Question 1. (20 points)

(i) State the Uniform Boundedness Principle.

(ii) Let X and Y be two Banach spaces (over K = R, C), and let {7},}>°,
be a sequence of bounded linear operators from X to Y such that the
limit 7'(z) := lim 7T, (z) exists for every x € X. Show that the map
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T : X — Y defines a bounded and linear operator. (Hint: Use the
Uniform Boundedness Principle)

Question 2. (20 points)

(i) Let X be a normed space (over K = R,C). Given x € X prove that
exists ¢ € X* such that ||¢|| = 1 and ¢(z) = ||z||. (Hint: Use the
Hahn-Banach Theorem)

(ii) Let X be a Banach space (over K = R, C). Show that X is infinite
dimensional if and only if X* is infinite dimensional.

Question 3. (20 points)
Show that the Closed Graph Theorem implies the Open Mapping Theorem.



Question 4. (20 points)

(i) Define a locally convex topological space.

(ii) Let X be a locally convex topological space (over K = R, C) and let
K be a closed linear subspace of X. If 2y ¢ K, show that there exists
¢ € X* such that p(zg) = 1 and ¢(x) = 0 for every x € K. (Hint: Use
the Hahn-Banach separation theorem)

Question 5. (20 points)

(i) Define the notion of a weakly bounded set in a normed space.

(ii) Let X and Y be two Banach spaces (over K=R,C) andlet T: X — Y
be a linear map. Show that 7T is bounded if and only if the composition
(poT): X — Kis bounded for every ¢ € Y*. (Hint: You can use that
in a Banach space any weakly bounded set is also bounded)



