
FUNCTIONAL ANALYSIS
Basic definitions in topology

1. Open and closed sets

Let (V, ∥ − ∥) be a normed linear space.

Definition 1. A sequence {xn}∞n=1 ⊆ V is called convergent if there exists x ∈ V
such that ∥x− xn∥ → 0 as n → ∞. In this case we say that {xn} converges to x
in norm, (or x is the limit of {xn} in V ) and denote xn → x.

Claim 1. A limit of a sequence is always unique, i.e. if xn → x in V and xn → y
in V then x = y.

Definition 2. For x ∈ V and r > 0, the (open) ball with center x and radius r is
the set

Bx(r) := {y ∈ V : ∥x− y∥ < r}.
The closed ball with center in x and radius r is the set

Bx(r) := {y ∈ V : ∥x− y∥ ≤ r}.

Definition 3. A set U ⊂ V is called open if for every x ∈ U there exists r > 0
such that Bx(r) ⊆ U .

Definition 4. A set K ⊆ V is called closed if the limit of every sequence {xn} ⊂
K, which converges in V , belongs to K. I.e., if {xn} ⊂ K and xn → x in V then
x ∈ K.

We mention two basic claims which follow from these definition.

Claim 2. A set U ⊆ V is open if and only if the set U c = V − U is closed.

Claim 3. The space V and the collection of all open subsets of V give a topological
space. I.e,

i) The sets V and ∅ are open in V .
ii) If U1, U2.... are open subsets of V then

∪
n Un is also an open subset of V .

iii) If U1, ..., UN are open subsets of V then
∩N

n=1 Un is also an open subset of V .

Note that an infinite intersection of open sets is not necessarily open. From
these two claims we immediately have:

Claim 4.

i) The sets V and ∅ are closed in V .
ii) If K1, K2.... are closed subsets of V then

∩
nKn is also a closed subset of V .

iii) If K1, ..., KN are closed subsets of V then
∪N

n=1 Kn is also a closed subset of
V .

We finish this section with an equivalent definition for convergence of a sequence.
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Claim 5. Let {xn} ⊆ V and x ∈ V . The sequence xn → x in norm if and only if,
for every open set U ⊆ V , with x ∈ U , there exists N > 0 such that every n > N
satisfies xn ∈ U . (Such a set U is called a neighborhood of x).

2. Interior and closer of a set

Definition 5. Let A ⊂ V .

i) A point x ∈ A is called an interior point of A if there exists r > 0 such that
Bx(r) ⊆ A.

ii) A point x ∈ A is called an exterior point of A if there exists r > 0 such that
Bx(r) ⊆ Ac = V − A.

iii) A point x ∈ A is called a boundary point of A if for every r > 0 we have
Bx(r) ∩ A ̸= ∅ and Bx(r) ∩ Ac ̸= ∅.

Definition 6. Let A ⊂ V .

i) The interior of A is the set

A0 := {x ∈ A : x is an interior point of A}.
ii) The boundary of A is the set

∂A := {x ∈ V : x is a boundary point of A}.
iii) The closer of A is the set

A := {x ∈ V : ∃{xn} ⊆ A s.t xn → x}.

In particular we have A0 ⊆ A ⊆ A. Note that the interior of a set is always an
open set and the closer of a set is always a closed set. Moreover, A is open if and
only if A = A0 and it is closed if and only if A = A. The closer of an open ball
Bx(r) is the closed ball Bx(r) and the interior of a closed ball Bx(r) is the open
ball Bx(r).

Here are some equivalent definitions

Claim 6. Let A ⊂ V . We have,

i) The interior of A is the biggest open set which is contained in A. I.e.,

A0 =
∪

U⊂A,U open

U.

ii) The closer of A is the smallest closed set which contains the set A. I.e.,

A =
∩

A⊂K,K closed

K.

Claim 7. Let A ⊂ V . We have,

i) A0 = A− ∂A,

ii) A = A ∪ ∂A.



We end this sections with two more definitions which will be discussed in class.

Definition 7. A subset A ⊆ V is called dense in V if its closer is V , i.e. if A = V .

Definition 8. A normed linear space is called separable if there exists a countable
subset in V which is dense in V .

Examples
All finite dimensional spaces are separable.
The spaces lq and Lq[0, 1] are separable for every 1 ≤ q < ∞.
The spaces l∞ and L∞[0, 1] are NOT separable. (The latter is the space of

all measurable functions which are bounded almost everywhere, with the norm of
essential supremum).

The spaces C0 and C[0, 1] are separable.

3. Continuous functions

Let (V1, ∥ − ∥1) and (V2, ∥ − ∥2) be two normed linear spaces.

Definition 9. A function f : V1 → V2 is called continuous if every convergent
sequence xn → x in V1 satisfies f(xn) → f(x) in V2.

For example, a norm on a vector space is always a continuous function, i.e., if
xn → x then ∥xn∥ → ∥x∥. (Check!)

The following claim states that a function between two normed spaces is con-
tinuous if and only if it is continuous when considered as a function between two
topological spaces.

Claim 8. A function f : V1 → V2 is continuous if and only if, the inverse image
of every open set in V2 is open in V1. I.e., U open in V2 → f−1(U) open in V1.

4. Bounded sets

Definition 10. A subset A ⊆ V is called bounded if there exists some M > 0
such that ∥x∥ < M for every x ∈ A.

For example, all balls are bounded sets. Another example is given in the fol-
lowing claim.

Claim 9. If a sequence {xn} ⊆ V is convergent then it is bounded.

Additional topological notions will be discussed throughout this course.


