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FUNCTIONAL ANALYSIS

Exercise 2 - selected solutions

We claim that the set A = {{a,} € I : |a,| < 1} is closed in {'. Indeed, let
{a™} C A and a € [* such that a® — a. This implies that

Z la®™ — a,| — 0.

For every ng € N we have,

0 — o] < lal) — a,| = 0.

Therefore, if ya;’fﬂ < 1 then also |a,,| < 1. This means that a € A and so,
the set is closed. Since the set is closed we have A = A.

We claim that AY = {{a,} € I* : |a,| < 1}, denote the set on the right-
hand by B. First we show that B C A°. If a = {a,} € B then, since
lim a,, = 0, we have sup,, |a,| < 1. Choose r > 0 such that sup,, |a,|+r < 1.
We show that B,(r) C A. Indeed, if b € B,(r) then for every ny € N we
have

[ = ng| <) [bo — an| <7
n

SO by < |bpy — angl + |any] < 1 and therefore b € A. Now we show that
BN AY = (. (Where B¢ =[' — B). Indeed, let a € B¢, this means that at
least for one ny € N we have a,, > 1. Given r > 0, set

TG,
’ 2|an0|7

(with 0 at every coordinate n # ng). We have b € B,(r) and b ¢ A. This
implies that for any r > 0, the ball B,(r) is not a subset of A, which means
that a ¢ A°.
We show that the set B = {f € C[0,1] fo t)dt < 0} is open in C|0, 1],
C1[0,1] and C(2)[0,1]. (Finding the closer can be done in much the same
way).

Cw[0,1]: Let f € B. Choose r > 0 such that fo t)dt +r < 0. We show
that By(r) C B. Indeed, if g € By(r) then

/Olg(t)dt: /Olf(t)dt+/01(g(t) —f))dt <
/ dt+/|g |dt</f )dt + 1 < 0.

b=a+(0,0,..,0
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C[0,1]: Let f € B. Choose r > 0 such that fo t)dt + r < 0. We show
that By(r) C B. Indeed, if g € By(r) then

AE@&=/V@&+/@@_ﬂmﬁg
/f dt+/ lg(t) — F(t)]dt <

/f i+ sup (o) ~ <t>\}s/0 f(H)dt +r < 0.

Ci»[0,1]: Let f € B. Choose r > 0 such that fol ft)dt +r < 0. We
show that By(r) € B. Indeed, if ¢ € By(r) then by the Cauchy Schwarz
inequality

AE@@=/V@&+/@@_ﬂmﬁ§
/f dt+/ lg(t) — f(t)|dt <
/f dt+/‘g B*de)'? < /f )dt +r < 0.

1d) We show that the set B = {f € C[0,1] fo |f(t)]*dt < 1} is open in C0, 1]
and C(2)[0, 1] but not in Cy)[0, 1]. (The interior and closer are found in much
the same way).

C(2[0,1]: Let f € B. Choose r > 0 such that fl |f@)]2dt)/? +r < 1.
We show that By(r) C B. Indeed, if g € By(r) then

/ 9(t) 22 < / FOPd)Y + / 9(t) — F(B)Pd)"? <

(A\ﬂmmwﬂ+r<1

C10,1]: Let f € B. Choose r > 0 such that fl |f@)]2dt) /2 +r < 1. We
show that By(r) C B. Indeed, if g € By(r) then

/ 9(t) 22 < / FOPd)Y + / 9(t) — F(B)Pde)? <

( / o)+ suplo) — F6)) < / FORAY 4 < 1.

Cw[0,1]: Let f = 0. Clearly, f € B. We show that f ¢ B’ Given
0<r<1weset

2/r if0<t<”,
gt) == ¢ 2 — 5t if§§t<§,
0 if 2 <t <1



We have g € C(1y[0, 1] (the linear part in the middle was constructed in order
to make the function continuous). Now, on one hand

lglls < 2/r-r?/2=r,
so g € By(r). On the other hand

1
/ lg(t)|?dt > 4/r* - r?/4 =1,
0

which implies that ¢ ¢ B. This means that for every r > 0, there exists a
ball, B(r), which is not a subset of B. So, f ¢ B°.

le) We claim that in [*°, we have Coo = Cy. First we show that Cy C Cyp.
Let a = {a,} € Cp, then lima, = 0 as n — oco. Given k € N, let b*) =
(ay,as, ...,ax,0,0,...). Clearly b*) € Cyy. Moreover, we have b*) — ¢ in [
since:

6™ — a|oe = sup [b*) — a,| = sup |a,| — 0.
n n>k

So a € Cyp.
Now we show that C§NCpy = ) (where C§ = 1 —Cy). Let a = {a,} € C§.
Since a,, - 0, there exists some ¢ such that for every K € N, one can find a
k > K for which |ag| > 6. This means that if b € Cy then ||a —b||» > 0, and
therefore that a cannot be approximated by elements from Cpg. So, a ¢ Coyo.
1f) This exercise was discussed in class.
1g) We sketch the proof: Put

QP:{a0+a1t+a2t2+...+ant":nEN,ajE@forallogjgn}.

