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Grading: Each question is given one of the following marks.

o Rudimentary: The answer makes almost no progress towards a solution.
e Acceptable: The answer makes some progress towards a solution.

e Good: An answer which nearly provides a full solution, but has some shortcomings
(e.g. a missing step, or a flawed argument.)

e FExcellent: A completely correct solution, up to insignificant errors (e.g. small
computational errors)

Four acceptable solutions guarantee an E; five acceptable with at least three good a D; six
acceptable with at least four good a C; seven good with at least five excellent a B; eight
good with at least seven excellent an A.

Let
X = {x = (z(n))s2, : Zn[w(n)|2 < oo}

Show that X is a dense subspace of £2(N). Is X closed?

Solution. Since finitely supported sequences are dense in £2(N), and finitely supported
sequences are contained in X, X is dense. Since for example (n=1)°°; is in ¢?(N) but not

in X, X is a proper subspace of £2(N). Thus X could not be closed, as no dense closed
subspace can be proper.

Consider the functional ¢ acting on sequences x = (z(n))5;, given by

= z(n)
(x) = —Z.
0 nz::l 7

For which p, 1 < p < o0, is ¢: /P(N) — C continuous? When continuous, what is
the norm of ¢?
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Solution. The dual space of ¢P(N) is ¢4(N), where 1/p + 1/q = 1. The functional ¢ is
induced by the sequence (n_l/ 22 | which lies is in £9 if and only if ¢ > 2. Therefore ¢ is

n=1»
continuous for 1 < p < 2, and the norm of ¢ is

1/q
_ 1
lellgnye = n=)lls = (Z m) '

Let X be a Banach space, and let 2* € X*. Assume that (z})2°; C X* is a sequence
such that sup,, ||| < oo and suppose that there exists a dense subspace D C X
such that x7 (x) — 2*(z) for every x € D. Prove that (z})7°, converges weak-star
to z*.

Solution. Let x € X and € > 0 be given. Since D is dense, there is a sequence (xj) such
that |z — x| = 0 as k — oco. Then
zy(x) —a*(x) = ap(x — ap) + 2™ (2, — ) + x5, (x) — 2" (2)-

*
n

Since (z7) is uniformly bounded in X*, we may therefore pick a fixed k = k¢ such that

|0 (& = i )| + 27 (g — )| < e
By hypothesis, we furthermore have that lim,, o |2}, (2g,) — *(xg,)| = 0. Thus

T |z (2) — 2 (2)| < <.

Since € > 0 is arbitrary, this shows that

nlglolo x; () = x*(x),

for every z € X.

Let X be a reflexive Banach space, and let Y be a subspace of X. Show that (Y )+
coincides with the closure of Y in X.

Solution. Obviously ¥V C (YLE. Since the right-hand side is closed, we obtain that
Y ¢ (YY)t If z € X but, x ¢ Y, then the Hahn-Banach theorem ensures that there is
an z* € Y+ such that z*(z) # 0. This shows that z ¢ (Y1)*, and thus that (Y 1)+ C Y.

Let X be a reflexive Banach space. A sequence (7,,)5°; of bounded operators
T,: X — X is said to converge in the weak operator topology if

nlgn;o x*(Thx)

exists for every z € X and z* € X*. Show that there exists a bounded operator
T: X — X such that T,z — Tx weakly for every z € X.
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Solution. Let z € X be given. By the uniform boundedness principle applied to (T,,z) as
a sequence in X**, sup,, ||T,z||x < co. But then the uniform boundedness principle again
implies that sup,, ||75,|| < co. Therefore, the functional p(z) = lim,,_,~ 2*(T,z) acting on
X* is bounded. Since X is reflexive, ¢ is actually given by an element from X: call this
element Tx. Tz clearly depends linearly on x. Furthermore, we have already seen that
T: X — X is bounded and satisfies

¥ (Tx) = lim «*(T,x)

n—oo

for every x € X and z* € X*.

@ Let X be a topological vector space.

a) Given an open neighbourhood U of the origin, show that there is an open
neighbourhood V' of the origin such that V+V C U.

b) Suppose that F' C X is a closed subset of X, and that x ¢ F'. Show that there
are disjoint open sets O1 and Oy such that x € O7 and F C Os.

