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2.48.

2.49.

ANALYSIS OF STRESS [CHAP. 2

Sketch the Mohr's circles and determine the maximum shear stress for each of the following

stress states:

r v 0 + 0 O
@ oy = s v 0O )y o5 = 0 —r O
0 0 —2r

Ans. (@) og=7, () 0s= 3r/2

, page 39, together with the stress transformation law (2.27),

Use the result given in Problem 1.58 : 0
an invariant.

page 50, to show that ekepqmOinTiqOkm is

In a continuum, the stress field is given by the tensor

z"; 23 a- z:)zl 1]
oy =l - 22z, (x5 —32)/3 o2
] 0 2x3

Determine (a) the body force distribution if the equilibrium equations are to b? untisﬂ:d thr::i};oz:
the field, (b) the principal stress values at the point P(a, 0,2\/; ), (¢) the maximum shear §

P, (d) the principal deviator stresses at P.

Ans. (a) by = —4z;, (b) a,—¢, 8z, (c) =4.5a, (d) —11a/8, —ba/3,16a/3

Chapter 3

Deformation and Strain

3.1 PARTICLES AND POINTS

In the kinematics of continua, the meaning of the word “point” must be clearly under-
stood since it may be construed to refer either to a “point” in space, or to a “point” of a
continnum. To avoid misunderstanding, the term “point” will be used exclusively to
designate a location in fixed space. The word “particle” will denote a small volumetric
element, or “material point”, of a continuum. In brief, a point is a place in space, a particle
is a small part of a material continuum.

32 CONTINUUM CONFIGURATION. DEFORMATION AND FLOW CONCEPTS

At any instant of time ¢, a continuum having a volume V and bounding surface S will
oceupy a certain region R of physical space. The identification of the particles of the
continuum with the points of the space it occupies at time ¢ by reference to a suitable set of
coordinate axes is said to specify the configuration of the continuum at that instant.

The term deformation refers to a change in the shape of the continuum between some
initial (undeformed) configuration and a subsequent (deformed) configuration. The emphasis
in deformation studies is on the initial and final configurations. No attention is given to
intermediate configurations or to the particular sequence of configurations by which the
deformation occurs. By contrast, the word flow is used to designate the continuing state
of motion of a continuum. Indeed, a configuration history is inherent in flow investigations
for which the specification of a time-dependent velocity field is given.

3.3 POSITION VECTOR. DISPLACEMENT VECTOR

In Fig. 8-1 the undeformed configuration of a material continuum at time t=0 is
shown together with the deformed configuration of the same continuum at a later time
t =t. For the present development it is useful to refer the initial and final configurations
to separate coordinate axes as in the figure.

Fig.3-1

ki
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Accordingly, in the initial configuration a representative particle of the continuum
occupies a point Po in space and has the position vector

X = X1i1+Xziz+ Xain = Xx'ix (3.1)

with respect to the rectangular Cartesian axes OXxX,X,: Upper-case lett:rts ;:‘e. uie;: :.:
indices in (3.1) and will appear as such in several equations .t.hat follow, bl(l)o . eir ise 49
summation indices is restricted to this section. In the remn}nder of the. h uppe: ense
subscripts or superscripts serve as labels only. Their use hgre isto empha:}lize t etc:;lur;ecoor_
of certain expressions with the coordinates (X;J{sX:), .W¥llch are call.ed et zw. tethe one
dinates. In the deformed configuration the particle originally at Po is located & Po

P and has the position vector

X = 28 + Tobs + T = T& (3.2)

i Here lower-case letters are used
when referred to the rectangular Cartesian axes 0%iZ2%s. ; re
as subscripts to identify with the coordinates (:%2%s) _whlch give the current position of
the particle and are frequently called the spatial coordinates.

i j i i d the spatial axes 0Z:iT2Ts is

The relative orientation of the material axes O.X 1 X2 X3 an

specified through direction cosines a,, and ag,, which are defined by the dot products of

unit vectors as LA
G I8 = o = o

(8.9)

No summation is implied by the indices in these expressions gince & anqi K‘iare sdistin:;

indi i the equations Ix*Ir = ke &
dices. Inasmuch as Kronecker deltas are demgnatet_l by t

}ér:g:’ = 5ip, the orthogonalily conditions between spatial and material axes take the form

Oy = Tr%pr T 8.p5  Cxe%Mp = “prTpM = Byn (8.4)
In Fig. 3-1 the vector u joining the points Po and P (the initial an_d fmatl positior;i;
respectively, of the particle), is known as the displacement vector. This vector may

expressed as

u = 8, (3.5)
i 3.6
or alternatively as U= U.l (3.6)

in which the components Ux and ux are interrelated through the direction cgsines g
From (1.89) the unit vector %, is expressed in terms of the material base vectors Ix as

8 = ady (8.7)
Therefore substituting (8.7) into (3.5),
u = ufad) = Ude = U (3.8)
3.9
from which Up = apgthy (3.9)

Since the direction cosines «,, are constants, the components of the displacen-lent vector a::
observed from (8.9) to obey the law of transformation of first-order Cartesian tensors,

they should.

