FUNCTIONAL ANALYSIS

Exercise 4

1) Let X and Y be normed spaces and 7" : Dom(7T) — Y be a linear operator
which acts on a subspace of X.

a) Show that if 7" is 1-1 and closed then 771 : Im(7) — X is also closed
(where Im(T') is considered as a subspace of Y).

b) Assume that Dom(7) = X. Show that if 7" is closed then {z € X :
Tx =0} is a closed subset of X.

¢) Assume that Dom(7) = X. Show that if S : X — Y, is bounded and
T is closed then T+ S is also closed.

d) Assume that X and Y are Banach spaces and denote the graph of T" by
G(T). Show that there exists an operator T, with graph equal to G(T),
if and only if G(T') does not contain any point of the form (0,y) with
y # 0 €Y. (Such an operator is called the closed extension of T').

e) Assume that Y is a Banach space and T is bounded on Dom(7"). Show
that if 7" is closed then Dom(T') is a closed subspace of X.

f) Show that if X =Y = C[0, 1], Dom(T) = C?0,1] and T'f = f” then T
is closed.

g) Show that if X =Y = C[0, 1], Dom(T') = {f € C[0,1] : Ellimt_m@}
and (Tf) = @ then 7' is closed.

2) The following questions can be solved by applying theorems studied in the
past two weeks in class.

a) Let X,Y be Banach spaces and {7,,} C B(X,Y) be a sequence of
bounded operators. Show that there exists 7 € B(X,Y) such that
T,r — Tx, for every x € X, if and only if the following two conditions
hold:

i) There exists a dense subset M C X such that the sequence {T,,x}
converges in Y for every x € M.
ii) There exists a constant C' > 0 such that ||7,| < C for every n.

b) Let X,Y be Banach spaces and T : X — Y be 1-1. Show that 7! :
Im(7T') — X is bounded if and only if Im(7") is closed in Y.

c) Let {a,} be such that the series > a,b, converges for every {b,} € Cj.
Show that Y |a,| < co.

d) Let A and B be two closed subspaces of a Banach space X which satisfy
ANB =10. Show that A+ B={a+b:a€ A, be B} is closed in X if
and only if there exists a constant C' > 0 such that

max{|[al, [|b][} < Clla + b

e) Let X be a Banach space and assume that F' C X is a Hamel basis for
X. Show that F' is not countable.



