
Chapter 1

Weak formulation of elliptic
Partial Differential Equations

1.1 Historical perspective

The physics of phenomena encountered in engineering applications is often mod-
elled under the form of a boundary and initial value problems. They consist of
relations describing the evolution of physical quantities involving partial deriva-
tives of physical quantities with respect to space and time, such relations are
called Partial Differential Equations (PDEs). Problems involving only varia-
tions in space on a domain Ω ⊂ Rd are called Boundary Value Problems (1.1) as
they involve the description of the considered physical quantities at the frontier
of the physical domain ∂Ω.

���������

Find u : Rd → Rn such that:

Au(x) = f(x) , ∀ x ∈ Ω

+ Boundary conditions on ∂Ω

(1.1)

with A a differential operator, i.e. involving partial derivatives of u, like the
first derivatives with respect to each axis

∂

∂xi

for i = 1, · · · , d, or more generally

∂|α|

∂α1x1 · · · ∂αixi · · · ∂αdxd

given the multi-index α = (α1, · · · ,αi, · · · ,αd), and |α| the module of the multi-
index is the order of the derivative.

Equations describing the evolution in time of physical quantities required the
definition of an initial condition in time, and are therefore called Initial Value
Problems. They consist of the coupling of an Ordinary Differential Equation
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(ODE) in time, a Cauchy Problem (1.2), with a boundary value problem in
space. ���������

Find y : R → Rn such that:

y�(t) = F (t, y(t)), ∀ t ∈ [0, T )

+ Intial condition at t = 0: y(t = 0) = y0

(1.2)

with F : R× Rn → Rn.

The term Finite Element Method denotes a family of approaches developed
to compute an approximate solution to boundary and initial value problems.

Example 1.1.1 (Partial Differential Equations). A few usual mathematical
models are listed below.

• Transfer of heat/mass by conduction/diffusion, “Fourier’s Law”:

−κΔT = f

with κ constant conductivity/diffusivity, and for example T temperature.

• Unsteady heat equation:

∂T

∂t
− κΔT = f

with κ thermal diffusivity, and T temperature.

• Transport of a passive scalar field:

∂c

∂t
+ β ·∇c = f

with β advective vector field, and for example c a concentration.

• Burgers equation in one dimension (Forsyth, 1906, and Burgers, 1948):

∂u

∂t
+ u

∂u

∂x
− ν

∂2u

∂x2
= 0

with ν a viscosity, possibly zero in the inviscid case.

• Wave equation in one dimension (D’Alembert, 1747):

∂2u

∂t2
− c2

∂2u

∂x2
= 0

with c a celerity.

• Euler equations, inviscid and incompressible case (Euler, 1757):




∂u

∂t
+ (u ·∇)u+∇p = f

∇·u = 0

with ν a viscosity, possibly zero in the inviscid case.
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• Navier–Stokes equations, homogeneous, incompressible and isothermal case
(Navier, 1822, then 19th century):





∂u

∂t
+ (u ·∇)u−∇·

�
τ(u, p)

�
= f

∇·u = 0

with τ(u, p) = ν∇u− pI for a Newtonian fluid.

The study of equations involving derivatives of the unknown has led to re-
thinking the concept of derivation: from the idea of variation, then the study
of the Cauchy problem, finally to the generalization of the notion of deriva-
tive with the Theory of Distributions. The main motivation is the existence
of discontinuous solutions produced by classes of PDEs or irregular data, for
which the classical definition of a derivative is not suitable. The concept of
weak derivative introduced by L. Schwartz in his Theory of Distributions, was
used to seek solutions to Partial Differential Equations like general elliptic and
parabolic problems (J.-L. Lions) or Navier–Stokes (J. Leray). The idea is to
replace the pointwise approach of the classical (strong) derivative

lim
h→0

f(x+ h)− f(x)

h

which requires regularity (derivability, continuity) at any point in space and
time by the derivation in the distributional sense, i.e. by considering the action
of linear forms on smooth functions, such as

T : ϕ �→
�

Ω
fϕ

with ϕ a sufficiently regular function such that the integral is defined.

1.2 Weak solution to the Dirichlet problem

Let us consider the Poisson problem posed in a domain Ω, an open bounded sub-
set of Rd, d ≥ 1 supplemented with homogeneous Dirichlet boundary conditions:

−Δu(x) = f(x), ∀ x ∈ Ω (1.3a)

u(x) = 0, ∀ x ∈ ∂Ω (1.3b)

with f ∈ C0(Ω) and the Laplace operator,

Δ =

d�

i=1

∂2

∂x2i
(1.4)

thus involving second order partial derivatives of the unknown u with respect
to the space coordinates.

