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1 The single-domain case
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Figure 1: The two-dimensional deformed domain Ω is here considered to be the image of
the reference domain Ω̂ through a regular one-to-one mapping, F .

Consider the two-dimensional domain Ω depicted in Figure 1. A point (x, y) ∈ Ω can
be considered as coming from one and only one point (ξ, η) ∈ Ω̂. In general, we have

x = x(ξ, η), (1)

y = y(ξ, η). (2)

Conversly, we have

ξ = ξ(x, y), (3)

η = η(x, y). (4)

The total differentials dx and dy can thus be expressed as

dx =
∂x

∂ξ
dξ +

∂x

∂η
dη,

dy =
∂y

∂ξ
dξ +

∂y

∂η
dη.

We can also express these differentials in matrix form as(
dx
dy

)
=

(
∂x
∂ξ

∂x
∂η

∂y
∂ξ

∂y
∂η

)
︸ ︷︷ ︸
J=Jacobian

(
dξ
dη

)
= J

(
dξ
dη

)
, (5)

where we have introduced the Jacobian (a two-by-two matrix) associated with the mapping
F . Note that the Jacobian will, in general, be different at every point in space.
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From the Jacobian matrix introduced earlier, we can compute the determinant

J ≡ det(J) =
∂x

∂ξ

∂y

∂η
− ∂x

∂η

∂y

∂ξ
. (6)

The determinant of J represents the ratio of an area element dΩ in Ω to the corre-
sponding area element dΩ̂ in Ω̂, i.e.,

J ≡ det(J) =
dΩ

dΩ̂
.

In order to see this, consider Figure 2. The two vectors v1 and v2 aligned with two of
the edges of surface element dΩ̂ have lengths dξ and dη, respectively. The vectors v1 and
v2 are mapped to the vectors w1 and w2 with components

w1 =

(
dx1

dy1

)
=

(
∂x
∂ξ dξ
∂y
∂ξ dξ

)
, w2 =

(
dx2

dy2

)
=

(
∂x
∂η dη
∂y
∂η dη

)
.

Now, the area element dΩ̂ = |v1×v2| = dξ dη, while the area element dΩ = |w1×w2| =
det(J) dξ dη

y

x

η

ξ

F
v2

v1

dΩ̂

w1

dΩw2

Figure 2: The surface element dΩ̂ in Ω̂ is related to a corresponding surface element dΩ
in Ω via the mapping F .

For example, if Ω is the rectangular domain Ω = (0, Lx)× (0, Ly),

J =

(
∂x
∂ξ

∂x
∂η

∂y
∂ξ

∂y
∂η

)
=

(Lx
2 0

0
Ly
2

)
,

and

J = det(J) =
Lx
2

Ly
2

=
Area(Ω)

Area(Ω̂)
.
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In general,

Area(Ω) =

∫
Ω

dΩ =

∫
Ω̂
J dΩ̂.

From (5) we have (
dx
dy

)
= J

(
dξ
dη

)
.

If we solve this system for dξ and dη, we obtain:

dξ =
1

J

(
∂y

∂η
dx− ∂x

∂η
dy

)
dη =

1

J

(
∂x

∂ξ
dy − ∂y

∂ξ
dx

)
or, in matrix form, (

dξ
dη

)
= J−1

(
dx
dy

)
with

J−1 =
1

J

(
∂y
∂η −∂x

∂η

−∂y
∂ξ

∂x
∂ξ

)
.

Alternatively, from (3) and (4), we also have(
dξ
dη

)
=

(
∂ξ
∂x

∂ξ
∂y

∂η
∂x

∂η
∂y

)
︸ ︷︷ ︸

J−1

(
dx
dy

)

Hence, we identify the very useful relationships

∂ξ

∂x
=

1

J

∂y

∂η
,

∂ξ

∂y
= − 1

J

∂x

∂η
(7)

∂η

∂x
= − 1

J

∂y

∂ξ
,

∂η

∂y
=

1

J

∂x

∂ξ
(8)

In the following, let us also use the abbreviated notation

∂ξ

∂x
= ξx,

∂x

∂η
= xη, etc.
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Summary:

J =

(
xξ xη
yξ yη

)
, J = det(J) = xξyη − xηyξ

J−1 =

(
ξx ξy
ηx ηy

)
=

1

J

(
yη −xη
−yξ xξ

)