The vector b in Fig. 3-1 serves to locate the origin o with respect to 0. From the

geometry of the figure, v bix_X (.10)
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Very often in continuum mechanics it is possible to consider the coordinate systems
O0X,1X.X: and ox,x223 superimposed, with b =0, so that (3.10) becomes

u=x-X (8.11)
In Cartesian component form this equation is given by the general expression
% = T, — o, Xy (8.12)

However, for superimposed axes the unit triads of base vectors for the two systems are
identical, which results in the direction cosine symbols «,, becoming Kronecker deltas.
Accordingly, (3.12) reduces to

u, = 7, — X, (3.13)
in which only lower-case subscripts appear. In the remainder of this book, unless specifi-

cally stated otherwise, the material and spatial axes are assumed superimposed and hence
only lower-case indices will be used.

34 LAGRANGIAN AND EULERIAN DESCRIPTIONS

When a continuum undergoes deformation (or flow), the particles of the continuum

move along various paths in space. This motion may be expressed by equations of the
form

o = @, Xo Xst) = 2X,0) or x = x(X,0) (8.14)

which give the present location a: of the particle that occupied the point (X:X.Xs) at time
t=0. Also, (3.14) may be interpreted as a mapping of the initial configuration into the
current configuration. It is assumed that such a mapping is one-to-one and continuous,
with continuous partial derivatives to whatever order is required. The description of
motion or deformation expressed by (8.14) is known as the Lagrangian formulation.

If, on the other hand, the motion or deformation is given through equations of the form
Xi = Xz, 22, 23, t) = X.(x, ) or X = X(x, t) (3.15)

in which the independent variables are the coordinates x; and ¢, the description is known
as the Eulerian formulation. This description may be viewed as one which provides a
tracing to its original position of the particle that now occupies the location (zi, 72, za). If
(8.15) is a continuous one-to-one mapping with continuous partial derivatives, as was also
assumed for (3.14), the two mappings are the unique inverses of one another. A necessary
and sufficient condition for the inverse functions to exist is that the Jacobian

7 |§%| (3.16)
should not vanish.
As a simple example, the Lagrangian description given by the equations
z = X1+ Xo(et—1)
z2 = X(emt—-1) + X, (8.17)
T3 = X3
has the inverse Eulerian formulation,
X, = etz
X = %—Pe—;,ﬁ (3.18)
Xs = x5
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35 DEFORMATION GRADIENTS. DISPLACEMENT GRADIENTS

Partial differentiation of (3.14) with respect to X, produces the tensor az/aX; which is
called the material deformation gradient. In symbolic notation, az/aX; is represented by
the dyadic

i X | Ox. | 0Xg
F = xVx = ;5,8 *axetan® (8-19)

in which the differential operator Vy = 3_%3‘ is applied from the right (as shown

explicitly in the equation). The matrix form of F serves to further clarify this property
of the operator Vx when it appears as the consequent of a dyad. Thus

Z1 a 3 3 ax1/0X 1 ax1/0X 2 3z1/0Xs
F o= |m [ﬁa—x‘, m] = | omfoX, omafoXs omfoXs| = [om/aX)] (3:20)
T3 3x3/0X1 8x3/aX2 3xa/0Xs

Partial differentiation of (3.15) with respect to z; produces the tensor aX/az; which is
called the spatial deformation gradient. This tensor is represented by the dyadic

H = XV, = &+ 32 & + 3z, & (8.21)
having a matrix form

' 5 g aXy oz 8Xilox: 8Xi/aTs
4 = |x [5;15;“.,—13] = | aXufom aXoom: oXefoms| = [0Xdaxm] (3.22)
X aXa/oxy 0Xslaxe 8Xs/dxa
The material and spatial deformation tensors are interrelated through the well-known
chain rule for partial differentiation,

oz 0X) _ oXi 9%

. WX, m om0k Bue (8.23)

Partial differentiation of the displacement vector % with respect to the coordinates
produces either the material displacement gradient aw/aX;, or the spatial displacement
gradient dui/3z;. From (8.18), which expresses % as a difference of coordinates, these tensors
are given in terms of the deformation gradients as the material gradient

o _ 9T = T
X, = X, 8ij or Jd = uVx = F—1 (3.2-6)
and the spatial gradient

w _ o, K =1-

Fri 8y %) or K=uV, = 1—H (8.25)

In the usual manner, the matrix forms of J and K are respectively

[ ] P R qu/aX: ou/oXa dur/aXa
5 = | w | am) T | owloXs awiks) = [ouloX]] (3.26)
us ous/0Xy duafdXs us/0Xs
and
[ s 8 @ auyfdzy w/dxa Bur/8Ta
K = |u [5?‘,5:}—:,5?:] = SUa/OT)  OU/OT2 OU2/BXT3 | = [usfazs) (3.27)
Ua Jua/oz: Oua/dxe /83
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36 DEFORMATION TENSORS. FINITE STRAIN TENSORS

