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Problem 1. Find -
ﬂ [log n, 00)

where m denotes the Lebesgue measure on R.

Solution: Since -

[log n,00) =

n=1

then is has measure 0.

Problem 2. Find a Borel measurable set £/ C R that satisfies simultaneously the
following conditions:

1. E is uncountable,

2. E has Lebesgue measure 0,

3. E is dense in R.

Solution: One can take E = C'U @), where C' is a Cantor set.

Problem 3*.
For a set A C R denote

A+ A ={zx+y|lz,ye A}.

For example, if A = {1,2}, then A+ A = {2,3,4}. Find a set A of Lebesgue
measure 0 such that A+ A = R.
Hint: One can take A = C' + Z and then use the fact that [0,1] C C' + C.

Problem 4.

Let
~ S I,
el n(n+1)

a. Prove that f is unsigned measurable.
b. Find the Lebesgue integral

R

c. Find the smallest p > 1 such that f ¢ L,(R). Give the arguments.
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Solution:a. f is unsigned measurable because it is pointwise limit of a sequence of
unsigned simple functions

= lim Z] n(n+1)]

k~>oo —

b. By Tonelli’'s theorem

> 1 Mol 1
dr = —— =1l - — = lim 1—-1/(M+1)=1.
/Rf(x) ’ nz::ln(nle) Mlinoo;::l(n n+1> s /(M +1)
c. Answer p = 2. Clearly,

0 x <0,
oo, =0

f([L'): ) )
n 7€ (s mmegh "EN
0, x>1/2.

Therefore,

P 2nP
/R]f(x)\ dx_nz::ln(n—l—l)(n—i-Q)'

The last series is convergent for p < 2 and divergent for p > 2 because

q
n=1 n

is convergent only for ¢ > 1.

Problem 5. Find the following limits

a. -
lim nre "dx.
n—oo 0
b. .
CoS T
lim | ——dx.
t—0 Jr 22 — 220+ 2
c.
2
lim [ 2"(2 —z)"dx.
n—oo 0

Hint: First prove that corresponding functions are measurable for each n € N.
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Solution: It is easy to check that that all the functions are continuous and therefore
measurable.
a. By linear change of variables y = nx we get that for eac n € N

/ nxe "Fdxr = —/ nxe "“dnr = —/ ye Ydy.
0 n Jo n Jo

It is easy to show now that ye ¥ € L]0, 00] since it is continuous bounded and
also

. yev
ylggo 1 /y2 = 0.
Therefore .
lim nre "dr = 0.
n—oo 0

b. Take any sequence t, such that lim,_,. ¢, = 0 and denote

cos Tty
Jalz) = 2?2 —2x 42
Since | f,,(z)| < h(z) for all z € R, where
1
We) = — —
(z) x? —2x+2’

and h € Li(R), we get by Dominated Convergence Theorem that

cos rt, cos xt, 1

lim [ S8 —/' _ COSTln :/7 _
Ao Rx2—2x+2dx Rng&ﬂ 21‘4—23: Rx2—2x—|—2dx T

The last identity can be easily obtained using Riemann integral. Since ¢, was
arbitrary this implies that

cosxt
lim | ————dx =T.
t—0 Jr 22 — 22 + 2

c. Denote f,(x) := 2"(2 — x)"Ij . First it is clear that 0 < x(2 — 2) < 1 for all
z € [0,2] and therefore |f,(z)| < Ijg2)(x) for z € R. Also,

0, z#1,
1, =z=1.

n—oo

lim f,(z) = {
Finally by DCT

lim Z—m”dx—/ lim f,(z)dz = 0.
n—oo n—oo
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Problem 6. Let
fulz) = nre "I ) ().

a. Find the function g(x) such that lim, . f,(z) = g(z) for all z € R.

b. Determine if f,, — g uniformly or almost uniformly.

c. Determine if f,, — ¢ in Ly or in measure.

Solution: a. Clearly g(x) = 0 as it is easy to check both for x > 0 and z < 0.
b. Since for each n € N

sup |fu(z) — g(x)| = |fn(1/n) — g(1/n)| = 1/e,

zeR

fn 7 g uniformly. Now we will check that for every e > 0

sup | fn(2) — g(z)| =0,
2ER\[0,¢]

as n — oo, which will imply almost uniform convergence. Clearly,

nT En

sup |fu(2) — g(z)| = sup ane™™ = sup ye ¥ =ene”
z€R\[0,¢] z€le,00] y€len,o0)

for n > 1/e. Here we use the fact that function ye™¥ is decreasing on [1, co], which

is easy to check by taking derivative.

c. Since for each n € N

lim / |fn(x) — g(x)|dz = lim nre "dr =0,
R

o0
n—oo n—oo 0

by Problem 5.a. Hence f,, — 0 in L; and therefore in measure.