Using standard arguments one can easily show that QP is a countable set.
We claim that it is dense in C[0, 1] and C(4)[0,1], 1 < ¢ < co. Indeed, from
the Weierstrass approximation theorem, we know that the set

P:{a0+a1t+a2t2—|—...—|—ant”:nEN,ajG.Fforall()gjgn}.

is dense in these spaces (where F is either R or C according to the field over

which we are working). Therefore, to complete the proof, one needs to show

that, in each one of these norms, a polynomial from P can be approximated

by polynomials from QQP. Since Q is dense in JF, this can be done easily.
1h) We show that [* is not separable. Consider the set:

A={(ay,ay,...) a; =0or 1, for all j € N}.

Clearly A C [* and it is known that A is not countable. If a,b € A then
|la—b||o = 1. This implies that the balls { B,(1/2)},ca are pairwise disjoint.

Assume that [*° was separable, this means that there exists some subset
B which is countable and dense in the space. Since B is dense there must be
an element from B in each of the balls {B,(1/2)}4ca. Since these balls are
pairwise disjoint, there is a different element from B in each one of them.
But B is countable while A is not — we arrived to a contradiction.
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We claim that C' is separable. Indeed, the set
{(a1,a2,....;an,b,b,b,b,b...) :n € Nya; € Qforall 1 <j <n,beQ},

is countable and dense in the space. (Check!).

Let {a,} € X be a Cauchy sequence, we show that it is bounded. Since the
sequence is Cauchy, there exists some K > 0 such that ||a, — a,| < 1 for
every n,m > K. This implies that for every n > K we have ||a,|| < |lak|+1.
So,

sup |a,| < sup |a,|+1,
n 1<n<K

and the last term is clearly finite.
—: We first assume that W is a Banach space and show that it is closed.
Let {zx,} C W and = € B such that x,, — z. Since z,, converges in B it
is, in particular, a Cauchy sequence. Therefore, since W is a Banach space,
there exists some y € W such that x,, — y. From the uniqueness of the limit
in B, this implies that = y and therefore, that z € W.

+: Now, we assume that I is closed and show that it is a Banach space.
Let {z,} € W be a Cauchy sequence. Since B is a Banach space, there
exists some x € B such that x,, — z. Since W is closed we have x € W,
which implies that the Cauchy sequence {z,} converges in W.

First requirement of a norm: ||Z||y,w = 0 iff infycz [|y|[v = 0. This happens
iff there exists some {z,} C W such that ||z — z,||y — 0. But, since W is
closed (!), this happens iff x € W or, in other words, iff 7 = 0. Homogene-
ity: lazllvw = @ lvar — infyeas [yl = infyes Jayllv = ainfyes [yl —
a||z||yw. Triangle inequality:

17+ Zllvyw = [z + zllvyw = inf_|lyllvy =
yexr+z
inf 1 +uelly < inf (lnllv + [lgellv) =
Y1€T,Y2€2 Y1€T,Y2€2
Inf iyl + nf flyallv = IZlvw + 1Z]vw-
First we remark that the norm in V/WW may be written in the following way
(which we are going to use):

T = inf = inf ||z — .
Izllvyw = inf llylly = inf [lo —yllv

Let {7} C V/W be a Cauchy sequence. First, (by taking a subsequence
if needed) we may assume that

1
2n+1

|Znr1 — x_nHV/W <

(This assumption may be done since, if a subsequence of a Cauchy sequence
converges, then the sequence converges — Check this!).



We build a sequence of elements {y,} C W in a recursive way. First, we
choose some y; € W. Assume that yy, ..., y, have already been chosen. We
choose y,11 so that

1
| (Znt1 — Zn) = Wnt1 — Un)llv < on’

Such a choice exists by the definition of the norm in V/W. The sequence
{z, — yn} is a Cauchy sequence in V. Indeed, if £ < m then,

1(Zm = ym) = (e = yi)llv <

n=m—1 n=m—1

1
D @ —2) = s —wa)lv < D2 5
n=k n=k

and the last term tends to zero as k, m — oc.
Since V' is a Banach space there exists some z € V such that z,, —y, — 2.

We have
|z = Zllvyw = |20 — 2llvyw < |20 —yn — 2| = 0.

So the sequence {7, } converges and therefore, V/W is a Banach space.




