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Problem 1.
a. Prove that there is an open set E in R such that the following conditions hold
simultaneously:
(i) E ⊃ Q, where Q is a set of all rationals;
(ii) E ⊃ [0, 1];
(iii) m(E) < 2, where m is a Lebesgue measure.

b. Prove that for each measurable set A in R the function
f(x) := m(A ∩ [0, x]) is well-defined and continuous on [0, ∞).

c∗. Prove that there is an open set E in R such that the following conditions hold
simultaneously:
(i) E ⊃ Q;
(ii) m(E) = 1.

Problem 2.
a. Prove that the function

f(x) =
∞∑

n=1
e−2nxI[0,∞](x)

is unsigned measurable. Here IB(x) stands for the indicator function of a set
B ⊂ R.

b. Find the set of all x ∈ R for which f(x) < +∞.

c. Find the Lebesgue integral ∫
R

f(x)dx.

Problem 3. Let B be a null σ-algebra on R, that is the σ-algebra that consists of
the sets of Lebesgue measure 0 and their complements. Prove that B is not atomic.
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Problem 4. Find the following limits

a.
lim

n→∞

∫
R

(log x)n

x2 I[1,∞](x)dx.

b.
lim

n→∞

∫
R

n3/2x sin x

(n2 + x2)2 dx.

Hint: First prove that corresponding functions are measurable for each n ∈ N.

Problem 5. Let
fn(x) = n3/2x sin x

(n2 + x2)2 .

a. Find the function g(x) such that limn→∞ fn(x) = g(x) for all x ∈ R.

b. Determine if fn → g uniformly, in L∞, almost uniformly, in L1, or in measure.

c. Determine if there is g ∈ L1(R) such that |fn(x)| < g(x) for all x ∈ R and
n ∈ N.


