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1 The single-domain case
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Figure 1: The two-dimensional deformed domain €2 is here considered to be the image of
the reference domain 2 through a regular one-to-one mapping, F.

Consider the two-dimensional domain €2 depicted in Figure 1. A point (z,y) € Q can
be considered as coming from one and only one point (£,7) € €. In general, we have

T = l‘(ga 77)7 (1)

y=y(&n). (2)
Conversly, we have

§=E&(z,y), (3)

n=n(z,y). (4)

The total differentials dz and dy can thus be expressed as

8:(; 8:(}
0
dy = 'Z dé +

We can also express these differentials in matrix form as
oz
dz\ [ 3¢ d¢ dé
dy) — & an) =L\ an)
Y ¢ 37, n n
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J=Jacobian
where we have introduced the Jacobian (a two-by-two matrix) associated with the mapping
F. Note that the Jacobian will, in general, be different at every point in space.
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From the Jacobian matrix introduced earlier, we can compute the determinant

Ox 0y Oz 0y
J=det(J) = —=—= — ——. 6
D= ag oy~ oy o 0
The determinant of JA represents the ratio of an area element df2 in € to the corre-
sponding area element df2 in 2, i.e.,

dQ
J=det(J) = —.
dQ

In order to see this, consider Figure 2. The two vectors v; and vy aligned with two of
the edges of surface element df2 have lengths d¢ and dn, respectively. The vectors v, and
v9 are mapped to the vectors w; and wy with components

oz ox
d o¢ d€ d gy dn
w1 = <dx1> = gg ) Wwo = <dx2> = gz .
hn 2 dg Yo 7 dn
Now, the area element dQ) = |vg X vo| = d§ dn, while the area element d2 = |w; xws| =
det(J) d¢ dn
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Figure 2: The surface element dQ in  is related to a corresponding surface element df2
in Q via the mapping F.

For example, if 2 is the rectangular domain Q = (0, L;) x (0, L),
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In general,

Area(Q):/ dQ:/JdQ.
Q Q

dr\ d¢
(dy> - (dn> '
If we solve this system for d¢ and dn, we obtain:
1 [0y ox

1 [(0x oy
d"‘J<afdy agd””)

From (5) we have

or, in matrix form,

with

L[ s
J*l i o an )
= J\ 9% Oz
9E O

Alternatively, from (3) and (4), we also have
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Hence, we identify the very useful relationships

o _ 10y o _ 1o -
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In the following, let us also use the abbreviated notation

o _, o0 _
ox Y on



Summary:

Le Tp
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Jfl (gx fy) _ l ( Yn _x”])
o Nz My —Ye o T¢
Exercise:

Rotate the rectangular domain Q = (0, L;) x (0, L,) with an angle 6. Verify that
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) T = det(d) = zeyy — e
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/ Jdédn = L,L, = Area(Q)
O

2 The Poisson problem in deformed geometries
Consider the two-dimensional Poisson problem:

—~Nu=f in Q,
u=20 on Of).

where € is depicted in Figure 1. The corresponding weak form can be expressed as:
Find u € X = H}() such that

/Vu-V’dedy—/fvdxdy Yu € X, (9)
Q Q
where
Ooudv  Oudv
Here,

Ou _0u0g  0a0n _ e (4
dr  0fox | opor  ese T Uil
Ju 0udE  oudn

oy~ ogay ooy T

(10)

where we recall from earlier that u(z,y) = u(z(&,7),y(&,n)) = a(§,n). We get similar
expressions for V.



Let us denote the gradient of u in physical variables and in reference variables as

respectively. Using (10), we can relate Vu and V4 through the relationship

Vu = Gy Vi, (11)
where
Ez 7717)
Go = i 12
=V <§y My (12)

Note that Gy is not symmetric. Again, we get similar relationship for the gradient v.
We can now write Vu - Vv as

Vu - Vo = (Vo) Vu = (Go Vi) (G Vi)
= (Vo)" (GLGy) Vi

= (V)G Vi (13)

Here, G is the symmetric matrix

with elements

2 2 Yn\? — Ty ? Ly 2

g =& +¢§, = (7) + (J ) = ﬁ(y77 + )
1
g12 = &N + Eyny = ﬁ(_yiyn - xnxf)
g21 = g12
1

g2 =13+ 773 = ﬁ(yg + x?)