Exercise:
Rotate the rectangular domain Ω = (0, Lx)× (0, Ly) with an angle θ. Verify that∫

Ω̂
J dξ dη = LxLy = Area(Ω)

2 The Poisson problem in deformed geometries

Consider the two-dimensional Poisson problem:

−∇2u = f in Ω,

u = 0 on ∂Ω.

where Ω is depicted in Figure 1. The corresponding weak form can be expressed as:
Find u ∈ X = H1

0 (Ω) such that∫
Ω
∇u · ∇v dx dy =

∫
Ω
fv dx dy ∀v ∈ X, (9)

where

∇u · ∇v =
∂u

∂x

∂v

∂x
+
∂u

∂y

∂v

∂y
.

Here,

∂u

∂x
=
∂û

∂ξ

∂ξ

∂x
+
∂û

∂η

∂η

∂x
= ûξξx + ûηηx,

∂u

∂y
=
∂û

∂ξ

∂ξ

∂y
+
∂û

∂η

∂η

∂y
= ûξξy + ûηηy,

(10)

where we recall from earlier that u(x, y) = u
(
x(ξ, η), y(ξ, η)

)
= û(ξ, η). We get similar

expressions for ∇v.
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Let us denote the gradient of u in physical variables and in reference variables as

∇u =

(
ux
uy

)
and ∇̂û =

(
ûξ
ûη

)
,

respectively. Using (10), we can relate ∇u and ∇û through the relationship

∇u = G∇∇̂û, (11)

where

G∇ =

(
ξx ηx
ξy ηy

)
. (12)

Note that G∇ is not symmetric. Again, we get similar relationship for the gradient v.
We can now write ∇u · ∇v as

∇u · ∇v = (∇v)T∇u = (G∇∇̂v̂)T (G∇∇̂û)

= (∇̂v̂)T (GT∇G∇)∇̂û

= (∇̂v̂)TG ∇̂û. (13)

Here, G is the symmetric matrix

G = GT∇G∇ =

(
g11 g12

g21 g22

)
,

with elements

g11 = ξ2
x + ξ2

y =
(yη
J

)2
+

(−xη
J

)2

=
1

J2
(y2
η + x2

η)

g12 = ξxηx + ξyηy =
1

J2
(−yξyη − xηxξ)

g21 = g12

g22 = η2
x + η2

y =
1

J2
(y2
ξ + x2

ξ).

We have here used (12) together with the relationships (7)-(8).
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Using (13), we can express the weak form (9) as: Find u ∈ X such that

∫
Ω̂

(∇̂v̂)TG ∇̂û J dξ dη =

∫
Ω̂
f̂ v̂ J dξ dη ∀v ∈ X

or ∫
Ω̂

(∇̂v̂)T G̃ ∇̂ûdξ dη =

∫
Ω̂
f̂ v̂ J dξ dη ∀v ∈ X (14)

where we have defined

G̃ = JG

G̃ =
1

J

(
(x2
η + y2

η) −(xξxη + yξyη)

−(xξxη + yξyη) (x2
ξ + y2

ξ )

)
. (15)

In order to interpret the above transformation to reference variables, consider the simple
undeformed case with Ω = (0, Lx)× (0, Ly):

Lx

Ly

y

x

Ω

In this case

G̃ =
1

(
LxLy

4 )

(
(
Ly
2 )2 0

0 (Lx2 )2)

)
=

(
Ly
Lx

0

0 Lx
Ly

)
and hence,

(∇̂v̂)T G̃ ∇̂û =
Ly
Lx

∂û

∂ξ

∂v̂

∂ξ
+
Lx
Ly

∂û

∂η

∂v̂

∂η

which is the same result that we have derived earlier for undeformed geometries.
The general form for G̃ allows us to handle undeformed geometries which are rotated,

as well as general deformed geometries. All the results we have presented here extend
readily to the three-dimensional case.
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3 Computational approach

The discretization is based on the weak form (9) expressed using (14). In particular, the
discrete problem that we want to solve is: Find uN ∈ XN such that∫

Ω̂
(∇̂v̂)T G̃ ∇̂ûN dξ dη =

∫
Ω̂
f̂ v̂ J dξ dη ∀v ∈ XN . (16)

Here, the discrete space (XN ⊂ X) is chosen as

XN = {v ∈ H1
0 (Ω) | v ◦ F ∈ PN (Ω̂)}.

