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FUNCTIONAL ANALYSIS

Exercise 1 - selected solutions

Assume that 77 = wy and U3 = w,. This means that v; — w; € W and
v9 — we € W. We want to show that v; + v = w; + w, and therefore the
"sum" in this space is well defined. Now, since W is a linear subspace:

(1)1 +U2) — (w1 +w2) = (Ul —wl) + (UQ —wg) e W.

So v1 + v ~ wy + wy or, in other words, vy + vy = wy + wo.

The proof that the "multiplication by scalar" is well defined is done in
much the same way.

We check some of the linear space axioms, we use the fact that the "sum"
and "multiplication by scalar" in V satisfy these axioms (check where this
is used!). For the "sum":

i) V1 +Uy =01 +v3 =09+ v = Vg + 1.

i) U1+ (T2+03) = U1+vg + v3 = v1 + (V2 4+ v3) = (V1 + v2) + v3 = V1 + V2 +
U3 = (U1 + 02) + Us.

iii) The coset 0 = W acts as the "zero". Indeed o7 +0 = v; + 0 = 7.

iv) For 77 the coset —uv; satisfies: 77 + —v; = v — v = 0, which, as we
showed in (iii) is the "zero" in the space.

The rest of the linear space axioms are proved in much the same way.
—: Assume that 7,03, ..., T, is a basis in V/W. Let x € V, then T € V/W
and, by the definition of a basis, there exist scalars aq, as, ..., a, such that
T = aiU] + a9y + ... + a,U, = a1V + as¥y + ... + a,v,. This means that
x — (av1 + agvy + ... + a,v,) € W, so there exists a vector w € W such that
r = w—+a1v; + asvs + ... + a,v,. We show that this representation is unique.
Assume that in addition x = u + byvy + byve + ... + b,v,, for some v € W and
scalars by, bo, ..., b,. This implies that

W+ a1v] + agvy + ... + a,v, = u + byvy + bave + ... + byv, (1)

and therefore, since W' is a subspace, that (ajv; + agvy + ... + a,v,) — (b1v1 +
bavo+...4+byv,) € W. We get ajvy + agvs + ... + anv, = bivy + bovs + ... + byv,
or, a vy + asvs + ... + a,v, = bivy + bovs + ... + b,v,. Since 17,0y, ..., 0, is a
basis this implies that a; = by, as = bo, ..., a,, = b,. From (1) we get that
w = u as well.
+: Assume now that for every = € V there exist unique scalars aq, ao, ...

, a, and a unique vector w € W such that x = w + a1v1 + asvs + ... + a,v,.
We first show that 77,73, ..., 7, spans V/W. Indeed, let T € V/W. For some
scalars aq, as, ..., a, and a vector w € W we have r = w + a1v1 + asvs + ... +
a,U,. This means that = — (ayv1 + agve + ... + a,v,) € W or, in other words,
that T = a1v1 + agvy + ... + apv, = a101+ax0s+...+a,v,. Now we show that
U1, Vg, ..., Uy, is linearly independent. Assume that a,v7 4+ a2v3 + ... +a,v, = 0.
This means that a;v; + asvs + ... + a,v, € W, or, in other words, that there

exists some v € W such that —u + a1v; + asve + ... + a,v, = 0. But, by
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our assumption, 0 has a unique representation as such a sum: the trivial
representation. This implies that a; = ay = ... = a,, = 0 (and also that this
u equals 0). Since the system spans the space and is linearly independent —
it is a basis.

Let wy, ..., w,, € W be a basis for W and vy, 03, ..., 7, be a basis for V/W. We
show that wq, ..., w,,, v1, .., v, is a basis for V, this will imply that dimW +
codimyW = dimV.

First we show that the system spans the space. Let z € V. By part (b)
of this question we know that * = w 4+ ajvy + asvs + ... + a,v, for some
scalars aq, ..., a, and some w € W. Now, since wy, ..., w,, is a basis for W,
there exist scalars by, ...b,, such that w = byw; + ... + b,,w,, and therefore
r=biwy + ... + bpwy, + a1V + asve + ... + anv,.

Now we show that the system is linearly independent. Assume that for

some scalars aq, ..., a,, by, ...b,, we have 0 = byw; + ... + b,,w,, + a1v1 + asvs +
... + ayv,. From the uniqueness of the representation in part (b) of this
question (which follows from the fact that o7, v, ..., 7, is a basis), we have
a1 = ...=a, =0and 0 = bywy + ... + b,w,,. Since wy,...w,, is a basis for
W, this implies that by = ... = b,, = 0.
We claim that codimaCy = 1. To see this we prove that every a = {a,} € C
can be represented in a unique way by a = A\b + ¢ where A is a scalar,
b=(1,1,1,...) € C and ¢ = {¢,} € Cp. This, by part (b) of this question
will imply that {b} is a basis for C'/Cy and therefore that codimgCy = 1.
First we show that there exists such a representation. Let a = {a,} € C,
lim a,, exists, denote it by A. It is easy to check that a — \b € Cj, which
proves that such a representation indeed exists. Now we show that the
representation is unique. Assume that A\ib + ¢ = \b + d where A\, Ay are
scalars and ¢,d € Cy. It follows that (A — Ag)b = d — ¢ € Cy, but, this
clearly implies A\; = Ay (since b ¢ Cp), and therefore also that d = c.