We have here used (12) together with the relationships (7)-(8).



Using (13), we can express the weak form (9) as: Find u € X such that

/(%)TG%Jdgan/f@Jdgdn Yo e X
Q Q

or

/(W)Té Vadédn = / foJdedn  WoeX (14)
Q Q

where we have defined

G=JG

5 1 (z2 4+ y2) —(zew +yy)>

G=- n 't nEI 15
2 J(%%%+m%) (22 +32) (15)

In order to interpret the above transformation to reference variables, consider the simple
undeformed case with Q = (0, L) x (0, Ly):

!

In this case

and hence,

L, 0000 | Ly 9a 9b

Vo) G Vi — Ls 9105
(VoG Va=1 5eoe* L, an0m
which is the same result that we have derived earlier for undeformed geometries.

The general form for G allows us to handle undeformed geometries which are rotated,

as well as general deformed geometries. All the results we have presented here extend
readily to the three-dimensional case.



3 Computational approach

The discretization is based on the weak form (9) expressed using (14). In particular, the
discrete problem that we want to solve is: Find uy € Xy such that

/(%)TG %ngdnz/fwdgdn Yo e Xy. (16)
Q Q
Here, the discrete space (Xy C X) is chosen as

Xy={veH}Q) | voFecPy()}

In order to represent the geometry, we will use an isoparametric approach, meaning that
we will approximate the geometry using the same order of expansion as for the solution,
Un, i.e.,

joh

xN(fﬂ?) € PN( )7
yn(€,m) € Pn(Q).

Note that, in general, we cannot represent the geometry exactly, but will have to use some
kind of approximation. If the surface of the domain €2 is piecewise smooth (smooth edges),
and the domain is not too distorted, a high order approximation of the geometry will
normally give very good results.

As a basis for our high order approximation, we again use a nodal, tensor-product,
Lagrangian interpolant basis:

N N
xN(‘fa 77) = Z Z xljel(‘s)gj (77),

i=0 j=0

N N
un(€m) =D witi()e(n),

i=0 j=0

with

E”L(g) € PN(_L 1)7
Ci(§k) = Oik-

The basis coefficients, {z;;} and {y;;}, here represent the physical coordinates corre-
sponding to the tensor-product Gauss-Lobatto Legendre (GLL) points under the mapping,
F; see Figure 3. Specifically, the GLL point (£,,£3) is mapped to the physical point

(xN(gom 5,8)’ yN(fom 55)) = (JUQB, yaﬁ)-
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Figure 3: Each point in the reference domain is mapped to a unique point in the physical
domain. In particular, the boundary of 02 is mapped to 0f2.



For example, the GLL points on the boundary of O correspond to physical points on
the boundary of €2. In order to see how we compute the physical points corresponding to
a GLL distribution on the reference domain, consider a simple example in Figure 4 with a
polynomial degree N =4 (i.e., 5 points in each spatial direction on Q)

052

Figure 4: Each edge of the physical domain € is here a straight line.

Here, a GLL distribution of 5 points is first created along each edge of 9€). The
internal physical points are then created by connecting the boundary points with straight
lines (affine mapping). This will give us {z;;} and {y;;} for 0 < 4,57 < N. We will return
to the problem of generating {z;;} and {y;;} for general deformed geometries later.

