FUNCTIONAL ANALYSIS

Exersize 1

1) For a linear space V' and a subspace W C V denote by V/W the set of all
cosets 1 ={weV:iw—-—veW}

a) Show that the actiones 77 + U3 = v; + vy and av = @v are well defined

and that V/W is a linear space under these actions.

b) Show that oy, 73, ..., T, is a basis in V/W if and only if, for every x € V'
there exist unique scalars aq, as, ..., a,, and a unique vector w € W such
that r = w + ayv; + agve + ... + a,v,.

) Show that if V' is finite dimensional then dimW + codimy W = dimV'.

) Find codimcCy. Is S/C finite dimensional?

) Let T : Vi — V3 be a linear operator. Show that V; /kerT = imT'.

) Let || — || be a semi-norm on V' and denote W = {v € V : ||v|| = 0}.
Show that the function || —[|; : V/W — R* given by ||7||; = [|v]| is well
defined and is a norm on V/W
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2) Check that the following spaces are normed spaces.

a) B[0,1] and C[0, 1] with the norm || f|| = sup;c(o 1 [f(2)]-

b) 1>, C and Cy with the norm [[{a;}|| = sup;<;_.. |a;].

¢) 1Y, C1y[0,1] and L*[0, 1] with the norms defined in class. Make sure you
are familiar with the proof that (7, C,[0,1] and L[0,1] are normed
spaces for any g > 1.

d) Recall the space C''[0,1]. Does || f|| = sup,cp ) |f/(t)] define a norm in
this space? What about || f|| = supyeo ) |/ (¢)| + supyepo ) [//(£)]7

3) Let V be a normed space. A ball of center z € V' and radius r > 0 is the set
{y:lly—af <r}

a) Draw a sketch of the unit ball (z = 0, r = 1) in the space R? under each
one of the norms || — |1, || = |l2, || = [|s and || — ||oc defined in class.

b) Show that a ball in a normed space is a convex set (i.e., if z,y € B and
0<a<1thenar+ (1 —-a)y € B).

¢) Show that if 0 < ¢ < 1 then [|(a1, ...a,)|| = (3 |a;|7)'/? is not a norm
on R"™.

4) Let V4, V4, ..., V,, be a linear spaces. Define the set H1<j<an =V x Vy x
e X Vo ={(v1,.0,0p) 1y €V, V1< j<n} o
a) Show that ], ;.,V; is a linear space with the actions (vi,...,v,) +
(w1, .oy wy) = (V1 + W1, ooy vy, + wy) and a(vy, ..v,) = (avy, ..., avy).
b) Assume that for every 1 < j < n, B; C V; is a Hamel basis in V;. Is
[.<j<, B;j a Hamel basis in [],_;.,, V;7
c) Assume that (Vi, || —]1), (Va, | = |2)s ---ss (Vi || = ||ln) are normed spaces.
Show that [[,,.,, V; is a normed space under each one of the following

norms: [|(vr, ..., v )[| = supy< <y vglly and [[(va, ..o va) | = 3215 vl
1



5) Consider the space M0, 1] as a space of functions defined almost everywhere,
as we did in class for L?[0,1]. (formally this means that M|0, 1] is a quotient
space under the relation f v~ g < f =g a.e.).

a) A sequence of functions f,, € M|0, 1] converges to a function f € M|0, 1]
in measure if for every ¢ > 0,

Tim m{t | fut) = F(8)] > £} = 0.

Does there exist a metric d on M [0, 1] which satisfies: f,, — f in measure
if and only if d(f,, f) — 07

*b) A sequence of functions f,, € M[0, 1] converges to a function f € M|0, 1]
almost everywhere if for almost every ¢ € [0,1] we have f,(t) — f(t).
Does there exist a metric d on M0, 1] which satisfies: f, — f almost
everywhere if and only if d(f,, f) — 07