In order to represent the geometry, we will use an isoparametric approach, meaning that
we will approximate the geometry using the same order of expansion as for the solution,
uN , i.e.,

xN (ξ, η) ∈ PN (Ω̂),

yN (ξ, η) ∈ PN (Ω̂).

Note that, in general, we cannot represent the geometry exactly, but will have to use some
kind of approximation. If the surface of the domain Ω is piecewise smooth (smooth edges),
and the domain is not too distorted, a high order approximation of the geometry will
normally give very good results.

As a basis for our high order approximation, we again use a nodal, tensor-product,
Lagrangian interpolant basis:

xN (ξ, η) =
N∑
i=0

N∑
j=0

xij`i(ξ)`j(η),

yN (ξ, η) =

N∑
i=0

N∑
j=0

yij`i(ξ)`j(η),

with

`i(ξ) ∈ PN (−1, 1),

`i(ξk) = δik.

The basis coefficients, {xij} and {yij}, here represent the physical coordinates corre-
sponding to the tensor-product Gauss-Lobatto Legendre (GLL) points under the mapping,
F ; see Figure 3. Specifically, the GLL point (ξα, ξβ) is mapped to the physical point
(xN (ξα, ξβ), yN (ξα, ξβ)) = (xαβ, yαβ).
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(xij, yij)
F←− (ξi, ηj)

Figure 3: Each point in the reference domain is mapped to a unique point in the physical
domain. In particular, the boundary of ∂Ω̂ is mapped to ∂Ω.
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For example, the GLL points on the boundary of Ω̂ correspond to physical points on
the boundary of Ω. In order to see how we compute the physical points corresponding to
a GLL distribution on the reference domain, consider a simple example in Figure 4 with a
polynomial degree N = 4 (i.e., 5 points in each spatial direction on Ω̂).

y

x

∂Ω

η

ξ

(1, 1)

(−1,−1)

F

Figure 4: Each edge of the physical domain Ω is here a straight line.

Here, a GLL distribution of 5 points is first created along each edge of ∂Ω. The
internal physical points are then created by connecting the boundary points with straight
lines (affine mapping). This will give us {xij} and {yij} for 0 ≤ i, j ≤ N . We will return
to the problem of generating {xij} and {yij} for general deformed geometries later.

Using a local data representation, define

X = {xij} ∈ R(N+1)×(N+1)

Y = {yij} ∈ R(N+1)×(N+1)

Let us assume that we know {xij} and {yij} (or X and Y). We can then compute

∂xN
∂ξ

∣∣∣∣
(ξα,ξβ)

=

N∑
i=0

N∑
j=0

xij`
′
i(ξα)︸ ︷︷ ︸
Dαi

`j(ξβ)︸ ︷︷ ︸
δβj

=

N∑
i=0

Dαixiβ ∀α, β
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or

X ,ξ =

{
∂xN
∂ξ

(ξα, ξβ)

}
= D X︸ ︷︷ ︸

matrix-matrix product,
(e.g., using the BLAS library)

Similarly,

∂xN
∂η

(ξα, ξβ) =

N∑
i=0

N∑
j=0

xij`i(ξα)︸ ︷︷ ︸
δαi

`
′
j(ξβ)︸ ︷︷ ︸
Dβj

=
N∑
j=0

Dβjxαj

or

X ,η =

{
∂xN
∂η

(ξα, ξβ)

}
= X DT︸ ︷︷ ︸

matrix-matrix product.
O(N3) operations

In a similar fashion, we compute

Y ,ξ =

{
∂yN
∂ξ

(ξα, ξβ)

}
= D Y︸︷︷︸
matrix-matrix product.
O(N3) operations

Y ,η =

{
∂yN
∂η

(ξα, ξβ)

}
= Y DT︸ ︷︷ ︸
matrix-matrix product.
O(N3) operations

Next, we can compute

Jαβ =

(
∂xN
∂ξ

∂yN
∂η
− ∂xN

∂η

∂yN
∂ξ

)∣∣∣∣
(ξα,ξβ)

∀α, β
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and

Gαβ = G

∣∣∣∣
(ξα,ξβ)

(see Section 2)

as well as

G̃αβ = (JG)

∣∣∣∣
(ξα,ξβ)

in O(N2) ops.

