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In this project you will work with a simplified version of the equations for electromagnetic waves. You
will implement a finite element method which simulates Wi-Fi signals propagating from a wireless
router.

1 Introduction
Let Ω ⊂ R3 denote a region of space and let R+ = [0,∞). Maxwell’s equations in vacuum are

∇ × E = −
∂H
∂t

(1)

∇ × H = µ0ε0
∂E
∂t

(2)

∇ · E = 0 (3)
∇ · H = 0 (4)

where E : Ω × R+ → R3 is the electric field, H : Ω × R+ → S2 is the magnetic field (here S2 = {x ∈ R3 : |x | = 1}
is the unit sphere in R3), and µ0 and ε0 are the permeability and permittivity in vacuum (both positive constants).
Taking the curl on both sides of (1), we get on the left-hand side

∇ × (∇ × E) = ∇(∇ · E) − ∆E = −∆E

(the first equality being a standard vector identity, and the second following from (3)), and on the right-hand side

−∇ ×
∂H
∂t
= −

∂(∇ × H)
∂t

= −µ0ε0
∂2E
∂t2

(using (2)). Rearranging, we get
∂2E
∂t2
− c2∆E = 0 (5)

where c = 1√
µ0ε0

is the speed of light. The same manipulations of (2) will give

∂2H
∂t2
− c2∆H = 0. (6)

Note two things. First, the equations for E and H have been decoupled – they will only “see each other” through the
boundary conditions (not specified here). Second, note that even though the above equations are vector equations,
the components of E (and H) are decoupled. In other words, each component of E (and H) satisfies awave equation
of the form

∂2ϕ

∂t2
− c2∆ϕ = 0 (7)

for some scalar function ϕ : Ω × R+ → R.
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Assume now that we are only interested in the behavior of electromagnetic waves at a certain frequency f
(measured in hertz). We can do a Fourier transformation of ϕ(x, t) in the t variable, giving a new function
ψ(x, ω) :=

∫
R ϕ(x, t)e−iωtdt. (The relation between frequency f and angular frequency ω is ω = 2π f .) Taking

the Fourier transform of (7), we find that ψ satisfies

∆ψ + k2ψ = 0 (8)

where k = ω
c . We fix ω > 0, so that our goal is to find a function ψ : Ω → R satisfying the PDE (8). Consult [2]

for more background material on the Helmholtz equation.
Source terms can be added to (8), accounting for e.g. transmitting devices:

∆ψ + k2ψ = g (9)

for some function g : Ω→ R.

2 Project description

NOTE: This is a suggestion for a project description. You will be graded based on what you do and how you
do it, NOT on how many of the points below you have completed. However, at a minimum you need to write
down a weak formulation for Helmholtz’ equation, implement a finite element method in 2D and perform
some numerical experiments on a simple domain.

We will henceforth let Ω ⊂ R2 be a 2D domain.

1. Consider first the Dirichlet boundary value problem




∆ψ + k2ψ = g in Ω
ψ = 0 on ∂Ω

(10)

for a given function g ∈ L2(Ω). Derive a weak formulation of (10). Find a condition on k which guarantees
that (10) has a weak solution (using the Lax-Milgram theorem).
Note: It can be shown using the so-called Fredholm alternative that a weak solution exists for any k > 0, so
the condition you derive is not a necessary one.

2. Implement a finite element method which solves (10) in a simple domain, such as a box Ω = (a, b) × (c, d).

• Try different sources g. Perhaps the most relevant in this application is that g is a “Dirac mass”, which
you can approximate by setting

g(x) = ghϕi (x)

where ϕi is the Lagrangian basis vector corresponding to some point Ni in your domain, and gh > 0 is
such that

∫
Ω
g(x) dx = g0 for some constant g0 > 0. (Note that gh ∼ g0

h2 .)
• Select k in terms of the light speed c and the angular frequency ω = 2π f . Wi-Fi signals transmit at a
frequency of f = 2.4 GHz. How fine do you need to make your mesh in order to see details in ψ at a
specific frequency? Start out with small ω and increase it gradually.

3. In Maxwell’s equations, physical obstacles are introduced through variations in the permeability µ and
permittivity ε of the medium. These are often specified through the relative permeability µr =

µ
µ0

and
permittivity εr = ε

ε0
. Replacing µ0 and ε0 by µ and ε, Helmholtz’ equation becomes

∆ψ + k (x)2ψ = g, (11)

where k (x) = ω
c (x) (with c(x) =

(
µ(x)ε(x)

)−1/2) is now spatially varying. Modify your code in order to
allow for a spatially dependent wave number k. Experiment with putting up “walls” in your computational
domain and moving your signal source around.
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Note 1: It might be a good idea to assume that c is constant in each element K . To this end you need to make
sure that the triangulation aligns with the walls (or other obstacles) that you might put in your domain Ω.

Note 2: For some numerical values of µr and εr , see [3, 4, 5].

4. To account for attenuation of signal – that is, the loss of signal strength as it passes through objects – it is
common to allow the relative permittivity εr to be a complex number (see the links above). As a result,
the solution of (11) will be complex-valued. You can accommodate for this by representing the unknown
ψ as a vector of two unknowns (the real and imaginary parts of ψ), and discretizing the PDE accordingly
(effectively doubling the number of basis functions needed – one for the real part and one for the complex
part; cf. point 2 of project 2C for more details). Implement this and compare your results with real-valued k.

5. Amore physically relevant boundary condition is one that ensures that all waves exit the domainΩ, and none
enter the domain. It can be shown (see [2, p. 16] or [1, p. 337]) that a boundary condition which ensures
this is the Robin–type boundary condition

∂ψ

∂n
− ikψ = 0 on ∂Ω (12)

where i =
√
−1. Implement this boundary condition and compare with a Dirichlet-type boundary condition.

Note that this requires ψ to take complex values – see the previous point.
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