Definition 1.2.1 (Classical solution). A classical solution (or strong solution)
of Problem (1.3) is a function u ∈ C2(Ω) satisfying relations (1.3a) and (1.3b).
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Problem (1.3) can be reformulated so as to look for a solution in the distri-
butional sense by testing the equation against smooth functions. Reformulating
the problem amounts to relaxing the pointwise regularity (i.e. continuity) re-
quired to ensure the existence of the classical derivative to the (weaker) existence
of the distributional derivative which regularity is to be interpreted in term in
terms of Lebesgue spaces: the obtained problem is a weak formulation and a
solution to this problem (i.e. in the distributional sense) is called weak solu-
tion. Three properties of the weak formulation should be studied: firstly that
a classical solution is a weak solution, secondly that such a weak solution is
indeed a classical solution provided that it is regular enough, and thirdly that
the well-posedness of this reformulated problem, i.e. existence and uniqueness
of the solution, is ensured.

1.2.1 Formal passage from classical solution to weak solution

Let u ∈ C2(Ω) be a classical solution to (1.3) and let us test Equation (1.3a)
against any smooth function ϕ ∈ C∞

c (Ω):

−
�

Ω
Δu(x)ϕ(x) dx =

�

Ω
f(x)ϕ(x) dx

Since u ∈ C2(Ω), Δu is well defined. Integrating by parts, the left-hand side
reads:

−
�

Ω
Δu(x)ϕ(x) dx = −

�

∂Ω
∇u(x) ·nϕ(x) ds+

�

Ω
∇u(x) ·∇ϕ(x) dx

For simplicity, we recall the one-dimensional case:

−
� 1

0

∂2u

∂x2
(x)ϕ(x)dx = −

�
∂u

∂x
(x)ϕ(x)

�1

0

+

� 1

0

∂u

∂x
(x)

∂ϕ

∂x
(x)dx

Since ϕ has compact support in Ω, it vanishes on the boundary ∂Ω, consequently
the boundary integral is zero, thus the distributional formulation reads

�

Ω
∇u(x) ·∇ϕ(x) dx =

�

Ω
f(x)ϕ(x) dx , ∀ ϕ ∈ C∞

c (Ω)

and we are led to look for a solution u belonging to a function space such that
the previous relation makes sense.

A weak formulation of Problem (1.3) consists in solving:
�������

Find u ∈ H, given f ∈ V �, such that:
�

Ω
∇u ·∇v dx =

�

Ω
fv dx , ∀ v ∈ V

(1.5)

in which H and V are a function spaces yet to be defined, both satisfying
regularity contraints and for H boundary condition constraints. The choice of
the solution space H and the test space V is described Section 1.3.
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1.2.2 Formal passage from weak solution to classical solution

Provided that the weak solution to Problem (1.5) belongs to C2(Ω) then the
second derivatives exist in the classical sense. Consequently the integration by
parts can be performed the other way around and the weak solution is indeed
a classical solution.

1.2.3 About the boundary conditions

Boundary condition Expression on ∂Ω Property
Dirichlet u = uD “essential” boundary condition
Neumann ∇u · n = 0 “natural” boundary condition

Essential boundary conditions are embedded in the function space, while
natural boundary conditions appear in the weak formulation as linear forms.

1.3 Weak and variational formulations

1.3.1 Functional setting

Hilbert–Sobolev spaces Hs (Section C.4) are a natural choice to “measure” func-
tions involved in the weak formulations of PDEs as the existence of the integrals
relies on the fact that integrals of powers | · |p of u and weak derivatives Dαu
for some 1 ≤ p < +∞ exist:

Hs(Ω) =
�
u ∈ L2(Ω) : Dαu ∈ L2(Ω) , 1 ≤ α ≤ s

�

with the Lebesgue space of square integrable functions on Ω:

L2(Ω) =

�
u :

�

Ω
|u(x)|2 dx < +∞

�

endowed with its natural scalar product

( u , v ) L2(Ω) =

�

Ω
u v dx

Since Problem (1.5) involves first order derivatives according to relation,
�

Ω
∇u ·∇v dx =

�

Ω
fv dx

then we should consider a solution in H1(Ω).

H1(Ω) =
�
u ∈ L2(Ω) : Du ∈ L2(Ω)

�

with the weak derivative Du i.e. a function of L2(Ω) which identifies with
the classical derivative (if it exists) “almost everywhere”, and endowed with the
norm,

� · �H1(Ω) = ( · , · )
1/2
H1(Ω)
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defined from the scalar product,

( u , v )H1(Ω) =

�

Ω
u v dx+

�

Ω
∇u ·∇v dx

Moreover, the solution should satisfy the boundary condition of the strong
form of the PDE problem. According to Section 1.2.3 the homogeneous Dirichlet
condition is embedded in the function space of the solution: u vanishing on the
boundary ∂Ω yields that we should seek u in H1

0(Ω).

1.3.2 Determination of the spaces

We will now establish that any weak solution “lives” in H1
0(Ω) and that the

natural space for test functions is the same space.

Choice of test space

In order to give sense to the solution in a Hilbert–Sobolev space we need to
choose the test function ϕ itself in the same kind of space. Indeed C∞

c (Ω) is
not equipped with a topology which allows us to work properly. If we chose
ϕ ∈ H1

0(Ω) then by definition, we can construct a sequence (ϕn)n∈N of functions
in C∞

c (Ω) converging in H1
0(Ω) to ϕ, i.e.

