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Solutions to exercise set 3

1 First of all, we define the linear system that the coefficients of the basis functions
ai, bi, ci need to satisfy. This comes from the imposition of the conditions φj(Pi) = δij ,
where φj(x, y) = ajx+ bjy + cj . We can thus define the linear systemx1 y1 1

x2 y2 1
x3 y3 1

 a1 a2 a3

b1 b2 b3
c1 c2 c3

 =

 1 0 0
0 1 0
0 0 1


so that each entry of the left hand side product is exactly the value of φj(Pi). If we
introduce our 3 points, we get1/2 1/2 1

1 1 1
3/2 1/2 1

a1 a2 a3

b1 b2 b3
c1 c2 c3

 =

1 0 0
0 1 0
0 0 1

 .
It now just remains to compute the inverse of the matrix on the left hand side, to
get a1 a2 a3

b1 b2 b3
c1 c2 c3

 =

1/2 1/2 1
1 1 1

3/2 1/2 1

−1

=

−1 0 1
−1 2 −1
2 −1 0


and hence

φ1(x, y) = −x− y + 2

φ2(x, y) = 2y − 1

φ3(x, y) = x− y.

2 We first start with the basis functions that are 1 at the corners, which we denote
with φ̂1, φ̂2, φ̂3. We notice that if in φ̂i there is a term depending on λj , with j 6= i,
we can not impose all the conditions φ̂i(Pk) = δik as desired. For example let us
focus on the case φ̂1. This has to be 0 whatever the choice of λ2 and λ3. Thus all the
terms involving λ2 or λ3 need to amount to a function which is identically 0. This
means that no term of this form can appear in the expression (recall that these terms
would be cubic polynomial in λ2 and λ3 which have at most 3 real roots, unless they
are identically zero). Thus, the form is φ̂i = di(λi − ai)(λi − bi)(λi − ci). Imposing
all the necessary conditions, we get ai = 0, bi = 1/3, ci = 2/3 and di = 9/2 so that

φ̂i =
9

2
λi

(
λi −

1

3

)(
λi −

2

3

)
, i = 1, 2, 3.
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We now work on φ̂4 and then extend by symmetry to the remaining functions as-
sociated to nodes on the boundary of the element. φ̂4(λ1, λ2, λ3) has to satisfy
φ̂4(0, 1/3, 2/3) = 1. Moreover, it has to be 0 whatever the choice of λ1 we make.
Thus, λ1 can not appear in the expression. On the other hand φ̂4 needs to depend on
both λ2 and λ3 because of the conditions we want to impose on it. Moreover, φ̂4 needs
to be 0 on the nodes along the segment connecting P1 with P2 and P6 with P5, i.e.
on (λ1, 1− λ1, 0) and (λ1, 2/3− λ1, 1/3) for suitable choices of λ1 ∈ {0, 1/3, 2/3, 1}.
Thus λ3 and λ3 − 1/3 need to be factors of the φ̂4 polynomial. Moreover, the only
vertex that remains out of the analysis is the one with λ2 = 0, and hence λ2 needs
to be a factor too. This allows to say that φ̂4 = d4λ2λ3(λ3 − 1/3). To compute d4,
we impose φ̂4(0, 1/3, 2/3) = d42/9(1/3) = 1 and hence d4 = 27/2. This allows to
conclude

φ̂4 =
27

2
λ2λ3(λ3 − 1/3).

By symmetry we can obtian the expression for the other basis functions:

φ̂5 = 27/2λ2λ3 (λ2 − 1/3)

φ̂6 = 27/2λ3λ1 (λ1 − 1/3)

φ̂7 = 27/2λ3λ1 (λ3 − 1/3)

φ̂8 = 27/2λ1λ2 (λ2 − 1/3)

φ̂9 = 27/2λ1λ2 (λ1 − 1/3) .

(1)

Moerover, since the remaining function φ̂10 needs to vanish on all the vertices on the
boundary of the element, we conclude that the only possiblity is φ̂10 = 27λ1λ2λ3.

3 a) We first recall that for a function of the only x1, it holds u(x1) =
∫ x1

−M u′(s)ds
if u(−M) = 0. We thus can say, fixing x2, that

|u(x1, x2)|2 =

∣∣∣∣∫ x1

−M
∂x1u(s, x2)ds

∣∣∣∣2 ≤
≤
∫ x1

−M
ds ·

∫ x1

−M
|∂x1u(s, x2)|2 ds

where the last inequality is the Cauchy-Schwartz one. We can now conclude
that

|u(x)|2 ≤ C
∫ M

−M

∣∣∣∣ ∂u∂x1
(y1, x2)

∣∣∣∣2 dy1, for all x = (x1, x2) ∈ Ω

where C = 2M .

b) We now integrate against x2 the estimate obtained in the previous point:∫ M

−M
|u(x1, x2)|2dx2 ≤ C

∫ M

−M

∫ M

−M
|∂x1u(x1, x2)|2dx1dx2 = C

∫
Ω

∣∣∣∣ ∂u∂x1
(x)

∣∣∣∣2 dx
for all x1 ∈ [−M,M ]. The last equality comes from Fubini-Tonelli’s theorem.
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c) We now integrate again, this time over x1, the previously obtained estimate to
get

‖u‖2L2(Ω) =

∫
Ω
|u(x)|2dx ≤ 2M

∫ M

−M

∫
Ω

∣∣∣∣ ∂u∂x1
(x)

∣∣∣∣2 dxdx1

= 4M2

∫
Ω

∣∣∣∣ ∂u∂x1
(x)

∣∣∣∣2 dx ≤ 4M2

∫
Ω

(∣∣∣∣ ∂u∂x1
(x)

∣∣∣∣2 +

∣∣∣∣ ∂u∂x2
(x)

∣∣∣∣2
)
dx =

= 4M2|u|2H1(Ω).

d) Being Ω bounded, we can always find a superset of the form [−M,M ]2 since
the diameter of Ω is finite. Let u ∈ H1

0 (Ω). We can then rely on an extension
of u to [−M,M ]2 defined as

ū(x) =

{
u(x), x ∈ Ω

0, otherwise

This function satisfies the requirements. This extension allows to prove the
Poincaré inequality for a generic Ω ⊂ R2 since

‖u‖2L2(Ω) = ‖ū‖2L2([−M,M ]2) ≤Point (c) 4M2|ū|2H1([−M,M ]2) = 4M2|u|2H1(Ω)

as desired.

We notice that the reasoning done in the exercise extends, without any complication,
to the generic case of Ω ⊂ Rd, simply iterating the procedure up to exhausting the
dimension d. Moreover, it is important to remark that the constant C in the esti-
mate, grows as the diameter of the domain of interest.

For the sake of completeness, we notice that Poincaré inequality can be applied
iteratively to obtain estimates involving higher order weak derivatives. More pre-
cisely, if we have u ∈ H1

0 (Ω) for any k ≥ 1, then ∂x1u ∈ Hk−1
0 (Ω) for any i = 1, ..., d.

Thus we can get

‖u‖L2(Ω) ≤ C|u|H1(Ω) ≤ · · · ≤ C|u|Hk(Ω), ∀u ∈ Hk
0 (Ω).

4 See solution of Problem 1 in Exam 2012 : https://www.math.ntnu.no/emner/
TMA4220/2012h/exam/TMA4220-2012H-sol.pdf

5 See solution of Problem 2 in Exam 2017: https://wiki.math.ntnu.no/_media/
tma4220/2019h/tma4220_2017h-sol.pdf
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