FUNCTIONAL ANALYSIS

Exercise 7

1) Find the dual operator of the following operators. (Check that these opera-
tors are indeed bounded).

a) T : 1> — [? given by T(ay,as,...) = (0,ay,as,as,...). And, K : [* — [?
given by K(ay,as,as,...) = (as,as, ...).

b) S : L'0,1] — L'[0,1] given by (Sf)(t) = m(t)f(t) where m(t) is some
function in L*°[0,1]. And, S : L?*[0,1] — L?[0, 1] given by (Sf)(t) =
m(t) f(t) where m(t) is some function in L*°[0, 1].

c) Let K € N and {a*}, C 3. Consider the operator T : [3? —
(‘FKv || - ||2) given by T = {<b’ ak>}§:1'

d) The operator described in exercise 3, question 3a.

e) The operator described in exercise 3, question 3d.

2) Here we discuss some properties of dual operators and their consequences.
Let T,S : V — W be two bounded operators.

a) Show that (T'+ S)* =T* + S* and (aT')* = aT™

b) Show that if 7! exists and is bounded then (T™*)~! exists and (T*)~! =
(1)

¢) Show that (Im7)* = KerT*. Conclude that if T is onto then T* is 1-1.

d) Show that if ImT is finite dimensional, then there exist y,...,y, € W
and fi,.., f, € V* such that for every z € V:

Te=> " fi(z)y;.
j=1

2) Here we discuss some examples and properties of complete systems, minimal
systems, and Schauder bases.

a) Show that if there exists a complete system {z,}>° ; in a normed space
X then the space is separable.

b) Let V and W be two separable, isomorphic, Banach spaces, and T :
V. — W be an isomorphism between them. Show that the system
{z,}I'=3° C V is complete/minimal/a Schauder basis in V' if, and only
if, the same can be said about the system {7z, } in W.

c¢) Show that if {x,} € X is a Schauder basis then there exists a system
{fn} € X* such that for every z € X:

T = Z(x, fa)Tn.

¢) Under which conditions on a,b € F and 1 < ¢ < o0, is the system {ae;+
beji1}52, complete in 177 (Where the vectors {e;} are the canonical
basis). The same question for the system being minimal, exact, or a

Schauder basis.
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d)
c)

Show that the system {e™} is minimal in every LI[—7, 7], 1 < ¢ < oo.
Let 1 < ¢ < oo and {a®}5°, C I be a complete system in 1%, Show
that, for every ¢1 < ¢ < oo, {a®} C 17 and moreover that it is a
complete system there. Assume that this system is minimal in [, show
that it is also minimal in [9.
Consider the space [?(Z) which was described in exercise 3, question 3d.
Define an operator on this space T : [*(Z) — I*(Z) by S{a,}>> . =
{any1}52 . (this is the shift operator, check that it is an isomorphism
and, in particular, that 7! exists). For a vector a € [*(Z) and k € N
set:

T*ra=ToTo..0oTa, Ta=a
and

T k=TT o .. oT  a.

Show that for a = {a, }>, € [*(Z), the system {T*a}?°___ is complete
in [*(Z) if, and only if, >>°7 _ a,e™ # 0 almost everywhere on [—7, 7].
(Where this sum is understood to converge in the norm of L?*[—m, 7],
and therefore defines a function in this space).



