2

la\
X2

VWh@m@]Ä¥oZ>gXZ>[�i UN]ÄVXlagnm@U�hj¡$Z>g¯Â�l>g¤ÝØß�gXÉ�ÝB�
��h�Â�ÈagWU�]WU�VtZ$V

X1

U�g¤Å hj[ la¢9h@]W¡*Â�l>gWi U�mjV¤¢9U�i²ªGZogXZ>¢9U�VWgXZ>g
n1

la\
p
la\

X2

U�g¤Å�h@[ la¢9h@]n¡*Â�lagWi�U�mjV�¢°U�i
ªGZ>gWZ>¢9U�VXgWZ>g

n2

la\
p Î la\9ZoV

X1

la\
X2

U�g_fGZ
¥1£�U�[ \ahj\aU>�

��h�Èa[ ]W¡��nU�gØÉ¤U�]nVXhj¢°U�gWU
p
¥>U�i°É�¡>la¢}Å�h@[ U�gWU_gWU�]Wf m�VOZoVXZBÂ�gXÉ�i U�h VXl¤¢°É>m@hj[ \DZ>[ Uo�oe#ltZ>¡DVXf U�m@mjUÍU�]ÄVXh@¢°ZoVWlagXZ>g

U�g

P̂ =
1

2

(

X1

n1

+
X2

n2

) la\

P ∗ =
X1 + X2

n1 + n2

.

� Õ²k¨hj[ [�Â�lagn¥>U�[DVX[�h@[ \Çla\Ç¥oZ>gWh@Z>[ ]ÚVWh@m�¡D¥oZ>g¯Z
¥�i U�h�VWlÇU�]nVWh@¢°ZoVXl>gXZ>[ U
P̂

la\
P ∗

�
×BU�gW]nla¢

n1 = 500
la\

n2 = 1000 Î ¡D¥oZÇÂ�l>g�U�h@[pU�]nVXhj¢RZ$VXlagÚ¥�hjm�i f-iGÉÇ¥>U�mj\aU&Ô � gWf�[ [ \ah�]Ä¥oZ>gWUJV
�
�Bh�Â�ÈagWU�]WU�V�[ l°ZoV

n1 = n2 = n Î ]nm@h@¡RZoV
X1

la\
X2

U�g�fGZ
¥�£ U�[ \ah@\>Utl>\°Å hj[ la¢9h@]n¡9Â�lagni U�m�VXU Î ¢°U�i
P�;>QR?ÚªGZ>gWZ>¢°UJVXgWZ>g

p
la\

n
�G×�U�VWVWU5¢9U�i1Â�ÈagWU�g_ZoV

P̂ = P ∗ =
X1 + X2

2n
.

Ö_VXm@U�h�U�h�V�VXhjm@[GãÍgn¢RZ}^a��� ¡>l>[��Gi U�[ ]Whj[�VWU�gÄ¥>Zom@m�Â�lag
p
¥>U�i"É�Å gnf ¡>U5ZoV_Â�lagni U�mjh@[ \DZtVXh@m

P̂ − p
√

1

2n
P̂ (1 − P̂ )

U�g_VWh@mj[GãÍgW¢°ZN]nVXZ>[ iGZogWi-[ lagW¢°Z>m�Â�lagWi U�mjV��

� hjVÍVWgWU�i$�nU¤¢°U�h@[ hj[ \a]n¢RÉ>mjh@[ \>]Wh@[�]nVXh�VXf�VnV Î ÝØß�gXÉ�� Î £GZ>gÍZ>[ [ la[�]WU�gÄV¯ZoV�i U�h�]W[GZognV�¡��nU�¢Ù¢°U�i�gWU�]nf mjVXZoVÍÂ�gWÉ
U�h1VXh@mj]n¥oZ>gWZ>[ i UØ¢RÉ>mjh@[ \¯¢9U�i

n3

]nª f gnVWU>��Y�Z
X3

¥aU�gnUÍVOZ>mjU�V¨ªGÉ¤ª~U�gW]Wl>[GZ>g ]nla¢ ]Ä¥>ZogWU�gÜÐ>�áªGÉ�]Wª
ÈagW]n¢RÉom@U�V
la¢ gWU�\&�nU�gWhj[ \a]W]n¡�hjÂ�VXUth#¢RÉ>mjh@[ \aZNÂ�gXZRÝÜß1gWÉ�� Î la\*Z>[DVXZ*ZoV

