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Introduction

First some praciticalities:

• The project should be done in groups of 2 students, groups of 3 or 1 may be accepted.
Send an email to Geir with the name of the members of your group.

• Each group code their own finite element solver for the chosen problem, from scratch. Copy-
ing between groups, (including previous years) is strictly forbidden.
Sharing ideas, experience and even code concerning mesh generation, visualization and
other topics which is not part of the core content of the project (the FEM solver) is abso-
lutely fine. It is good scientific practice to acknowledge such help in the report.

• Write a short report (maximum 8 pages). Deadline for this report is November 17, kl. 16:00.

• Each group gives a 10 minutes presentation of their work at November 19 and 20.

• Anne will have a short meeting with each of the groups in week 44 and 45.

• There are tutorial sessions every Thursday, 14:15-16:00 in the computer lab. This can be
extended til Friday 12:15-14:00 on demand.

The first part of the project is supposed done, so you should already have a stiffness matrixA and a
load vector f for solving the Poisson problem on some arbitrary geometry in 2 and 3 dimensions.

In the second part of the problem set you are going to extend your library to solve more real-life
problems. Choose one of the equations:

• ∂u
∂t = α∇2u - the heat equation

• ∇σ(u) = −f - the linear elasticity equation

• ρ∂2u
∂t2

= ∇σ(u) - the free vibration equation

Some very rough tutorial on these problems are given in a separate note, read this carefully before
you start.

Advice: Whenever you build a new piece of code, whether it is mass matrices, load vectors, imple-
mentation of boundary conditions, etc.: Always test it on some problem for which you know the
exact solution. Choose a solution with the properies you want, and modify your problem (usually
the f -function) from this. Comment on what you observe in the report.

Documentation and quality control should be a part of your report.
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1 Heat equation

In this task, you will solve the heat equation (diffusion equation)

∂u

∂t
= α∇2u, α > 0

on some geometry Ω ∈ R3 and with appropriate initial- and boundary conditions.

1.1 The mass matrix

Build the mass matrix M as explained in the note. Convince yourself that the matrix is correctly
build by solving the equation

∇2u+ µu = f, µ > 0

on the unit sphere. Let the solution of this problem be u(r) = sin(2πr2) as before.

1.2 Time integration

The next step is to solve the ODE

M
∂u

∂t
= −Au.

Choose one of MATLABs ODEsolvers to solve this equation (or something similar, if you use
another programming language). Justify your choice.

Test your code on some problem with a known solution, and report the results.

1.3 Experimentation

Choose a model of your own. Two examples from last year is given below, but mostly for inspira-
tion. You are strongly encouraged to find a model of your own. Remember that the heat equation
models diffusion in general, not only diffusion of heat. You may build your own geometry by using
some grid generation tool, for example Gmsh. Experiment with different parameters and different
boundary conditions, and comment on the results.

1.3.1 Making a princess cake (bake)

In this task you will take a deeper look into how to make a princess cake. The general idea is to
bake the skirt in cake dough, turn this upside down, decorate the skirt and put a doll into the center
such that it looks like she is wearing the skirt. You will be asked to model the cake dough during
cooking and predict the temperature distribution in this.

The boundary conditions are the physical variables which we have control over. The initial condi-
tion u(t, x, y, z)|t=0 is the cake dough as it is prior to any cooking. A proper choice here would be
room temperature, say 20◦C.

During the cooking in the oven, you may apply different boundary conditions as you see fit. One
option would be non-homogeneous Dirichlet boundary conditions of, say 225◦C. This would cor-
respond to the oven temperature. Another option is to enforce a heat flux into your domain which
would be formulated as Neumann boundary conditions.
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(a) The target princess cake

(b) The physical cake mold form

(c) The computational finite element mesh

One of the key goals in this task is to see the effect that the center metallic rod has on the solution.
It’s purpose is to make sure that the cake is more or less evenly cooked at the end, so you don’t
have any raw dough in the middle of your domain after taking it out of the oven; see figure ??.

For a computational realization of the internal rod, you should apply different material properties
to all elements within this domain. In the geometry files which are available for downloading from
the course webpage, all elements in the rod have been tagged with 1001, while all dough elements
are tagged with 1000.

You have to figure out the physical variables yourself.

1.3.2 Cooking beef

We are going to cook a beef in the best possible way. By alternating the boundary conditions, we
are able to simulate either cooking this in a frying pan or in the oven. Simulate the cooking process
and find the optimal way of prepearing your meat.

(a) The physical beef geometry (b) The computational finite element mesh
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The boundary conditions are the physical variables which we have control over. The initial condi-
tion u(t, x, y, z)|t=0 is the beef as it is prior to any cooking. A proper choice here would be room
temperature, say 20◦C.