Solution.

a) Since vector addition is continuous on X, there are two open neighbourhoods V; and
V5 of the origin such that V3 + Vo C U. The conclusion follows with V' = V; N Va.

b) Since X \ F' is open, there is a neighbourhood U of the origin such that xt +U C X \ F.

Let V be as in a). Then (x+V +V)NF = (), whence (z+ V)N (F —V) = (. This proves
the claim with Oy =z +V and O, = F — V.

a) State the open mapping theorem and the closed graph theorem.

b) Prove that the open mapping theorem implies the closed graph theorem.
Solution. See the textbook.

a) Let (fn)52, be a sequence in C(]0,1]). Prove that f, — 0 weakly if and only if
the sequence (fy,)22 is bounded and f,(s) — 0 for every s € [0, 1].

b) Give an example of a sequence (f,)>>; which tends weakly to 0, but which is
not norm-convergent.

Solution.

a) If f,, — 0 weakly then it is bounded, and since every point evaluation Js, s € [0, 1], given
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by ds(f) = f(s), is a continuous functional on C([0,1]), we have that f,(s) = ds(fn) — 0.
Conversely, if these two properties hold and p € M([0,1]) = (C]0, 1])*, then

1
euh) = [ Fuls)auts) >0
by the dominated convergence theorem. Thus f,, — 0 weakly.
b) Many different solutions are possible, e.g.

fa(@) = nxX(01 /0] () + (2 = nT)X (1 /n,2/n] (T)-

@ Suppose that K € C([0,1]?), and consider the corresponding integral operator,

1
Tf(z) = /0 K(r.y)f(y) dy.

Prove that T': C([0, 1]) — C([0,1]) is compact.

Hint: By the Stone—Weierstrass theorem, K (z,y) can be approximated uniformly on
[0,1]? by a sequence (p,,)S%; of polynomials p,(z,y).

Solution. If p,(z,y) = Zzszl cijz'y!, then ran T}, is a subspace of the polynomials of
degree N, and thus 7}, has finite rank. On the other hand

1
(T = Tp,) flloo < S%pl]/o K (2, y) = pulz, )| f ()| dy < K = pplloo]| f |-
x€|0,

Therefore || T — T}, || < ||K — pnlloc — 0 as n — oo, demonstrating that 7" is compact.

Define a kernel on [0, 1]? by

K(zy) = {:c(y —1)ify > =,

and consider the corresponding integral operator,

1
Tf(z) = /0 K(x,9)f(y) dy.

Show that T: L?([0,1]) — L?([0,1]) is compact and symmetric, and compute its
spectrum o (7T').

Solution. T is Hilbert—Schmidt and thus compact, since K is uniformly bounded by 1.
Furthermore, T' is symmetric, since K (x,y) = K(y,x), and K is a real-valued kernel. From
the spectral theorem of compact operators, we therefore know that o(7") consists of the
point 0 together with a sequence of real eigenvalues A # 0.
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The eigenvalue equation T'f(x) = Af(x) is equivalent to

x 1
() = (1) / yf () dy + / (v— 1)f () dy. (1)

0

Since the right-hand side is a continuous function of x, so is the left-hand side. By the
fundamental theorem we can therefore differentiate which yields that

1 1
Af'(z) = /0 yf(y)dy — / fy)dy.
By the fundamental theorem calculus again, we obtain that

Af'(x) = f(=). (2)

Thus the eigenvalue equation T'f(x) = Af(x) is equivalent to (2) supplied with the bound-
ary conditions f(0) = f(1) = 0, which are found by inspection of (1).

With 1/A = 2, B # 0, the general solution to (2) is of the form f(z) = AeP* + Be=F7,
The boundary conditions yield that e?# = 1, and thus that 8 = imn, where n € Z \ {0}.
Therefore the eigenvalues of T are of the form A = 1/8% = — -1

(mn)?"

In conclusion, o(T) = {0} U {—1/(7n)? : n > 1}.
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