We claim that S/C' is not finite dimensional. To show this we need to find
an infinite sequence of vectors in S/C which is linearly independent. This
can be done in many ways, for example, consider the sequence:

a; = (1,0,1,0,1,0,1,0,1,.....)

ay =(1,0,0,0,1,0,0,0,1,.....)

az = (1,0,0,0,0,0,0,0,1,.....),
and so on. Assume that, for some scalars Aq, ..., Ay, we have \ja,, + ... +
kG, = 0 (where ny < mg < ... < ny). This implies that A\ja,, +... +A\pay,, €
C, or in other words that the sequence given by this linear combination has
a limit. Now, it is easy to check that there are subsequence of this sequence
who tend to: 0, A\{,\; + A2, and so on. Since the limit exists this implies that
all the \; are zero.
We define an operator T : V;/kerT — imT in the following way: T(7) =

Tv. We show that this operator is well defined and that it gives a linear
isomorphism. Well defined: If v; ~ vy then v; — vy € kerT, or in other words
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Tv, = Twy. Linear: T(v7 +03) = T(vy + v3) = T(vy + v) = Ty + Tvy =
T (v7) +T(73). One can show the "multiplication by scalar" in the same way.
1-1: If, T(v7) = 0 then Tw; = 0 which implies v; € kerT or in other words,
vy = 0. Onto: If w € imT' then there exists v € V; such that Tv = w, so

T(0) = w.

Well defined: If v; — vy € W then ||v; — va]] = 0. So, since the semi-norm
| — || satisfies the triangle inequality, ||v1]l1 = |Jv1]| < [Jur — ve|| + ||va]| =
|vz|| = ||oz|l1. By symmetry we have ||7||; = ||z]];. First norm condition:
|oi|li = 0 iff ||v1]] = O which happens iff v; € W, or in other words iff
v1 = 0. Homogeneity: ||av||; = ||av|; = ||lav|| = |al||v]| = |a|||7||;. Triangle
inequality: [[v1+02][1 = [[or + 02y = [[vstvell < florf[+]v2ll = [[or]l +[|v2]]1-

Let B be a ball with center z and radius r. If x,y € B and 0 < a < 1 then
laz+(1—a)y—z|| = |la(z—2)+(1—a)(y—2)|| < all(z—2)[|+(1—a)lly—z] <
ar+ (1 —a)r=r. Soax + (1 —a)y € B.

Assume that 0 < ¢ < 1 and [|(ay, ...a,)|| = (3 |a;/7)Y/9 is a norm on R", we
wish to get a contradiction. Let B be the ball with center 0 and radius 1
with respect to this norm.

Clearly, we have (1,0,0,0, ...,0), (0,1,0,0, ...,0) € B. This, by part (b) of this

question implies that (1/2,1/2,0,0,...,0) € B. However ||(1/2,1/2,0,0,...,0)|| =

((1/2)7 + (1/2)7)Y/4 = 21/9/2 > 1, since ¢ < 1. This is a contradiction.

A sequence of functions f,, € M0, 1] converges to a function f € M][0, 1] in
measure if for every ¢ > 0,

lim m{t: [f.(t) — f(t)| >} — 0.
n—oQ
Define the following metric on M0, 1]:

d(f,g) = / min{|f - gl,1}.

First we show that this is indeed a metric. First property of a metric:
d(f,g) = 0 iff fol min{|f — g|,1} = 0. This happens iff min{|f —g|,1} =0
almost everywhere, or in other words if f = g almost everywhere, i.e., iff
f ~ g. Symmetry: Clearly, d(f,g) = d(g, f). Triangle inequality: for every
z € [0,1] we have |f(z) — g(z)| < |f(z) — h(z)| + |h(x) — g(x)|. Therefore
min{|f(z) —g(z)|, 1} < min{[f(z) —h(2)], 1} +min{|a(z) — g(x)], 1} and so,

1
d(f,g) = | min{|f —g|,1
(F) = [ mindlf —gl.1) <
1 1
/o min{|f — k|, 1} +/O min{|h — g|, 1} =d(f, h) + d(h,g).
Now, for a fixed 0 < ¢ < 1, denote A, (g) = {t : | fn(t) — f(t)| > €}. We have

1
/0 min{|f, — f|, 1} =



| winfif = fl e [ minglf - 71,13
An(e) Az (e)
where A¢ () = [0,1] — A,,(¢). This implies that

e m(Ay(e)) < / min{|f, — f1,1} < m(Au(e)) + - 1.

We see that on one side, if d(f,,, f) — 0 then m(A,(¢)) — 0, as n — co. On
the other side, if f,, — f in measure then given € > 0, there exists N € N
such that for every n > N we have m(A4,(¢)) < € so

1
d(fun f) = / wmin{|f, — fI.1} < 2,

and therefore d(f,, f) — 0.
5*b) Hint: no.