X3

U�gBf Z&¥�£ U�[ \ahj\�Z
¥
X1

l>\
X2

����h�¥1hjm�[ l
Å gnf ¡>U"gnU�]nf mjVXZoVOZ²Â�gXÉ ÝØß�gXÉ � la\+ÝØß�gXÉ+Ý VXhjm_É ª gnU�i hj¡>U�gnU�¡olag°¢°Z>[ \>U�]nla¢{]n¥oZ>gnU�g�Ð>� h_i U�[á[�ß>U
¢°É>m@hj[ \DZ�����h�Â�ÈagnU�]WUJVBh�gnU�]nVWU�[²Z
¥plaª�ª \DÉ
¥oZ°ZoV

n1 = n2 = n3 = n = 1000 Î la\°ZoV¯laÅ ]WU�gn¥>U�gnVWU5¥>U�gWi�h«Z>g
Â�lag

X1

la\
X2

U�g
x1 = 645

la\
x2 = 692

�

� Õ²Y�Z
Y = X3 − nP̂ Î i U�g P̂ =

X1 + X2

2n

�
� gWf [�[ \ah#ZoV�i U�VBh�¥oÉ>g¯]Wh�VXfGZo]��nla[�U�g¯gWh@¢9U�mjh@\ÇÉÇÂ�ÈagWU�]WU�VnVXUNZoV

Y
U�g¯VXhjm@[GãÍgn¢RZ�[ lagn¢RZomjÂ�lagni U�m�V Î l>\¥�h@]¯ZoV�¥oZ>gnh«Z>[�]WU�[�VWh@m

Y
U�g

3

2
np(1 − p)

�
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ÝÚgnf ¡Æi U�VnVXURVWh@mØÉ�f�VXmjU�hjU°U�hjVNVWh@mj[GãÍgW¢°Z�^a���âª gWU�i h@¡�]��nl>[ ]Whj[�VWU�gÄ¥>Zom@m¶Â�lag5VXZ>m@UJV}ªGÉ�]nª f gÄVXU*]nla¢ h
¢°É>m@hj[ \DZ5Â�gWÉÇÝØß�gXÉ�� ]Ä¥>ZogWU�g�Ð>�ÑªGÉ�]Wª
Èagn]W¢°É>m@UJV_la¢ÙgnU�\
�nU�gWhj[ \a]n]W¡�hjÂ�VWU>�
ÝÚU�]nVWU�¢ la\a]WÉ�h@[DVXU�gn¥oZ>m@mjU�V�[�f ¢9U�gnh@]n¡*ÅGZ>]nU�gnV¯ªGÉ�i U�h�laÅ ]nU�gn¥>U�gÄVXU5¥>U�gni h«Z>[�U>�

» �#����¼��
��� �t���
�#���
	��������&�D�

��h�]WU�g ª É�¡>la]ÄVX[GZ>i�U�[°Z&¥NU�h�V ¥aU�\aª gWl>]��nU�¡DV���Y#Z
X

¥>U�gWU_U�h@[�¡>l>[�VWh@[�f U�gWm@hj\�]nVWla¡$Z>]nVWh@]n¡�©�VWh@m�Â�U�m@i�h@\�¬~¥oZ>gnh«Z>Å
U�m
]Wl>¢ gnU�ª gnU�]WU�[DVXU�gnU�g�i U�[*Â�Z>¡DVXhj]W¡>U�¡>la]ÄVOZ>[�i U�[pª g��1¢9U�VWU�g¶Â�lagØ¥>U�\aU�[�]Wla¢ ]W¡$Z>m~ÅDß1\>\DZ>]nV���­¯la]nVW[GZ>i U�[�ª g��
¢9U�VXU�g¶U�gØZ&¥�£ U�[ \ahj\NZ
¥�\agnf [ [�Â�l>gW£ lamjiÇla\5ª�gWh@]¶ªGÉL¢°ZoVXU�gWh«Zom«Z>g�� �Bh Â�ÈagWU�]WU�VÚZoV

