
FUNCTIONAL ANALYSIS
Exer-Size 2

1) Here we discuss some basic topological properties of normed linear spaces.
a) Make sure you know how to prove claims 1-9 from the document "Basic

definitions in topology".
b) Is the set A = {{an} ∈ l1 : |an| ≤ 1} closed in l1? Find A and A0 in l1.
c) Is the set B = {f ∈ C[0, 1] :

∫ 1

0
f(t)dt < 0} open in C[0, 1], C(1)[0, 1],

C(2)[0, 1]? Find B and B0 in each one of these spaces.
d) Is the set B = {f ∈ C[0, 1] :

∫ 1

0
|f(t)|2dt < 1} open in C[0, 1], C(1)[0, 1],

C(2)[0, 1]? Find B and B0 in each one of these spaces.
e) Find C00 in l∞.
f) Show that lq is separable for every 1 ≤ q < ∞.
g) Show that C[0, 1] and C(q)[0, 1], 1 ≤ q < ∞, are separable.
h) Show that l∞ is NOT separable. Is C separable?

2) Here we discuss some basic Banach spaces and their properties.
a) Show that every Cauchy sequence is bounded.
b) Prove the claim: If B is a Banach space and W ⊆ B is a subspace of B

then W is a Banach space (with the norm induced from B) if and only
if it is closed in B.

c) Make sure you know how to prove that lq, 1 ≤ q ≤ ∞, C, C0 and C[0, 1]
are Banach spaces.

d) Make sure you know how to prove that C(q)[0, 1], 1 ≤ q < ∞, are NOT
Banach spaces.

e) Show that if the spaces (V1, ∥ − ∥1), (V2, ∥ − ∥2), ...., (Vn, ∥ − ∥n) are
Banach spaces then

∏
1≤j≤n Vj is a Banach space, with any one of the

norms defined in question 4c from Exercise 1.

3) Let V be a Linear space and W ⊆ V be a closed subspace of V . Define a
function ∥ − ∥V/W : V/W → R+ by ∥x∥V/W = infy∈x ∥y∥V

a) Show that ∥ − ∥V/W is a norm on V/W . (Why did we request that W
is closed?)

b) Show that if V is a Banach space then (V/W, ∥ − ∥V/W ) is a Banach
space as well.

4) Here we discuss the completion theorem.
a) Show that the completion of a space is unique, up to isometric isomor-

phisms. I.e. if there exist two Banach spaces V̂ and Ṽ and there exist
two linear operators T1 : V → V̂ and T2 : V → Ṽ which are isometries
and satisfy T1V = V̂ and T2V = Ṽ then V̂ ∼= Ṽ .

b) Show that if V is separable then its completion V̂ is also separable.
Assume that B is a Hamel basis for V , is TB a Hamel basis for V̂ ?
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