In Fig. 3-2 the initial (undeformed) and final (d
eformed) configurations of a conti
;‘1}':3 refgrred t9 the sup.erposed rectangular Cartesian coordinate axes OX1X:X5 and o:::::‘
e neighboring partu.:les which occupy points P, and Q. before deformation, move tc;
points P and Q respectively in the deformed configuration. L

Xy, 25
g, ”Q
= s du .
Q@ N>
& \
x u
v x
0 x
Xo, %2
Xy, 7
Fig. 3-2

The square of the differential element of length between Py and Qo is

(@X): = dX+dX = dXidX; = 8ydX.dX, (3.28)
From (3.15), the distance differential dX; is seen to be
X,
dXx, = a—z:dz, or dX = H-dx (3.29)
so that the squared length (dX)? in (3.28) may be written
_ 38X 3X
(dX)? = a—na—md:nd.'c, = Cydmdz; or (dX)* = dx-C-dx (8.30)
in which the second-order tensor
_ X 80Xk
Cy = R or € = H:H (8.31)

is known as Cauchy’s deformation tensor.

In the deformed configuration, the square of the differential element of length between

Pand Qis
(dz)? = dx+dx = dzidz; = Sydmida; (3.32)
From (3.14) the distance differential here is
_ 0xs
dxi = a—de, or dx = F-dX (8.39)
so that the squared length (dz)? in (3.92) may be written
__ 9z 0Tk
(dz)“ = ﬁa—de(de = GudX(dX’ or (d&:)2 = dX+G-dX (3.34)
in which the second-order tensor
__ 0k 9Tk
Gy = X, 0%, or G = F.F (3.85)

is known as Green’s deformation tensor.
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i i i rticles of a continuum is used as
The difference (dz)*—(dX)* for two nelghborl.ng pa 1
the measure of deformation that occurs in the nelghbt.)rhoo.d of the particles bet:we;a: !;he
initial and final configurations. If this difference is identically zero for all neigh rlgg
particles of a continuum, a rigid displacement is said to occur. Using (3.84) and (3.28),
this difference may be expressed in the form

(dz)? — (dX)* = (%%%‘fi— aq) dXidX; = 2LydX.dX;
1 i

or (dz) — (@X) = dX-(F-F—1)-dX = dX-2lc-dX (3.86)

in which the second-order tensor

= Lfomedze o = }(F.-F—1 (8.87)
Ly = 2(6X. ax; 51:) or Le ( )

is called the Lagrangian (or Green’s) finite strain tensor.
Using (8.82) and (8.80), the same difference may be expressed in the form
Xk 0Xx _
(dz)2 - (dX)z . (811— ?‘Ea_xf) dxidzy = ZEud.'mda:,

or (dz) — (X2 = dx-(1—Hc-H)-dx = dx-2Es-dx (3.88)

in which the second-order tensor

1 GXkﬁlE E
Ey = E(EU_E aa:;) or A

is called the Eulerian (or Almansi’s) finite strain tensor.

An especially useful form of the Lagrangian and Eulerian fmibe_strain tensox_‘; ;sz ;l;;{t
in which these tensors appear as functions of the displaceme.nt gradients. ) Thus i oe ;
from (8.24) is substituted into (3.87), the result after some simple algebraic manipu

is the Lagrangian finite strain tensor in the form

1/ow , ow , 3 gu_u_) or Lo = 3343 +3rd) (8.40)

1(1 - He-H) (3.39)

Ly = 2<57: 3X, " aX, X,
In the same manner, if aXi/dx, from (3.25) is substituted into (3.89), the result is the
Eulerian finite strain tensor in the form
L (”"' o _ %%) or  Ex = HK+K —KeK) (3.41)

By = 2 'B_:CJ oxi 0% dxy

The matrix representations of (3.40) and (8.41) may be written directly from (3.26) and
(3.27) respectively.

3.7 SMALL DEFORMATION THEORY. INFINITESIMAL STRAIN TENSORS

The so-called small deformation theory of continuum mechanics has as its bazi; cor';‘(;:
tion the requirement that the displacement gradients be small 2(:om;;n.a;ed to l;xen;x!;ressed
fundamental measure of deformation is the difference (dx();; o(;iX) ,d w(l:l;i I)mi::lyto ey
i i i inserting (3. an k K n
in terms of the displacement gradients by inse - :

i i i 11, the finite strain tensors In
3.98) respectively. If the displacement gradients are small, f A
Es.&sg andp(s.m) reduce to infinitesimal strain tensors, and the resulting equations represent

small deformations.

|
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In (3.40), if the displacement gradient components dw/8X; are each small compared to
unity, the product terms are negligible and may be dropped. The resulting tensor is the
Lagrangian infinitesimal strain tensor, which is denoted by

1/0m  ou
L i(a_x, +67,.) or L= }uVy + Vxu) = $J+J) (3.42)

Likewise for du/az; < 1 in (8.41), the product terms may be dropped to yield the Eulerian
infinitesimal strain tensor, which is denoted by
1 /0w |, du

@ = E(a_z, + a—z:) or E = }uv, +V,u) = {K+K) (8.48)
If both the displacement gradients and the displacements themselves are small, there is
very little difference in the material and spatial coordinates of a continuum particle.
Accordingly the material gradient components #w./8X; and spatial gradient components
dui/dx; are very nearly equal, so that the Eulerian and Lagrangian infinitesimal strain
tensors may be taken as equal. Thus

ly=¢ or L=E (3.44)
if both the displacements and displacement gradients are sufficiently small.