The actual cooking will be a product of the dirichlet boundary conditions. Frying the beef on a
pan will result in a high (how high?) temperature on the bottom and room temperature on the other
sides of the beef. What should be done to turn the beef and fry the other side? When should we
turn it? Cooking it in an oven would result in a uniform boundary conditions on all sides of say
225◦C. How long will it have to stay in? Is it a good idea to keep it in room temperature after
cooking (and how does this change the boundary conditions)? More exotic cooking techniques
include wrapping it in plastic and putting it in a water bath (not boiling) for some time, and only
frying it on a pan for seconds prior to serving. This is called Sous-Vide.

Experiment around by cooking it in a number of ways using different boundary conditions. The
optimality criterion is left up to the student. How well is your optimal beef cooked?

Physical proprties of meat: It is hard to generalize too much on the physical properties of the beef
as they are dependant on a number of variables outside the scope of this task. Not only are they
dependant on the meat composition (i.e. what primal cut it is derived from), but it is also dependant
on the temperature. Try and find good approximations for these numbers. A start may be the work
of Pan and Singh (”Physical and Thermal Properties of Ground Beef During Cooking”) which
suggests that the density ρ is in the range 1.006 to 1.033 g/cm3 and the thermal conductivity κ in
the range 0.35 to 0.41 W/m·K. The specific heat capacity is not mentioned in the abstract, but may
be commented on in the actual article for those that get their hands on the entire document.

Unconfirmed sources list the specific heat capacity cp of meat as 3 973 J/kg·K. You may use these
values, or better yet: find more reliable, documented values.

1.3.3 Create your own problem:

Describe the model and the geometry. Explain how parameters, boundary- and initial values have
been chosen. Describe the result, and compare it with whatever you expected.

2 Linear elasticity equation

In this task, you will solve the linear elasticity problem

∇σ(u) = −f (1)

2.1 The 2D problem

Modify you 2D Poisson solver to assemble the stiffness matrix A and the load vector b as ex-
plained in the node.

Test your code on the problem (1) with homogenous (u=0) Dirichlet boundary conditions, using

fx =
E

1− ν2
(
−2y2 − x2 + νx2 − 2νxy − 2xy + 3− ν

)
fy =

E

1− ν2
(
−2x2 − y2 + νy2 − 2νxy − 2xy + 3− ν

)
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Let Ω = {(x, y) : max(|x|, |y|) ≤ 1} be the reference square (−1, 1)2.

Verify that the exact solution for this problem is

u =

[
(x2 − 1)(y2 − 1)
(x2 − 1)(y2 − 1)

]

2.2 Extension into 3D

Modify your Poisson solver to assemble the stiffness matrix and the load vector in 3D.

Test your code on a problem with a known solution.

2.3 Experimentation

Import a 3d mesh from Minecraft (if you know how to do it), create one using your choice of
meshgenerator, or use one of those available at the webpage (but again, you are encouraged to
create your own case). Apply gravity loads as the bodyforces acting on your domain, this will be
the right hand side function f in (1). In order to get a non-singular stiffness matrix you will need
to pose some Dirichlet boundary conditions. Typically you should introduce zero displacements
(homogeneous Dirichlet conditions) where your structure is attached to the ground. This would
yield a stationary solution.

2.4 Stress analysis

Solving (1) with a finite element method gives you the primary unknown: the displacement u.
If you are interested in derived quantities such as the stresses, these can be calculated from (7)
in the note. Note that σ is in essence the derivative of u which means that since u is C0 across
element boundaries, then σ will be discontinuous. To get stresses at the nodal values, we propose
to average the stresses over all neighbouring elements.

Loop over all elements and evaluate (the constant) stresses on that element. For each node, assign
the stresses to be the average stress over all neighbouring elements. This method is called ”Stress
Recovery”.

3 Free vibration equation

In this task, you will find the eigenvalues and the eigenfunctions of the equation

ρ
∂2u

∂t2
= ∇σ(u)

or more specific, solve the discrete generalized eigenvalue problem

ω2Mu = Au (2)

where the stiffness matrixA and the mass matrixA is given by equation (11) in the note.
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3.1 Build the 3D code

Do the tasks 2.1-2.2 from the Structural analysis section. Then, build the 3D mass matrixM .

3.2 Eigenvalues and eigenvectors

Find the 20 first eigenvalues ωi and eigenvectors ui corresponding to your geometry of choice.

3.3 Animation

Let x0 be your initial geometric description (the nodal values). Plot an animation of the eigen-
modes by

x = x0 + αui sin(t)

You may want to scale the vibration amplitude by some visually pleasing scalar α, and choose
the time steps appropriately. Note that for visualization purposes, you will not use the eigenfre-
quency ωi since you are interested in viewing (say) 1-5 complete periods of the vibration, but for
engineering purposes this is a very important quantity.

3.4 Experimentation

3.4.1 Example: Vibrating plate

Recreate the experiment as presented in the youtube video from Figure 1.

Figure 1: A vibrating plate with table salt on it

Does the thickness of the plate make any difference? Does the choice of material influence the
patterns? How well were you able to recreate both the patterns and the frequencies.
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