3.1 Operator evaluation

We now return to the discrete problem (16), but this time we also include quadrature:
Find uN ∈ XN such that∫

Ω̂
(∇̂v̂)T G̃ ∇̂ûN dξ dη︸ ︷︷ ︸ =

↖

∫
Ω̂
f̂ v̂ J dξ dη︸ ︷︷ ︸
↗

apply GLL quadrature

∀v ∈ XN .

For example, the right hand side is approximated as∫
Ω̂
f̂ v̂ J dξ dη '

N∑
α=0

N∑
β=0

ραρβfαβ vαβ Jαβ

We choose test functions v ∈ XN (recall that v ◦ F = v̂) as: v̂(ξ, η) = `i(ξ)`j(η),
1 ≤ i, j ≤ N − 1, such that vαβ = v̂(ξα, ξβ) = δiαδjβ, in which case the right hand side
reduces to ∫

Ω̂
f̂ v̂ J dξ dη ' (ρiρjJij)︸ ︷︷ ︸

diagonal mass matrix

fij , 1 ≤ i, j ≤ N − 1.

Similarly, with

ûN (ξ, η) =
N−1∑
m=1

N−1∑
n=1

umn`m(ξ)`n(η),

we obtain for the left hand side:

∫
Ω̂

(∇̂v)T G̃ ∇̂uN dξ dη '
N∑
α=0

N∑
β=0

ραρβ
(
Dαiδβj δαiDβj

)((g̃11)αβ (g̃12)αβ
(g̃21)αβ (g̃22)αβ

)(
uN,ξ
uN,η

)
(ξα,ξβ)

The output of the above expression will be a set of nodal values, {wij}, which represent
the action of the discrete Laplace operator upon uN , with v(ξ, η) = `i(ξ)`j(η), ∀i, j.
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Let us now evaluate the last expression as a series of steps:

1) Compute G̃αβ (preprocessing).

2) Compute

uN,ξ

∣∣∣∣
(ξα,ξβ)

= Dαmumβ O(N3) ops. (matrix-matrix product)

uN,η

∣∣∣∣
(ξα,ξβ)

= uαnD
T
nβ O(N3) ops. (matrix-matrix product)

3) Compute

(s1)αβ = (g̃11)αβ · (uN,ξ)αβ + (g̃12)αβ · (uN,η)αβ O(N2) ops.

(s2)αβ = (g̃21)αβ · (uN,ξ)αβ + (g̃22)αβ · (uN,η)αβ O(N2) ops.

4) Compute

(t1)αβ = (s1)αβ · ραρβ
(t2)αβ = (s2)αβ · ραρβ

}
O(N2) ops.

5)
wij = DT

iα(t1)αj︸ ︷︷ ︸
O(N3)

+ (t2)iβDβj︸ ︷︷ ︸
O(N3)

(matrix-matrix products)

Total work (excluding Step 1):

2 · 2N3︸ ︷︷ ︸
step 2

+ (3 + 3)N2︸ ︷︷ ︸
step 3

+ 2N2︸︷︷︸
step 4

+ 2 · 2N3 +N2︸ ︷︷ ︸
step 5

= 8N3 + 9N2 = O(N3) ops.

In summary, starting from a set of nodal values U (with elements umn), we have just
computed W (with elements wij) by acting on U with the discrete Laplace operator. This
is an example of an operator evaluation, in this case, the evaluation of the bilinear form.
The input is a field (U); the output is a field (W ) representing the action on the input field
by a discrete operator.

Note that, if we had used a global data representation (u and w instead of U and W ),
we could have performed the above operator evaluation as w = Au, where A is the discrete
Laplace operator (explicit construction). Again, we prefer not to do this because of the
larger computational cost and the larger memory requirement following such an approach.
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4 Exercises

1. The computational cost for an operator evaluation with the discrete Laplace operator
has a leading order term 8N3 in the general deformed case; see the last expression
above. What is the leading order term for the undeformed case (i.e., a rectangle)?
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