3.8 RELATIVE DISPLACEMENTS. LINEAR ROTATION TENSOR.
ROTATION VECTOR

In Fig. 3-3 the displacements of two neighboring Q
particles are represented by the vectors u{" and u{%’
(see also Fig. 3-2). The vector ulQ
duy = u{® — 4  or du = u‘®W — yP x
(3.45) @

is called the relative displacement vector of the particle

originally at Qo with respect to the particle originally

at Po. Assuming suitable continuity conditions on the P
displacement field, a Taylor series expansion for ("’ APy

may be developed in the neighborhood of P,. Neglect- P,

ing higher-order terms in this expansion, the relative

displacement vector can be written as Fig.3-3

dw = (faX)rydX; or du = (uVy)e, dX (3.46)

Here the parentheses on the partial derivatives are to emphasize the requirement that the
derivatives are to be evaluated at point P;. These derivatives are actually the components
of the material displacement gradient. Equation (8.46) is the Lagrangian form of the
relative displacement vector.

1t is also useful to define the unit relative displacement vector du/dX in which dX is
the magnitude of the differential distance vector dX;. Accordingly if v, is a unit vector in
the direction of dX| so that dX, = v dX, then

du; dui dX; Auq du s

X T X, dX "% OF gx T uVx'v = I (8-47)

Since the material displacement gradient 8u/8X; may be decomposed uniquely into a
symmetric and an antisymmetric part, the relative displacement vector du; may be written as



!
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1 /0w |, dw 1/8wm _ 8y )
dw = [E (a—X—, . éY.) b 2<aX, ax; ]dX’
or du = [}(uVy + Vg u) + Huvy — Vx“)] -dX (3.48)

The first term in the square brackets in (3.48) is recognized as t}Te linear I.Jagtangian st;m.n
tensor l;. The second term is known as the linear Lagrangian rotation temsor and 18

denoted by
W 18w ow W = }uv v (3.49)
i 2\ 0X; aX.) or HuVx x¥

i i i is identically zero in the vicinity of point
In a displacement for which the strain tensor Ly is i ¢ ' Zer he :
P,, the relative displacement at that point will be an mﬁfutesnmal rigid body rotation.
This infinitesimal rotation may be represented by the rotation vector

w, = deuW,, OF W= 1Vy Xu (8.50)

in terms of which the relative displacement is given by the expression
du, = ¢uw,dX, or du = wxdX (8.51)
The development of the Lagrangian description of the relative displacement vector, the
linear rotation tensor and the linear rotation vector is paralleled completely by an analogous

development for the Eulerian counterparts of these quantities. Accordingly the Eulerian
description of the relative displacement vector is given by

du = My, or du=K-dx (8.52)
ax;

and the unit relative displacement vector by

d ~
dite= aui oy _ m—“,‘, or d-‘al: = uv, ¥

= K¢ (8.59)
ox; dz FE)

Decomposition of the Eulerian displacement gradient ou/oz; results in the expression
du _ [1(om, o) l(éﬂ_%)]d,
EE - [2 (az, 3 azi i 2 \dr; 3 s

or du = [3uv, +V,u+ Huv, — V, u)] * dx (8.54)

The first term in the square brackets of (3.54) is the El{lerian linear strain tensor ¢;,. The
second term is the linear Eulerian rotation tensor and is denoted by

Gl iﬂ_aﬂ) or 2 = }uv, — V,u) (8.55)
1 2 az; ax;

From (8.55), the linear Eulerian rotation vector is defined by
o = fepoy 0T e = 3V, XU (3.56)
in terms of which the relative displacement is given by the expression

du, = ¢yo,dz,  OF du = e X dx (3.57)

39 INTERPRETATION OF THE LINEAR STRAIN TENSORS

i i i train:tensor Ly in (8.96) may be
For small deformation theory, the finite Lagrangian s s )
replaced by the linear Lagrangian strain tensor lj, and that expression may now be written
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(dz)? — (dX)* = (dz—dX)(dx+dX) = 2l,dX:dX,
or (dz)? — (dX)* = (dz—dX)(dr+dX) = dX-21-dX (8.58)
Since dx ~ dX for small deformations, this equation may be put into the form
der—dX _ , dXidX; _ de—dX _ ., A
VS l‘lﬁd_X = l“viv, or —dax = VL7 (3.59)

The left-hand side of (3.59) is recognized as the
change in length per unit original length of the
differential element and is called the normal strain
for the line element originally having direction
cosines dXi/dX.

