Chapter 4

Simplicial Lagrange Finite
Elements

4.1 Definitions

Vector spaces of polynomials are used as approximation spaces to construct
Finite Elements.

Definition 4.1.1 (Space of polynomials with real coefficients). Let K C R? k €
N, Pr(K) is the vector space of polynomials with real coefficients of degree k on
K, and the canonical basis is given by the family {z{*---2{" - 25 : |a| = k},
with z; the i-th coordinate of & € R%,

The dimension of the space is given by
1 d
d
dim (P (R?) = 1:[ (k+1)

so that in particular dim(PPgx(R')) = k + 1, which means that such polynomials
will be uniquely defined by its values at k£ 4+ 1 nodes.

Example 4.1.2. Linear and quadratic polynomials in different dimensions of
space are listed below.

P;(R') = span{l,z}
P;(R?) = span{l,z,y}
P;(R3) = span{l,z,y,z}
Py(R') = span {1,:c,x2}
Py(R?) = span {1,x,y,azy,x2,y2}
PQ(RS) = span {1, T, Y, 2, XY, Y2, xz,xQ,yQ, 22}

Simplicial Lagrange Finite Elements are considered, for which the approxi-
mation space P will be polynomials on K, a d-simplex. Simplices are a general-
ization of triangles to d dimensions, which consists of intervals (d = 1), triangles
(d = 2), or tetrahedra (d = 3).
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42 CHAPTER 4. SIMPLICIAL LAGRANGE FINITE ELEMENTS

Definition 4.1.3 (Simplex). Let {v;}y<;<4 be a family of d + 1 points of R?
that do not belong to the same hyperplane, the associated d-simplex K is the
convex hull of these points. Points {v;} are called vertices of the simplex, and
pairs €;; = (v4,Vj), i # j, consist of the eddges. The diameter of the simplex is
the maximum Euclidean distance between two vertices,

diam(K) = max v = v

The convex hull is the minimum convex subset of R¢ enclosing the points.
The condition that all points are not in the same hyperplane means that the
convex hull does not degenerate into a lower-dimensional entity; for instance in
two dimensions, a triangle degenerates to a segment when points are aligned, and
in three dimensions, a tetrahedron degenerates if all points are in the same plane.
Therefore a degenerate simplex has a zero d-dimensional Lebesgue measure.

Consider the matrix My of RUUFD*(@+1) congisting of column vectors with
coordinates of vertices {v;} of K, and completed by a unit row.

o T1 X2 T3

rog I1 I2
o T 0 2 3
M, = [1 11] M= lyo y1 ¥ M3 = Z ‘Zl ‘Z Z
111 0 21 22 23

1 1 1 1

The determinant of My gives the signed d-dimensional measure (volume) of
the corresponding simplex K.

det(My) = +d!|K]|

In particular, if all the points are contained in the same hyperplane then any
vertex is the linear combinations of others so that the determinant is zero.
Given that the sign of the determinant depends on permutations of the matrix
My, in practice the meaning of the sign is the orientation of the simplex which
depends on how vertices are numbered. If one substract the first column from
all the other columns then the link to the Jacobian matrix of the affine mapping
Tk introduced ealier is direct: the determinant of Jr, is equal to d!|K| and a
negative determinant means that the simplex K is inverted with respect to K.

4.2 Polynomial interpolation in one dimension

Let Pk ([a, b]) be the space of polynomials p = Zf:o a;x* of degre lower or equal
to k on the interval [a, b], with ¢;2% the monomial of order 4, ¢; a real number.

A natural basis of Py ([a, b]) consists of the set of monomials {1, x,x2, - xk }
Its elements are linearly independent but in the frame of Finite Elements we can
chose another basis which is the Lagrange basis {Ef} o<i<p Of degree k defined
on a set of k4 1 points {&;},<;<; which are called Lagrange nodes.
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Definition 4.2.1 (Lagrange polynomials — [4] page 21, [6] page 76). The La-
grange polynomial of degree k associated with node &, reads

k

[[@-¢)

=0

() = T

Il@m—sn
fire

and
k
> Liz) =1
=0

Proposition 4.2.2 (Nodal basis).
LiE) =06y ,0<ij<k

The following result gives a pointwise control of the interpolation error.

