
FUNCTIONAL ANALYSIS

Exercise 6

1) Let X be a normed space over a field F .
a) Let x1, ...., xk be linearly independent vectors in X and let c1, ..., ck be

a sequence of scalars in F . Show that there exists a bounded linear
functional f ∈ X∗ which satisfies f(xn) = cn for every n = 1, ..., k.

b) Deduce from (a) that any finite linearly independent sequence of vectors
in X has a dual sequence. I.e, there exist g1, ...., gk in X∗ such that
gn(xm) = δn,m (which is 1 for n = m and 0 otherwise). Such sequences
x1, ..., xk and g1, ..., gk are called bi-orthogonal. Show that every x ∈
span{x1, ..., xk} satisfies x =

∑k
n=1 gn(x)xn.

c) Let E ⊆ X be a closed subspace. Show that (X/E)∗ = E⊥.
d) Show that there exists a bounded linear functional f ∈ (l∞)∗ which

satisfies the following property: If {an} ∈ l∞ and limn→∞ an exists,
then f({an}) = limn→∞ an.

e) Let A ⊆ X be a subset of vectors which satisfy the following property:
For every f ∈ X∗ there exists a constant C(f) such that

|f(x)| ≤ C(f) ∀x ∈ A.

Show that A is bounded (i.e., there exists some constant C, such that
∥x∥ ≤ C for all x ∈ A).

f) Let Y be a normed space over F and L ⊆ B(X, Y ) be a set of bounded
linear operators, which satisfy the following property: For every x ∈ X
and f ∈ Y ∗ there exists a constant C(x, f) such that

|f(Tx)| ≤ C(x, f) ∀T ∈ L.

Show that L is bounded in B(X, Y ) (i.e., there exists some constant C,
such that ∥T∥ ≤ C for all T ∈ L).

g) A subset A ⊆ X is called complete in X, if span(A) is dense in X. Show
that A is complete in X if, and only if, the following property holds:
If f ∈ X∗ and f(x) = 0 for every x ∈ A then f ≡ 0. Show that the
system {ej}∞j=1 with ej = (0, .., 0, 1, 0, ...) (1 only in the j-th coordinate),
is complete in lq for every 1 ≤ q < ∞. Is it complete in l∞?

2) Here we discuss the property of reflexivity. Let X be a normed space.
a) Show that if X is reflexive and E ⊆ X is a closed subspace of X, then

E and X/E are also reflexive.
b) Show that ifX∗ is separable then so isX. Deduce that l1 is not reflexive.
c) Show that any finite dimensional space is reflexive.
d) Show that X is reflexive if and only if X∗ is reflexive. Deduce that l∞

is not reflexive.
e) Show that if X is reflexive then for any bounded linear functional f ∈

X∗, there exists an element x0 ∈ X such that ∥f∥ = |f(x0)|
∥x0∥ . (I.e., the
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supremum with which the norm of f is defined is in fact a maximum).
Show that this property is not true for X = l1. (I.e, find a bounded
linear functional on l1 for which this supremum is not obtained.)

f) Show that C[0, 1] is not reflexive.