X
U�g¶[ lagn¢RZ>m�Â�lagWi�U�mjV ¢°U�i

Â�lagÄ¥aU�[DVW[ h@[ \>]n¥aU�gWi h
E(X) = µ

la\Ç]nVOZo[ iGZ>gniGZ
¥�¥�hj¡
SD(X) =

√

Var(X) = σ
�

�~ÕËY�ZLla]W]ÜÂ�ÈagWU�]WU�VnVXUN©�¡�f [*hGi�U�VWVWUBª f�[ ¡DVXU�VO¬ØZoVÜi UJVÚU�gØ¡��nU�[�VÚZoV
µ = 10000

¡�g��o¢9U�VWU�gÜla\
σ = 2500¡�g��$¢°UJVXU�g���k¨ÈagÍ¥>U�\aU�[�Å mjh@gÍÅDß�\>V Î È>[ ]W¡��nU�g_U�h@[-É�gWU�¡�[ Utf�V¯]XZo[ [ ]nß�[ UJV�Â�l>g�f m@hj¡>U¤f�VnÂ�Z>m@m,�

­¶¥>Z�U�g¯]WZ>[ [ ]Äß�[ U�V¯Â�lag_ZoV¯¡>l>]nVX[ Z>i U�[�ª g���¢°UJVXU�g�Â�lagÍ¥>U�\aU�[�¥�h@m�l�¥>U�gn]W¡�gWhji U
13000

¡�g��o¢9U�VWU�gOÔ
k¨hj[ [�U�hjV_VOZom Î k Î ]Wl>¢ U�g�]nm@hj¡pZoVB]WZ>[ [ ]Äß�[ U�V¤U�g�q���qD�}Â�lag�ZoVBi�U�[�Â�Z>¡DVWh@]W¡oUN¡ola]nVXZ>[ i U�[²ª g��
¢°UJVXU�g
Â�lagÍ¥>U�\aU�[�Å mjh@gÍ¢9h@[�i gWU�U�[ [

k
�

� hjVnVtZoV¤¥�h¶¥>U�h�VNZ$V5¡ola]nVW[GZ>i U�[Þª g���¢°UJVXU�gLÅ mjh@g�¢9h@[�]nV
10000

¡�g��$¢°UJVXU�g Î ¡�¥oZpU�gLiGÉp]XZ>[�[ ]nß�[ UJV
Â�lag_Z$V_¡>la]ÄVX[GZ>i�U�[�ª�g��G¢9U�VXU�g�Å m@hjgÍ£ Èa\aZ>gWULU�[�[

13000
¡�g	�o¢9U�VXU�gOÔ

��h�Â�È>gWU�]nU�V¯h�gWU�]nVWU�[�Z&¥*laª ª \DÉ
¥oZ9ZoV_ÅGÉ>i U
µ
la\

σ
U�g�f ¡��nU�[DVWU5]ÄVXlagnm@U�hj¡$Z>g��

� h�U�¡�]Wª
U�gÄVX\agnf ª ª
U}¢°U�h@[ U�g¯ZoV_Â�lagn¥>U�[DVOZR¡ola]nVW[GZ>i"ª�g���¢°UJVXU�g_Â�l>g_¥>U�\aU�[²]Wla¢ ]n¡$Z>m�Å�ß�\a\aZ>]nV�Å m@hjg
10000¡�g��o¢9U�VWU�g��~Á�VXhjm@mjU�\a\ÇU�g�i U�V�]XZ>¢9m«ZÇh@[ [�iGZoVOZÇÂ�gXÉ

n = 9
¥>U�\aª gnla]��nU�¡DVL¢°U�i�VXhjm@]n¥oZ>gWZ>[ i UL\agnf [ [�Â�l>gW£ lamji

la\t¢RZ$VXU�gnh«Z>mj¡>la]ÄVX[GZoi U�g Î la\LiGZoVXZ>U�[ U �G[ ]Üh VOZoÅ~U�m@m��a��´¯U�g¶U�g xi

