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Solutions to exercise set 1

We known that ¢;(x;) = d;;, where xj,7 = 1,2,3 are the three corners, and we know
that the linear basis functions are on the form

¢i(z,y) = aix + by + ci.
For ¢; we get the system

¢z(1/271/2) = 1/2&1 + 1/2b1 +c =1,
$:(3/2,1/2) = 3/2a1 + 1/2by + ¢1 = 0,
oi(1,1) =a1+ by +c¢1 =0.

If we set up the same systems for ¢o and ¢3 we get

1/2 1/2 1 ay ag as 1 0 0
3/2 1/2 1| |b by b3| =10 1 0
1 1 1 cl1 C2 C3 0 0 1

with solution

We first start with the basis functions that are 1 in the corners, i.e. ¢1, ¢2 and ¢3. For
these basis functions, we can write them on the form ¢; = d;(A\; — a;)(A; — b;) (A — ¢;)
(why?). As we want the functions to be zero in all other nodes, we must have, for
i=1,a1 =0,b =1/3, ¢ = 2/3. Then, since ¢1(1,0,0) =1, d; = (1 —0)(1 —
1/3)(1 —2/3) = 2/9. Thus

d1=9/221 (A1 — 1/3)(A\ — 2/3).
By symmetry, we find

92 = 9/2X2(N2 — 1/3)(\2 — 2/3),
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Solutions to exercise set 1

ba = 9/2X2(M2 — 1/3) (N2 — 2/3).

For q§4 we note that this has to be zero along the lines through qgl and ¢32, and
through ¢5 and ¢g. Also, ¢4(0,2/3,1/3) = 2/27, so dg = 27/2. Thus, we have

by = 27/2X9x3(X3 — 1/3).
By symmetry,

b5 = 27/2XaA3(Xa — 1/3),
d6 = 27/2x3M1 (M — 1/3),
b7 = 27/2X3M1 (A3 — 1/3),
s = 27/2x1 Ao (N2 — 1/3),
bg = 27/2X1 Aa(A1 — 1/3).

We see that qglo must be zero along all the edges, which yields

b10 = 27TA1 Ao As.

a) By the fundamental theorem of calculus,

0
= !/_Ma;(yl,ﬂﬁz)dyl‘Q,

and using Cauchy’s inequality with f = %(yl, x9) and g = 1, we get

‘/Masl(yl,m)dmf S/ |8 (y1, 22) ‘ dyy - /M dx
<2M/ y1,:vz oy

b) Integrate over xs to get

M au 2
/ lu(z)| dx2<2M/ / y1,$2 )| dyldazg—?M/ ‘a )| dy,
_ M 1

where the equality comes from [Fubini-Tonell’s theorem]

c) Integrate over x; so

HUH%Q /|u |2d:c—/ / z)|2d zod
2
<2M/ /‘83;1 y)|"dydz
=4M2/ y—

<4M2/]8x1 W+ | o)y

= 4M?|uffp g
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d) Note that since Q is bounded its diameter is finite. Let D = diam(Q) < oo.
Choose a point x € Q and let L = ||z||. Then Q C [—(D + L), (D + L)]?. The

function @ defined as

0 else

{u(:ﬁ) ifz e

satisfies the requirements.
Remarks:
e The Poincaré inequality on bounded domains  C R? is shown in an analogous
fashion.
e Note that the constant C grows as the box becomes larger.
o If u € HE(Q) for any k > 1, then % € HYY(Q) for any i = 1,...,d, and

more generally, D%u € Hg ol for any multiindex « of size a < k. Thus, we can
iterate Poincaré inequality and find that there is a constant C' > 0 such that

lullr2@) < Clulmioy < -+ < Clul gy, Yu € HF(Q).

October 15, 2019 Page 3 of [3]