When (3.59) is applied to the differential line
element P;Qo, located with respect to the set of
local axes at P, as shown in Fig. 34, the result will
be the normal strain for that element. Because
PyQo here lies along the X axis,

dX\/dX = dXi/dX = 0, dX./dX =1
and therefore (8.59) becomes

dz —dX u
@ - ==ix (3.60) Fig. 3-4

Thus the normal strain for an element originally along the X. axis is seen to be the com-
ponent L. Likewise for elements originally situated along the X, and X, axes, (3.59) yields
normal strain values li; and l; respectively. In general, therefore, the diagonal terms of
the linear strain tensor represent normal strains in the coordinate directions.

Fig.3-5

The physical interpretation of the off-diagonal terms of ly may be obtained by a con-
sideration of the line elements originally located along two of the coordinate axes. In
Fig. 3-5 the line elements PoQo and PoM, originally along the X. and X, axes, respectively,
become after deformation the line elements PQ and PM with respect to the parallel set of
local axes with origin at P. The original right angle between the line elements becomes
the angle 0. From (3.46) and the assumption of small deformation theory, a first order
approximation gives the unit vector at P in the direction of Q as



86 DEFORMATION AND STRAIN [CHAP. 3
a UL A ~ oUs A 961
n: = a——l:el + € + bé e ¢ )

and, for the unit vector at P in the direction of M, as

N B BUza LA (3.62)
N, = B—X—:ex + aX;e’ + e
A A _ OB | G2, Ol (3.6%)
Therefore cosd = MM = oy, aXa X,

or, neglecting fhe product term which is of higher order,

= w0 (3.64)
cosf = + . 2l

Furthermore, taking the change in the right angle between thc.a elementst;ﬂty,.1 = x/2— 86,

and remembering that for the linear theory y,, is very small, it follows tha

Yo3 ~ BNy, = sin (#/2—0) = cosf = 21, (8.65)

Therefore the off-diagonal terms of the linear strain tensortrepresent f;nf-ha'}‘fh et:ee ;:fil:
i igi i les to one another.
between two line elements originally at right ang v
zﬁ:l:;xenta are called shearing strains, and because of .the,factor.z in (.9:6‘5) these tensor
components are equal to one-half the familiar “engineering” shearing strains.

A development, essentially paralleling the one just preéerlltefi fort::;anir;:l:[:);et(ahor:r ;z
the linear Eulerian s e

the components of L;, may also be made for 1 | oF fur airte

i i i ivati in the choice of line elements, whic
essential difference in the derivations rests in t 3 , e

i ipti i the coordinate axes after deformation.
Eulerian description must be those that lie along v e

i i d the off-diagonal terms the shearing
The diagonal terms of ¢, are the normal strains, and th di n : sheari
str:ins.gFor those defolx"mations in which the g.ssumptlon_ l;=¢; 18 valid, no distinction
is made between the Eulerian and Lagrangian interpretations.

310 STRETCH RATIO. FINITE STRAIN INTERPRETATION

rta; i in of a differential line element is the
An i nt measure of the extensional s.tram of - S
ratio Za:l/depo ¥nown as the stretch or stretch ratio. This %\:mtlta; n:la);obe :;f::x;% ;ﬁ;l‘t:i}:lr
’ - . . e .
int Po in the undeformed configuration or at the point in the T y
t'Ih‘heuI;o;:omo(s.u) the squared stretch at point P, for the line element along the unit vector

= dX/dX, is given by

dzy? G Gy L = f-G-f (3.66)
(ax’),n = 4% = Gigxax. O M =

Similarly, from (3.30) the reciprocal of the squared stretch for the line element at P along
the unit vector fi =dx/dz is given by

ax\: _ 1 _ dxi dz; 1 _ s.ca (8.67)
( ) =Cimpam

dz)e A";';, A

igi i in Fig. 34, m=¢€ and
element originally along the local X. axis shown in
theng:r: ndX‘:/dX — dX,/dX =0, dX/dX=1 so that (3.66) yields for such an element

Az‘;,] = Gaz = 1+ 2Ln (3'68)

Similar results may be determined for Af;l, and A, .
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For an element parallel to the z. axis after deformation, (3.67) yields the result

Il gy (3.69)

@

A

with similar expressions for the quantities 1/).?3], and 1/,\;"3,, . In general, A, is not equal

to Ay, since the element originally along the X axis will not likely lie along the z. axis
after deformation.

The stretch ratio provides a basis for interpretation of the finite strain tensors. Thus
the change of length per unit of original length is

dz — dX dx
=7 Gl = 27_1 = Ay — 1 (3.70)
and for the element PoQ, along the X. axis (of Fig. 34), the unit extension is therefore
Lo = Ag,—1=V1+2Ln—-1 (3.71)

This result may also be derived directly from (3.86). For small deformation theory, (3.71)
reduces to (3.60). Also, the unit extensions L« and L) are given by analogous equations
in terms of L. and Lais respectively.