Theorem 4.2.3 (Pointwise interpolation inequality — [6] page 79). Let u €
Ck1([a,b]) and mpu € Pi([a,b]) its Lagrange interpolate of order k, with La-
grange nodes {&;}o<;<y, then V x € [a,b]:

k
[[@—-¢)
1=0
ju(e) — mew(@)] < F oy max 0 u(s)

4.3 Construction of the Finite Element space

4.3.1 A nodal element

Let us take {&;,---,&x} a family of points of K such that o;(p) = p(§;),
1<¢<N:

° {51.}19,@ is the set of geometric nodes,

o {¢iti<i<n is a nodal basis of P, i.e. pi(§;) = ;.

We can verify, for any p € P that:
N
p&) = oilp) pil&) ,1<ij<N
P T

which reduces to:

p(&;) = oi(p)

Remark 4.3.1 (Support of shape functions). The polynomial basis being de-
fined such that ¢;(§;) = ¢;; then any shape function ¢; has support on the
union of cells containing the node §;.
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4.3.2 Reference Finite Element

To make the connection between the abstract Definition 3.3.1 and a simple
concrete example, the reference element for Lagrange Py in one dimension is
given by the following triple (K, P, X).

Definition 4.3.2 ((K,P,¥) for Lagrange P; 1D). The Finite Element space
Lagrange P; 1D approximating
Vi ={veC(Q)nHY Q) :v|, ePi(K),VYK €T}
is given by
e K is the unit interval [0, 1].

e P is the space of linear polynomials IP1([0, 1]) with the basis (o, ¢1) by
Definition 4.2.1 of E%,

Go(d) = Ly(@)=1—2,  ¢1(&)=LI(@) =42

e ¥ is the set of linear forms evaluating the function at Lagrange nodes
& =0and & =1, {60:v—v(&),01: v v(&)}

Consequently the local interpolation operator is

IKy : V(K) — Vh(K)

v = v(&)wo + v(&1)p1

Proposition 4.3.3. (K, P,Y) by Definition 4.3.2 is a unisolvent H'-conformal
Finite Element.

Proof. During the lecture we proved that:

e 1}, C HY(Q), since piecewise linear and piecewise constant functions belong
to L2(Q).

e (;) is a basis of P;(K) since shape functions are linearly independent as
they satisfy ¢;(§;) = d;5, and they generate the space V}, as any piecewise
linear function coincides with its interpolate.

e (0;) is a dual basis of P;(K) since o;(p;) = d;5.

4.3.3 Lagrange P, elements

The extension to Lagrange P, is natural as it boils down to construct a basis
of Py using (ﬁf)ogigk and choose the degrees of freedom at the corresponding
Lagrange nodes {&;}y<;<;- Given that the unisolvence for Lagrange P; is a
direct consequence of the construction from a nodal basis, the same argument
applies for higher polynomial order as long as degrees of freedom are located
at Lagrange nodes. As illustration Table 4.3.3 depicts the shape functions for
k =1,2,3 in one dimension with equidistributed nodes (but other distributions
are possible and also other polynomials can be used to build nodal elements).
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©o o1
1
1
Py
bo $1 P2
1
1
Py
) ©0 1 P2 P3
Py

Table 4.1: Shape functions for Lagrange Py, Py, P3 on the interval K = [0, 1].

4.4 Extension to multiple dimensions

4.4.1 Barycentric coordinates

Lagrange polynomials (4.2.1) construct directly one-dimensional shape func-
tions, while in higher dimensions they can be reformulated in terms of barycen-



46 CHAPTER 4. SIMPLICIAL LAGRANGE FINITE ELEMENTS

tric coordinates. High-order Lagrange basis can also be expressed as polynomials
of barycentric coordinates.

Definition 4.4.1 (Barycentric coordinates). Let us consider K a d-simplex
with vertices {v;}y<,<4, any point € K satisfies

r = Z Al(ZB)Vz

where barycentric coordinates are obtained by relation

Ai: RT SR
(x—v;) n

@) =1 — o YR
x — \(x) (v —vi) m,

with n; the unit outward normal to the facet opposite to v;, and v; a vertex
belonging to this facet.

