FUNCTIONAL ANALYSIS

Exercise 5

1) Here we characterize some dual spaces.
a) Show that (IP)* = (4 for every 1 < p < oo, where 1/p+1/q = 1.
b) Show (Cp)* = 1.

2) Here we give a geometric description of linear functionals. Let X be a normed
space over a field F.

a) Let f : X — F be a linear functional and denote K = ker(f) = {z €
X : f(x) = 0}. Show that codimyx K = 1.

b) Let L C X be a subspace of X which satisfies codimy L = 1 show that
there exists a linear functional f : X — F such that ker(f) = L.

c) Let f,g : X — F be two linear functionals such that ker(g) C ker(f).
Show that there exists a constant A € F, which satisfies f(z) = Ag(z)
for every x € X. Deduce that either ker(g) = ker(f) or ker(f) =
X. Conclude that, up to multiplication by a constant, every linear
functional is defined by a subspace of codimension 1.

d) Let f: X — F be a linear functional and denote K = ker(f) = {z €
X : f(x) = 0}. Show that f is bounded if and only if K is closed.

3) Let X be a finite dimensional normed space.
a) Show that every linear functional on X is bounded.
b) Show that every linear operator on X is bounded.