For the two differential line elements shown in Fig. 8-5, the change in angle y,y = #/2—6
is given in terms of A, and A4, by
siny, = 2Ls ;o 2Las (3.72)

Agphey V1+2L2»V/1+42Lss

When deformations are small, (3.72) reduces to (3.65).

3.1 STRETCH TENSORS. ROTATION TENSOR

The so-called polar decomposition of an arbitrary, nonsingular, second-order tensor is
given by the product of a positive symmetric second-order tensor with an orthogonal second-
order tensor. When such a multiplicative decomposition is applied to the deformation
gradient F, the result may be written

Fy = :% = RuSky = TRy or F=R'S=T-R (3.78)
in which R is the orthogonal rotation tensor, and S and T are positive symmetric tensors
known as the right stretch tensor and left stretch temsor respectively.

The interpretation of (3.78) is provided through the relationship dz: = (3z/8X)) dX;
given by (3.88). Inserting the inner products of (3.73) into (3.83) results in the equations

dz; = RmSndX; = Tu‘RHdX; or dx = R*S-dX = T-R-dX (3.74)

From these expressions the deformation of dX; into dx: as illustrated in Fig. 3-2 may be
given either of two physical interpretations. In the first form of the right hand side of
(8.74), the deformation consists of a sequential stretching (by §) and rotation to be followed
by a rigid body displacement to the point P. In the second form, a rigid body translation
to P is followed by a rotation and finally the stretching (by T). The translation, of course,
does not alter the vector components relative to the axes X; and z:.



88 DEFORMATION AND STRAIN [CHAP. 3

3.12 TRANSFORMATION PROPERTIES OF STRAIN TENSORS
The various strain tensors Ly, Ey, Ly and ¢ defined respectively by (3.87), (.9...99),. (3.4?)
and (8.48) are all second-order Cartesian tensors as indicated by the .two fret? mdlces.m
each. Accordingly for a set of rotated axes Xi having the tmnsfon-natu.m matrix [by] with
respect to the set of local unprimed axes X; at point P, as shown in Fig. 3-6(a), the com-
ponents of Li; and L; are given by
L} = bpbuLpe or L& = B-la°Be (8-75)

and Uy = bipbialpa or L = B-L-B (8.76)

Fig. 3-6

Likewise, for the rotated axes z{ having the transformation matrix [ay] in Fig. 3-6(b),
the components of Ei; and ef) are given by
Ef = A-Ex-Ac (8.77)

=
Eu e a‘lna‘lqu Lt

and &) = Gulue, or FE = A'E‘Ac (8.78)

By analogy with the stress quadric described in Section 2.9, page 50, the La:qrangia.n
and Eulerian linear strain quadrics may be given with reference to lotfa] Cartesian coo}:'-
dinates n, and {, at the points P, and P respectively as shown in Fig. 8-7. Thus the
equation of the Lagrangian strain quadric is given by

llj'h"l‘ = = or nelen = =h? ('9'79)

Fig.3-7
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and the equation of the Eulerian strain quadric is given by

efl, = ¢ or "Bl = xg° (3.80)

Two important properties of the Lagrangian {Eulerian} linear strain quadric are:

1. The normal strain with respect to the original {final} length of a line element is
inversely proportional to the distance squared from the origin of the quadric Po
{P} to a point on its surface.

2. The relative displacement of the neighboring particle located at Qo {Q} per unit
original {final} length is parallel to the normal of the quadric surface at the point
of intersection with the line through PsQ, {PQ}.

Additional insight into the nature of local deformations in the neighborhood of P, is
provided by defining the strain ellipsoid at that point. Thus for the undeformed continuum,
the equation of the bounding surface of an infinitesimal sphere of radius R is given in
terms of local material coordinates by (3.28) as

(dX)* = 8;dXidX; = R* or (dX)* = dX'1-dX = R? (8.81)
After deformation, the equation of the surface of the same material particles is given by
3.80
(3-50) as (X = Cydmdz, = R* or (dX)? = dx-C-dx = R (3.82)

which describes an ellipsoid, known as the material strain ellipsoid. Therefore a spherical
volume of the continuum in the undeformed state is changed into an ellipsoid at Po by the
deformation. By comparison, an infinitesimal spherical volume at P in the deformed
continuum began as an ellipsoidal volume element in the undeformed state. For a sphere
of radius = at P, the equations for these surfaces in terms of local coordinates are given
by (3.92) for the sphere as

(dx)? = sydmdzy = 7 or (dz)* = dx-l-dx = 7° (3.83)
and by (3.84) for the ellipsoid as
(dz)* = GydXidX, =1 or (dz)*= dX-G-dX =1° (8.84)

The ellipsoid of (8.84) is called the spatial strain ellipsoid. Such strain ellipsoids as
described here are frequently known as Cauchy strain ellipsoids.