The geometric interpretation of barycentric coordinates is given by

Ai(x) = me?;{(Ki)

with meas(K;) the signed measure of K;(x) the d-simplex constructed with point
x and the facet opposite to v;. In particular, points located within K; have non-
negative \;, and the point @, satisfying equal weight \;(z4) = (d 4+ 1)~! is the
isobarycentre. In practice this property can be used to check if a point is inside
a simplex: if the signed measure of one \; is negative or if >, |K;(x)| > | K|
then the point is outside of the simplex.

Example 4.4.2 (Lagrange P; 1D). In one dimension of space, barycentric
coordinates on K = [zg, z1] are

)\0(%) _ 1_IE*£C0 :SﬂlfI
Tr1 — X0 r1 — X0
r—x r—X
A(z) = 1-— L 0

Trog — T1 Tr1 — X0
which is exactly the same expression as linear shape functions g and .

Example 4.4.3 (Lagrange P; 2D). In two dimensions of space, barycentric
coordinates on the unit triangle K depicted Figure 4.4.3 are

_ (ﬁvg) i (171) o o ~

Xo(x) = 1—7(1’0)_(171) = 1—-2—9
o ('i‘_lvg)'(_LO) I
)\1(28) = 1- (_1’0) ] (_1’0) T
_ (@,9-1)-0,-1) _
S TR R

which is the linear Lagrange basis on K (since the normal is at the numerator
and the denominator, there was no need to normalize the vector).
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Vo = (07 1) o

Figure 4.1: Unit triangle with outward facet normals

We can verify easily that shape functions

Go() = 1-2—9
¢1(2) = @
G2(T) = U

form a nodal basis and that ¢o(x) + ¢1() + P2(x) =1 for any .

Lagrange elements of polynomial degree k = 1,2,3 can be expressed using
barycentric coordinates in higher dimensions, the shape functions are given by:

k=1, M\ L0<i<d
k=2 A\ (2N —1) L0<i<d
4)\1')\]' ,0§’i<j§d
1 .
k':?), 5)\1‘(3)\1'—1)(3)\1‘—2) ,OSZSd
DA BA 1) 0<ij<dit]
27A¢)\j)\k ,0§’i<j<k§d

4.4.2 Affine transformation

In Chapter 3 the one-dimensional affine mapping between the unit interval and
any subinterval K = [z;, x;41] of a one-dimensional mesh Tj, was given by Equa-
tion (3.1.3); the link to higher dimensions in space was then briefly discussed.
The following example describes how the affine mapping Tk : K — K is defined
for a triangle in R2.

The shape of the reference triangle K is defined by vectors ¥1 —vg and V9 —¥g,
and in the same fashion the shape of any triangle K is defined by vectors vi — v
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V2

‘A/'Q = (071) TK

Vo

Vi
Vo = (070) V1= (LO)

and vy —vg. The affine mapping is a simple change of coordinates but the detail
is given below for the sake of completness.

{Vl = TK(\A/'l) = V0+(V1—VO)
vo = Tg(¥2) = vo+ (va—vp)

and any point & of K can be expressed in terms of the relation
x = v+ A(vi — vo) + p(va — vo)

with given A and pu. The reference triangle is defined by the canonical basis of
R? as (¥1 — 90, V2 — ¥0) = (€4, €y) so that the affine mapping

x =vo+ Bga

satisfies T (ez) = (vi — vo) and Tk (ey) = (v2 — vp). The matrix Bg is then
the matrix of the corresponding change of basis composed of column vectors
Vi — Vo, thus

Viz — Vo V2 — VO,m:| -

T =vg+ T
Viy = Voy V2,y — Vouy

Definition 4.4.4 (Affine mapping from reference simplex in R?). The general-
ization of the affine mapping in R from the reference simplex K = {‘A’i}ogig d
to K = {Vi}y<;<q is given by & = vo + J7, &, with

P oTy,
e Ox; ij

given by colum vectors (v; — vo).

