FUNCTIONAL ANALYSIS

Exercise 3 - selected solutions

la) Let A C B and assume that B is of the first category. This means that B =
Upe , C,, where the sets C,, are nowhere dense. So A = ANB =U;2,C,, N B.
We claim that the sets C),, N B are nowhere dense, this will complete the
proof. Indeed, C,, N B C C,, so, (C, N B)° C (C,)° = 0.

1b) The closer of a nowhere dense set is nowhere dense. Indeed, if A is nowhere
dense then (A)° = (A)° = (). The closer of a set of the first category is not
necessarily of the first category: The closer of Q in R is R. The interior of
a set of the second category is not necessarily of the second category: The
interior of Q¢ in R is 0.

1c) Let W be a proper closed subspace of a normed space V' we show that W
is nowhere dense in V. We need to show that W° = (). Let x € W. Since
W is a proper subspace there exists some y € V — W. Given r > 0 consider
the vector x + ry/2||y||. On one hand, it is in B,(r). On the other hand,
it is not in W, otherwise, since W is a subspace and x € W, we wood have
had y € W. So, for every r > 0, the ball B,(r) is not a subset of W, which
implies = ¢ W?°.

2a) Assume that {z,} C KerT and = € V satisfy z,, — =. T is bounded, and
therefore continuous, so 0 = Tx, — Tx. So Tx = 0 or, in other words,
x € KerT'.

2b) If T is bounded then Im7T = TV is not necessarily a closed subspace of W,
even if both spaces are Banach spaces. Example: 7 : [! — [! defined by
T{a,} = {a,/n*}. (Check that it is indeed into [* and bounded). On one
hand we have,

a :=(1,0,0,0...) € ImT
a® :=(1,1/4,0,0...) € ImT
a® = (1,1/4,1/9,0...) € ImT
and so on. On the other hand a®) — (1,1/4,1/9,1/16,...) in [* but
(1,1/4,1/9,1/16...) ¢ ImT.
2c) Assume that T—! exists. Let x # 0 € V we have, T~ (Tx) = z and so,
lzll < N7 T2l < N7 HIT -

This implies that 1 < ||T7L|||T|.

2e) Let T be an isomorphism. Assume that V' is separable. This means that
there exists a countable subset B C V' which is dense in V. It’s image T'B is
therefore also countable, we claim that it is dense in W. Indeed, let w € W.
Since T is onto, there exists some v € V such that Tv = w. Since B is dense

in V| there exists some {b,} C B such that b, — v. Now, T is continuous,
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so Tb, — Tv = w. (The proof that if W is separable then so is V' is done in
much the same way, using the fact that 7! is continuous).

Assume now that V' is a Banach space. Let {w,} € W be a cauchy
sequence. Since 7' is an isomorphism there exists 7! which is also bounded.
We have, as n, m — oo,

1T~ wn = T~ | = 177 (wn — wn)l| < 1Tl lwn — wil] = 0.

So, {T~'w,} is a Cauchy sequence and therefore converges to some v € V.
Since T is continuous, w, converges to Tv. (The proof that if W is a Banach
space then so is V' is done in much the same way).

3c) For k(x,y) € L*0,1]* define T : L?[0,1] — L?[0,1] by
1
1)) = [ Kag) 1w
0
We show that this operator is indeed into L?[0,1] and is bounded.
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The last expression is finite since k € L?[0,1]2. Moreover, by taking square
root we find that T is bounded and ||T[| < [|k[|72p 2-

3d) For a sequence a = {a,}*°_ € [*(Z) define an operator T : [*(Z) — I*(Z) by
b={b,}>*0 = {D_,, Am—nbm}re_o. We show that this operator is indeed
into /? and is bounded.

ITHE= D | D anabn

n=—00 Mm=—00

2
<

i \ i V!am—n|¢|am_n\|bm|)2s

n=—00 m=—00

n=—oo Mm=—0o0 m=—o0
(oo} oo o0 [ee]

lalle 32 7 Jameallonl? = llalle 32 15l > Jam-al =
n=-—00 M=—00 m=—00 n=-—00

oo
lallf Y 1oml* = llaliF 1013

m=—00



The last expression is finite since a € [}(Z). Moreover, by taking square root
we find that 7" is bounded and ||T']| < ||al];.

4a) Let V' be a finite dimensional space over a field F and let vy,...,v, be a
basis for V. Denote by ey, ...,e, the Canonical basis in F". (lL.e., ¢, =
(0,0,..,0,1,0,..,0) with 1 at the k'th coordinate). We define an operator

T:F"—V by
T(Z akek) = Zakvk.

You are probably familiar with such operators and know that they are well
defined and give a linear isomorphism. We show that both 7" and T~!
bounded. First,

1T el = 1Y mvly < 3 lawlloil <
(S taul?) (S el?) " = (32 eul?) 1S vl

So T is bounded, and therefore continuous.

Now, the function f : F* — R, defined by f(z) = ||T'z||, is continuous,
since both 7" and || — || are continuous functions. The unit sphere, {z :
|z|| = 1}, in F™ is a compact, so f obtains there its minimal (and maximal)
value. This means that there exists some x € F", with ||z|| = 1 such that
|Tx|| < ||Ty] for every y € F", with |ly|| = 1. Denote C' = ||Tz| and note
that C' > 0. Indeed, since T is a linear isomorphism, we have Tz # 0 and
therefore ||Tx|| # 0. So

0<C< inf ||Ty| = inf [Tyl
lyli=1 vere yll
As we showed in class, this implies that 7! is also bounded, and therefore
that T is an isomorphism.
4b) We conclude that any two finite dimensional spaces over F, with dimension
n, are isomorphic. Indeed, if Vi and V5 are such, then both are isomorphic
to F? endowed with the 2-norm. I.e., there exist operators 7y : V; — F"
and Ty : Vo — F", which are isomorphisms. Now, it is easy to check that
Ty ' o Ty : Vi — Vs is also an isomorphism.
4c) We conclude that all finite dimensional spaces are Banach spaces. Since
every finite dimensional space is isomorphic to (F™, || — ||2), for some n, and
the spaces F™ are Banach spaces (check!), this follows from question (2e).
4d) We conclude that if W is a finite dimensional subspace of V', then W is
closed. Indeed, from question (4¢) we know that W is a Banach space and
therefore, by question (2b) in exercise 2, it is closed.
4e) We conclude that any two norms, || — ||; and || — ||2, on a finite dimensional
space V, are equivalent. Indeed, the spaces (V.| — ||1) and (V|| — ||2) are
isomorphic, by question (4b). Now we apply the equivalent form of defining
isomorphisms which was given in class.