313 PRINCIPAL STRAINS. STRAIN INVARIANTS. CUBICAL DILATATION

The Lagrangian and Eulerian linear strain tensors are symmetric second-order Cartesian
tensors, and accordingly the determination of their principal directions and principal
strain values follows the standard development presented in Section 1.19, page 20.
Physically, a principal direction of the strain tensor is one for which the orientation of an
element at a given point is not altered by a pure strain deformation. The principal strain
value is simply the unit relative displacement (normal strain) that occurs in the principal
direction.

For the Lagrangian strain tensor L, the unit relative displacement vector is given by
(8.47), which may be written

du d a

T = @ FrW, or 28 = L+w)-s (8.85)
Calling l§:’ the normal strain in the direction of the unit vector ni, (3.85) yields for pure
strain (Wy = 0) the relation

l;:) = lLm or I = -8 (3.86)
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If the direction = is a principal direction with a principal strain value [, then
IS = In = Iy or 19 = 1@ =04 (3.87)
Equating the right-hand sides of (8.86) and (3.87) leads to the relationship
(ly—8yl)ny = 0 or Lt—-m-H =0 (3.88)

which together with the condition nau= 1 on the unit vectors ny provide the necessary

equations for determining the principal strain value [ and its direction cosix.les . Nontrivial
solutions of (8.88) exist if and only if the determinant of coefficients vanishes., Therefore

|bs— 8] = 0 or L—u =0 (3.89)

which upon expansion yields the characteristic equation of Ly the cubic
P-LE+II-1II =0 (3.90)
where L =W =try, IL = by — Uy, ML= |ls] = detl (3.91)

are the first, second and third Lagrangion strain invariants respectively. The roots of
(8.90) are the principal strain values denoted by lu, ko and L.

The first invariant of the Lagrangian strain tensor may be expressed in terms of the

principal strains as L ==Ltk +ky (8.92)

and has an important physical interpretation. To see this, consider a .diﬁe.rential rec-
tangular parallelepiped whose edges are parallel to the principal at_ram dlreciilons as
shown in Fig. 3-8. The change in volume per unit original volume of this element is called
the cubical dilatation and is given by

AVe _ dX,(1 + ln) dXs(1 + k) dXs(1 +ks) — dXu dX,dXs (3.98)
Vo dX,dX.dXs

Dy, =

For small strain theory, the first-order approximation of this ratio is the sum
Do = lp+le+lke = 1t (8.94)

)

x;
0 anatie)

dX,

X;
dXy

dX,

X
Fig.3-8
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Withnregard to the Eulerian strain tensor ¢; and its associated unit relative displacement
vector ¢{®, the principal directions and principal strain values ¢, ¢q ¢, are determined
in exactly the same way as their Lagrangian counterparts. The Eulerian strain invariants
may be expressed in terms of the principal strains as

I = ey tegt e
Ik = ¢pent o™ @i (8.95)
I: = epemen

The cubical dilatation for the Eulerian description is given by
AVIV = D = ¢+ ot oem (8.96)

3.14 SPHERICAL AND DEVIATOR STRAIN TENSORS

The Lagrangian and Eulerian linear strain tensors may each be split into a spherical
and deviator tensor in the same manner in which the stress tensor decomposition was
carried out in Chapter 2. As before, if Lagrangian and Eulerian deviator tensor com-
ponents are denoted by di; and ey respectively, the resolution expressions are

[/ i(tri
L=+ o L=+l 8.97)
and o= eyt or E= Eﬁ'“aﬂ (3.98)

The deviator tensors are associated with shear deformation for which the cubical dilatation
vanishes. Therefore it is not surprising that the first invariants dy and eq of the deviator
strain tensors are identically zero.

315 PLANE STRAIN. MOHR'S CIRCLES FOR STRAIN

When one and only one of the principal strains at a point in a continuum is zero, a
state of plane strain is said to exist at that point. In the Eulerian description (the
Lagrangian description follows exactly the same pattern), if z; is taken as the direction
of the zero principal strain, a state of plane strain parallel to the z:z: plane exists and the
linear strain tensor is given by

6 & 0 —‘n g 0
o = L 0 or [‘U] = € €0 0 (3.99)
0o 0 O LO 0 O

When z, and 22 are also principal directions, the strain tensor has the form

€« 0 0 (ey O O
G = 0 ¢, O or [e)] = 0 ¢, O (3.100)
0 0 0 Y 0 0

In many books on “Strength of Materials” and “Elasticity’”, plane strain is referred
to as plane deformation since the deformation field is identical in all planes perpendicular
to the direction of the zero principal strain. For plane strain perpendicular to the zs axis,
the displacement vector may be taken as a function of z, and z: only. The appropriate
displacement components for this case of plane strain are designated by
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w = w2y, T2)
U = 'M(xl,xz) (8.101)

3
&
]

C (a constant, usually taken as zero)

Inserting these expressions into the definition of ¢; given by (3.48) produces the plane
strain tensor in the same form shown in (3.99).