¡>la]ÄVX[GZoi U�[*hG¡�g	�o¢°UJVXU�g¶Â�l>g¶¥>U�\aª�gWla]��nU�¡DV
[�f ¢9¢°U�g

i Î la\Çi UJV�Å�m@h@gÚlaª ª \ah�VWV_Z$V ∑

9

i=1
xi = 106480

la\ ∑

9

i=1
(xi − x̄)2 = 49295335

�

x1 x2 x3 x4 x5 x6 x7 x8 x9�&qaqa^>^ �&q>^D�a� �&�>�a^Dc �a�&dDcod �a�&`a�>� �&�ac>`a` ���>dD�a� `a�a�ac ^Dc>`>�

e¨Z>Å
U�mjm �a��
t;>F.;-C
�>?JIBADC&PJF�E
;DM°�¨A$I��
QR?JFH?JI §
C$I
n = 9

�>?(<J�
IXC&P��
?OA$F��

µ gWla]��nU�¡DVXmjU�h@Z>gWU�[ÆU�g¤]W¡oU�ª�VWh@]W¡"VWh@m�¡>la]ÄVX[GZ>i�]XZ>[ ]nm«Z>\>U�VLªGÉ
µ = 10000

¡�g	�o¢°UJVXU�g Î la\�¢9U�hj[ U�g�ZoVL\agWf�[ [1 
Â�lagn£ lam@i ZNVXh@mj]WU�h@U�gÍZoV�Â�lagn¥>U�[DVOZ9¡>la]ÄVX[GZoi�h�¡�g��$¢°UJVXU�g�U�g_£ Èa\DZ>gnU>�

� Õ²kGlagn¢}f m���gÚi UJVWVWUt]nla¢ÙU�h@[p£Dß�ª~l>VWU�]nU�VXU�]nV¯¥aU�i�É�i U �G[ U�gnUL[�f�m@m@£Dß�ª
l>VXU�]WULla\ÇZ>m�VXU�gn[GZoVWhj¥°£�ß�ª
l>VXU�]WUo�
·1UJV�laª�ª"U�hj[�VXU�]nVWlaÅ ]WU�gn¥oZoVWlag�la\��G[ [�Â�lagn¡$Z>]nVWh@[ \a]nla¢9gXÉ>i UJV
��­¶¥>Z°Å m@hjg¯¡ola[ ¡�m@f�]��nla[ U�["ªGÉ°VWU�]ÄVXU�[ Î¢9U�ipiGZoVXZ9\>hjVWVÍh�VOZ>Å
U�mjm � Î [ É>g_]Wh@\>[ h��G¡$Z>[�]W[ h�¥�ÉoU�V�U�g α = 0.01

Ô
®_U�¡�[-f�V

p
 .¥>U�gni h@U�[-¥>U�i"É�Å gnf ¡>ULVOZoÅ~U�m@m��-©�Èo¥aU�gn]nV¯ªGÉÇ[ U�]ÄVXUt]Whji U&¬��
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t
�>��` �a��^ �1��q �1��� �1��� �1��� �1� b

ν = 7
q���^obD� q���^D�oq q���^D�ac q���^>da� q���^ada` q���^Dc>� q���^ac>d

ν = 8
q���^ob�� q���^D�o� q���^adaq q���^>dad q���^Dc1� q���^Dca� q���^ac>`

ν = 9
q���^ob�c q���^D�>� q���^adD� q���^>dDc q���^Dca� q���^Dcac q���^>`aq

e�Z>Å~U�m@m��1���tK1Q�K�=�;>F,� �&F#P�;>EGE�P��oE-�
t �
§
C$InM�?J=³��E�<D; �~:#C$It?J��E�PJFHC&A>;$PJF��@POA �$;>I���;D¦J?J=

T
P&C$Q ?JI�F

�
§
C$InM�?J=³F QR?WM

ν
§�I���M�C$QNPW<>In;DM�?JI���P�� �&�@P&?JILF(;D¦J?J=�=@?JE

P (T ≤ t)
§
C$I¤K1=³�@AD? �>?JInM>��;>It; �

t
�

×BU�[*VXl>VXZ>m@U¯¡>la]ÄVX[GZoi U�[*Â�lag¶¥aU�\aU�[pU�gÍZ
¥�£ U�[ \>h@\}Z
¥°m@U�[ \aiGZtªGÉ5¥aU�\aU�[Æ©�h~¢9U�VWU�gX¬¶la\N¡>la]ÄVX[GZ>iRª g��1¢°UJVXU�g
©�h�¡�g	�o¢°UJVXU�gO¬J�

Y�Z
Y

¥aU�gWUNU�h@[-¡>la[DVWh@[�f U�gnm@hj\9]ÄVXla¡$Z>]ÄVXhj]W¡*¥oZ>gWh@Z>Å
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√
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