While the change of coordinates for the mass matrix does not pose any dif-
ficulty, the case of the stiffness matrix requires some precisions. The derivation
of the composition of two functions reads

CV(GoT-N = (VeoT-1).
Vo=V(poTy )= (VooTy ) Jp
which can be also written formally component by component

dp Op 0% dy
or: z]: 0i; Ors 2 i Prerl
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and can be interpreted as the decomposition of variation da along each axis
in terms of d&. Moreover the Jacobian matrix of the inverse mapping is the
inverse of the Jacobian matrix

Iret = (e o T

so that
C{\_1:T . _
Vo = [(Jre o T )] (V@ o Ty

and since the Jacobian matrix is constant on each cell K, it can be simplified as

Vo =7 (Voo Tgh)

4.5 Local equation for Lagrange P; in one dimension

The approximation of Problem (1.7) by Lagrange Py elements on domain Q) =
(0,1) reads:

Find u € Vj, given f € L2(€), such that:

(4.1a)
/Vu~Vvdaz:/fvda: , Vve W,
Q Q
with the approximation space V}, chosen as:
Vi = {v e CO%Q) NHH(Q) : v|, € P1(K),VK € Tp} (4.1b)
The interval Q = [0,1] is discretized by partitioning into disjoints subin-

tervals [zn, Znt1], 1 < n < Ng of length h = 1/Ng. Steps to obtain a weak
formulation and deriving a discrete problem were detailed in Section 3.1.

Expressing the local equation for any subinterval K = [x,,, 2, +1] consists of
assembling a matrix corresponding to contributions

A= /K Orj() Opi(x) do

for shape functions ¢; and ¢; which have support on K. Given that the di-
mension of the Lagrange P element in one dimension is two, with two shape
functions ¢, and ¢,4+1, the local matrix is of dimension 2 x 2. The deriva-

tive of ¢, and @, is constant on K and of opposite signs: ¢,(x) = —1 and
Pnt1(z) = +1.
1]+1 -1
AK_hL1+J

with row and column indices of the local matrix mapping to row and column
indices (n,n + 1) of the global matrix. Therefore assembling the local equation
into the global matrix consists of adding entries of Ax to the submatrix with row
and column indices (n,n+1). Since each node x,, has two adjacent subintervals
[®n—1,2n] and [z, p41], inner nodes (which are not on the boundary) will see
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two contributions +1 on the diagonal, one contribution —1 for columns n — 1,
and one contribution —1 for columns n + 1, scaled by factor 1/h.

A 1[0 e 0 =1 42 -1 0 .- o}
i<y el

If the partition of the interval is not uniform then the assembly of the local
equation should be modified,

1 [(+1 -1
A = —
LT [—1 +J

with |K| = |2p4+1 — Zn|.
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4.6 Exercises

Exercise 4.6.1.
Let us consider the Helmoltz problem posed on the domain € = (0, 1), given &
a real coefficient:

—u"(z) + ku(z) = f(2), Ve (4.2a)

with f € L2(Q),
u(z) =0, Ve dfd (4.2b)

Let us consider the analytic solution for k = 1 and f(z) = sin(nzx) given by

u(z) = sin(mz) /(1 + 72).

(a) Derive a weak formulation of Problem (4.2).

(b) Show that the problem solved by a Galerkin method using the discrete
space Vi, = span{p;}, 1 < i < N, can be written under the form of a
linear system

(A+sM)u=b

(c) Express the linear system when the problem is approximated with V}, =
X ,% the space of linear Lagrange finite element on a uniform grid.

(d) Implement a program to solve the problem with V}, = X ,1 and compare
the discrete solution with the suggested analytic solution.

(e) Express the linear system when the problem is approximated with V}, =
X ,% the space of quadratic Lagrange finite element on a uniform grid.

(f) Modify the linear system for a general non-uniform grid, and for testing
use vertices:

VY ={0.0,0.1,0.25,0.3,0.4,0.45,0.5,0.55,0.6,0.7,0.8,0.9, 1.0}

(g) Write a function computing integrals by the quadrature formula:

1

3

/ g(z)dr =~ —i-ff,
0 6

to approximate contributions for each element to the load vector b.

(h) Implement a program to solve the problem with V;, = X? and compare
the discrete solution with the suggested analytic solution.

(i) Modify the program to implement the boundary condition u(0) = 1
u'(x) = 2. Which changes are required?

N | —
(@)}
&

Cy =

N |

[9(c1) + g(c2)], a1 =

N | —

Y