A graphical description of the state of strain at a point is provided by the Mohr's
circles for strain in & manner exactly like that presented in Chapter 2 for the Mohr’s circles
for stress. For this purpose the strain tensor is often displayed in the form

T + 2 Az
g = (Hre e Yvas
‘&713 '&72,1 €33

Here the v, (with i+ j) are the so-called “engineering” shear strain components, which are
twice the tensorial shear strain components.

(3.102)

The state of strain at an unloaded point on the yi2
bounding surface of a continuum body is locally D
plane strain. Frequently in experimental studies
involving strain measurements at such a surface
point, Mohr’s strain circles are useful for reporting
the observed data. Usually three normal strains are
measured at the given point by means of a strain
rosette, and the Mohr's circles diagram constructed
from these. Corresponding to the plane stress
Mohr's circles, a typical case of plane strain diagram
is shown in Fig. 8-9. The principal normal strains

S 11 B

are labeled as such in the diagram, and the maxi- E
mum shear strain values are represented by points
D and E. Fig.3-9

316 COMPATIBILITY EQUATIONS FOR LINEAR STRAINS
If the strain components ¢, are given explicitly as functions of the coordinates, the six

independent equations (8.43) " ]
_ lfow oy
o = 3 (ax, + am)

may be viewed as a system of six partial differential equations for determining the three
displacement components w. The system is over-determined and will not, in general,
possess a solution for an arbitrary choice of the strain components ;. Therefore if the
displacement components u are to be single-valued and continuous, some conditions must
be imposed upon the strain components. The necessary and sufficient conditions for such
a displacement field are expressed by the equations

aij ey e a’;,_ e (3.103)

3TrdTn | 0mdm; 0% 0Tm 0%k

There are eighty-one equations in all in (8.108) but only six are distinct. These six written
in explicit and symbolic form appear as
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1 82‘11 62‘22 2 ae‘u
ors . - T T “omors
2 ﬂzcu + thu _ é 82(”
az? 32 T “0xedza
3. Fegy + azii_ — &y
ax? o3 823071
or X E X =
Lo i(m i e VoSt M1 €49
9z 0Ty 0x2 93 072023
5 i(ﬁ_ﬂ‘_ﬂ+i‘1_z) o P
dxz; \0z1 9T2 9xa T dxadz
o Loyl ey o T
axa \dz;  9T> 9zs T 8%1 022

.Compatibility equati9ns in terms of the Lagrangian linear strain tensor l; may also be
wnt_ten down by an obvious correspondence to the Eulerian form given above. For plane
strain parallel to the ziz. plane, the six equations in (8.104) reduce to the single equation

9% 0%,y 8%
Wy 2 - 22 or V,XEXV, =0
arz  am %1 922 x x = (8.105)

where E is of the form given by (3.99).

Solved Problems

DISPLACEMENT AND DEFORMATION (Sec. 3.1-3.5)

3.1. With respect .to superposed material axes X: and spatial axes z;, the displacement
ﬁel.d of a continuum bod)t is given by =X, 2:=Xo+AX,, 23= Xs+ AX, where
A is a constant. Determine the displacement vector components in both the material
and spatial forms.

_From (3.1.1) directly, the displacement components in material form are u, =z, -X, =0,
1}4? = z:—)% = A(:{,, :._, )=/(;, = 11}5:)‘ = ;Xz. ; Inv;ﬂjng the given displacement relations to obtain
1 =2, Xg=(z,—Azl)/(1—A?), X3= (23— 2,)/(L— A?), the spatial components of
2 =0, g = Alwg— Az)/(1— A3), 5 = Aley— Az)/(1L —42), P mponents of ® e
From these results it is noted that the originall i i i i

o y straight line of material particles expressed

by X.l =0, X,4+X;=1/(1+A) occupies the location z, =0, z. +zg=1 after displnfement.

Likewise the particle line X; =0, X;=X; b after displacement z, =0, z, =z (Inter-
pret the physical meaning of this.) ! P &

32. For t}_le displacement field of Problem 3.1 determine the displaced location of the
mg.bent:] particles which originally comprise (a) the plane circular surface X:=0
X:+X3=1/(1—A?, (b) the infinitesimal cube with edges along the coordinate axes;
of length dX;=dX. Sketch the displaced configurations for (a) and (b) if A=4.
(a) By the direct substitutions X, = (z — Azy)/(1— A?) an = (zy—~ — A2 i

surface becomes the elliptical suzrfnce 3){1(.+A1):=§ —(:A)::z, -(:_' :(1 -{:1 A.:'::))lz(:1 =A ()i —ﬂr:z;:l ’C‘g::
A =}, this is bounded by the ellipse Ezg — 8x,%3 + 5:§ = 3 which when referred to its

principal axes z} (at 45° with z;, i = 2,3) has the equati 52 22 = i
shows this displacement pattern. quation 23” + 923 3. Fig. 3-10 below