Using a local data representation, define

X = {g;”} c R(N+1)><(N+1)
X _ {yzg} c R(N-‘rl)X(N-i-l)

Let us assume that we know {z;;} and {y;;} (or X and Y). We can then compute

Dy N N
— =D > @il
o€ L L 253 (€a)l;(p)
(6asép) 1=0 j=0 Dai 6,
a1 J
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or

——
matrix-matrix product,
(e.g., using the BLAS library)

X, = {855N (@@)} DX

Similarly,

amN gaagﬁ Zzwm )

0 j=0
=0= 5o¢i D[g]-

Dgjxa;

I
M=

or

X, = {(%N(sa,ég)}z X D"

matrix-matrix product.
O(N3) operations

In a similar fashion, we compute

0
Y,gz{ gg@a,éﬂ)} -

matrix-matrix product.
O(N3) operations

Y, = {8” <fa,5ﬁ)} - yD"

g
matrix-matrix product.

O(N?3) operations

{=

Next, we can compute

Ya, B

Jow— axNayN_axN8yN
B = \"0¢ on oy o€

(fa,éﬁ)
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and

G.s=G

(see Section 2)

(6(1 755)

as well as

Go5 = (JG) in O(N?) ops.

(éa vgﬁ)

3.1 Operator evaluation

We now return to the discrete problem (16), but this time we also include quadrature:
Find ux € Xy such that

ﬁ(W)TG ?angdn:ﬁfﬁdedn Vo € Xn.
Q Q

-~

/
apply GLL quadrature

For example, the right hand side is approximated as

N N

/Q Fo7dEdn =~ S papsfos vas Jap

a=0 B=0
We choose test functions v € X (recall that vo F = 0) as: 0(£,n) = £;(£)¢;(n),
1 <4,7 < N —1, such that vag = 9(£a,€3) = dindjs, in which case the right hand side
reduces to

/ foIdEdn ~ (pip;Jis) fiss 1<4,j<N-1
Q ——

diagonal mass matrix

Similarly, with
N—1N-1

un(&,n) = Z Z Ul (§)€n (1),

m=1 n=1

we obtain for the left hand side:
o G11)ap (G12)as) (u
V)T G Vuy d¢ dn ~ w08 (Daidsi  SuiDa; <~“ af 1912 O‘ﬂ> < N’5>
(907G Fundcay 3235 oo (Puabss i) (G070 o) i) o,

The output of the above expression will be a set of nodal values, {w;;}, which represent
the action of the discrete Laplace operator upon un, with v(&,n) = £;(£)€;(n), Vi, j.
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Let us now evaluate the last expression as a series of steps:

1) Compute QNQB (preprocessing).

2) Compute
UN ¢ = DamUmg O(N?) ops. (matrix-matrix product)
(Eavfﬁ)
UN = Ugn DZ;B O(N?) ops. (matrix-matrix product)
(5047£ﬂ)
3) Compute

4) Compute
t = (s .
( 1)01/3 ( 1)046 PapPp } O(NQ) ops.
(t2)ag = (52)ap - Papp
5)
wij = Di(t)aj + (t2)isDg; (matrix-matrix products)
—_—

O(N3) O(N?)

Total work (excluding Step 1):

o3 2 2 o3 2 _ qn3 2 _ 3
2.2N3 4 (34 3)N2 + 2N + 2. 2N + N2 = 8N?® + 9N? = O(N?) ops.

step 2 step 3 step 4 step 5

In summary, starting from a set of nodal values U (with elements u,,), we have just
computed W (with elements w;j) by acting on U with the discrete Laplace operator. This
is an example of an operator evaluation, in this case, the evaluation of the bilinear form.
The input is a field (U); the output is a field (W) representing the action on the input field
by a discrete operator.

Note that, if we had used a global data representation (u and w instead of U and W),
we could have performed the above operator evaluation as w = A u, where A is the discrete
Laplace operator (explicit construction). Again, we prefer not to do this because of the
larger computational cost and the larger memory requirement following such an approach.
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4 Exercises

1. The computational cost for an operator evaluation with the discrete Laplace operator
has a leading order term 8N?3 in the general deformed case; see the last expression
above. What is the leading order term for the undeformed case (i.e., a rectangle)?
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