�ϕn − ϕ�H1(Ω) → 0, as n → +∞

For the sake of completeness, we show that we can pass to the limit in the
formulation, term by term for any partial derivative:

�

Ω
∂iu ∂iϕ

n →
�

Ω
∂iu ∂iϕ

as ∂iϕ
n � Diϕ in L2(Ω), which denotes the weak convergence i.e. tested on

functions of the dual space (which, in case of L2(Ω), is L2(Ω) itself).
�

Ω
f ϕn →

�

Ω
f ϕ

as ϕn → ϕ in L2(Ω). Consequently the weak formulation is satisfied if ϕ ∈
H1

0(Ω).

Choice of solution space

The determination of the function space is guided,

• firstly, by the regularity of the solution: if u is a classical solution then it
belongs to C2(Ω) which involves that u ∈ L2(Ω) and ∂iu ∈ L2(Ω), thus
u ∈ H1(Ω),

• secondly by the boundary conditions: the space should satisfy the Dirichlet
boundary condition on ∂Ω. This constraint is satisfied thanks to the
following trace theorem for the solution to the Dirichlet problem: since
Ker(γ) = H1

0(Ω), we conclude u ∈ H1
0(Ω).
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Lemma 1.3.1 (Trace Theorem). Let Ω be a bounded open subset of Rd with
piecewise C1 boundary, then there exists a linear application γ : H1(Ω) →
L2(∂Ω) continous on H1(Ω) such that γ(u) = 0 ⇒ u ∈ Ker(γ).

The regularity of the solution itself depends on the nature of the differential
operators involved in the problem (e.g. up to which order should be derivatives
controlled?), but also on the data of the problem: regularity of the domain and
right-hand side.

The weak formulation of Problem (1.3) reads then:

�������

Find u ∈ H1
0(Ω), such that:

�

Ω
∇u ·∇v dx =

�

Ω
fv dx , ∀ v ∈ H1

0(Ω)
(1.7)

1.4 Abstract problem

The study of mathematical properties of PDE problems is usually performed on
a general formulation called abstract problem which reads in our case:

������

Find u ∈ V , such that:

a(u, v) = L(v) , ∀ v ∈ V
(1.8)

with a( · , · ) a continuous bilinear form on V × V and L( · ) a continuous linear
form on V .

Proposition 1.4.1 (Continuity). A bilinear form a( · , · ) is continuous on V ×
W if there exists a positive constant real number M such that

a(v, w) ≤ M�v�V �w�W , ∀ (v, w) ∈ V ×W

For example, in the previous section for Problem (1.7), the bilinear form
reads

a : V × V → R

(u, v) �→
�

Ω
∇u ·∇v dx

and the linear form,
L : V → R

v �→
�

Ω
f v dx

The continuity of these two forms comes directly from that they are respec-
tively the inner-product in H1

0(Ω), and the L2 inner-product with f ∈ L2(Ω):
the Cauchy–Schwarz inequality gives directly a continuous control of the image
of the forms by the norms of its arguments.
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Definition 1.4.2 (Topological dual space). The topological dual space V � of
a normed vector space V is the vector space of continuous linear forms on V
equipped with the norm:

�f�V � = sup
x∈V,x�=0

|f(x)|
�x�V

In the following chapters, we consider the case of elliptic PDEs, like the
Poisson problem, for which the bilinear form a( · , · ) is coercive.

Proposition 1.4.3 (Coercivity). A bilinear form is said coercive in V if there
exists a positive constant real number α such that for any v ∈ V

a(v, v) ≥ α�v�2V

This property is also know as V –ellipticity.

1.5 Well-posedness

In the usual sense, a problem is well-posed if it admits a unique solution which
is bounded in the V -norm by the data: forcing term, boundary conditions,
which are independent on the solution and appear at the right-hand side of
the equation. In this particular case of the Poisson problem the bilinear form
a( · , · ) is the natural scalar product in H1

0(Ω), thus it defines a norm in H1
0(Ω)

(but only a seminorm in H1(Ω) due to the lack of definiteness, not a norm !).

Theorem 1.5.1 (Riesz–Fréchet). Let H be a Hilbert space and H � its topological
dual, ∀ Φ ∈ H �, there exists a unique representant u ∈ H such that for any
v ∈ H,

Φ(v) = ( u , v )H

and furthermore �u�H = �Φ�H�

This result ensures directly the existence and uniqueness of a weak solution
as soon as a( · , · ) is a scalar product and L is continuous for � · �a. If the
bilinear form a( · , · ) is not symmetric then Theorem 1.5.1 (Riesz–Fréchet) does
not apply.

Theorem 1.5.2 (Lax–Milgram). Let H be a Hilbert space. Provided that a( · , · )
is a coercive continuous bilinear form on H×H and L( · ) is a continuous linear
form on H, Problem (1.8) admits a unique solution u ∈ H.

Now that we have derived a variational problem for which there exists a
unique solution with V infinite dimensional (i.e. for any point x ∈ Ω), we need
to construct an approximate problem which is also well-posed.


