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This part of the project work counts for 15 % of the final mark.

The exercise b) problem 1 counts for 50 % of this part of the project work, the other three
tasks count for the remaining 50 %, equally.

Problem 1 Independent Component Analysis: introduction

Let us suppose n signals x1(t), . . . , xn(t) were recorded from n different positions in a room
where there are p sources or speakers. Each recorded signal is a linear mixture of the voices
of the sources speakers s1(t), . . . , sp(t), namely

x1(t) = a1,1s1(t) + · · ·+ a1,psp(t),

...
xn(t) = an,1s1(t) + · · ·+ an,psp(t),

where the n · p coefficients ai,j ∈ R denote the mixing proportions. The mixing matrix A =
(ai,j) is unknown. The cocktail party problem consists in estimating signals s1(t), . . . , sp(t)
from the only knowledge of their mixtures x1(t), . . . , xn(t). We will assume for simplicity
n = p.

We will assume that the actually recorded signals and the actual sources are just samples
of the random variables x1(t), . . . , xn(t) and s1(t), . . . , sp(t) for t = t1, . . . , tM . Our main
assumption on the source signals is that s1(t), . . . , sp(t) are statistically independent and
non Gaussian. So this problem can be solved using Independent Component Analysis, [2].

We will also assume for simplicity that the source signals have zero mean. This is a necessary
assumption for the reconstruction, see [2] section 5.1. So if the original sources are s̃i with
non zero mean we will consider

si(t) = s̃i − µi, µi :=
1

M

M∑
k=1

s̃i(tk).

Consider the covariance matrix E[ssT ] whose entries are

E[ssT ]i,j =
1

M

M∑
k=1

si(tk)sj(tk) =
1

M

M∑
k=1

(s̃i(tk)− µi)(s̃j(tk)− µj).
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A typical assumption is that the source signals are spatially white, which means the com-
ponents of the signal s(t) are uncorrelated and have variances equal to 1, i.e. E[ssT ] = In.
For this reason a good first step in the search for the sources is to transform the observable
signal x(t)→ x̃(t) ∈ Rn, in such a way that the E[x̃x̃T ] = I.

This can be done by computing the inverse square root of the covariance matrix. Let
Σ = E[xxT ] (symmetric and semi-positive definite) and Q symmetric and such that Q2 = Σ,
then

x̃(t) := Q−1x(t),

has the desired property in fact

E[x̃x̃T ] = E[Q−1xxTQ−T ] = Q−1ΣQ−1 = I.

Now observe that

I = E[x̃x̃T ] = E[Q−1AssTATQ−T ] = Q−1AE[ssT ]ATQ−T = ÃÃT ,

so the matrix Ã = Q−1A is an orthogonal matrix.

This means we have to find estimates y(t) := W T x̃(t) of the signals s(t) by constructing
an orthogonal de-mixing matrix W ∈ Rn×n. One finds W solving an optimization problem
on the group of n× n orthogonal matrices O(n).

The idea for finding W is based on the notion that the sum of independent random vari-
ables has distribution closer to Gaussian than the distributions of the original random
variables (by the central limit theorem). So to find approximations for s we maximize non-
Gaussianity. The de-mixing matrix may be searched for such as it solves the optimization
problem

max
W∈O(n)

φ(W ). (1)

where φ is a suitable measure of non-Gaussianity.

A measure of non-Gaussianity is the kurtosis, defined for a scalar signal z ∈ R as

kurt(z) := E[z4]− 3E2[z2]. (2)

If the random signal z has unitary variance, then the kurtosis computes as kurt(z) =
E[z4] − 3. Assume the n source signals have either all positive or all negative kurtosis.
Maximizing positive kurtosis or minimizing negative kurtosis is thus a possible way of
estimating independent components from their linear mixtures.
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Let W have columns w1, · · · ,wn and entries {wi,j , 1 ≤ i, j ≤ n}. Then we define

φ(W ) = ±1

4

n∑
i=1

kurt(wT
i x̃) = ±1

4

(
n∑
i=1

E[(wT
i x̃)4]− 3n

)
.

We have verified earlier that the gradient of φ is

∂φ

∂W
= ±E[x̃ (y.3)T ],

where y.3 is the vector whose components are the cubes of the components of the vector y.
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Independent Component Analysis: part two

a) Suppose now W = W (τ) and denote with Ẇ the derivative with respect to τ . The
system of differential equations

Ẇ = −grad(W ), grad(W ) := (
∂φ

∂W
W T −W ∂φ

∂W

T

)W, (3)

can be used to approximate the solution of the optimization problem.

Verify that the solution is such that if W (0)TW (0) = I then W (τ)TW (τ) = I for all
τ ≥ 0. To verify this consider ∫ τ

0

d

ds
(W (s)TW (s)) ds,

and use the fact that Ẇ is equal to S(W )W with S(W ) a skew-symmetric matrix.

Consider then the function γ(τ)

γ(τ) := φ(W (τ)),

and W (τ) the solution of (3). Show that γ(τ1) ≤ γ(τ0) if τ1 ≥ τ0. Notice that the
derivative of γ can be expressed as

γ̇(τ) = trace(
∂φ

∂W

T

Ẇ (τ)),

and you have to show that
γ̇(τ) ≤ 0.

Here trace(A) is the trace of the matrix A (the sum of the diagonal elements of A).

At this point we know that φ does not increase along the solutions of (3) and we use
this fact to approximate local minima of φ under the constraint W TW = I.

b) Solving equation (3) numerically with a forward Euler method with setp-size α we
get

W̃k+1 = Wk + α (Gk −WkG
T
kWk), Gk :=

∂φ

∂W

∣∣∣∣
W=Wk

.

The property W T
k Wk = I does not guarantee that W̃ T

k+1W̃k+1 = I. So to obtain
orthogonality of the approximation at each iteration we perform a projection: we can
for example correct W̃k+1 by taking

Wk+1 = Q, where W̃k+1 = QR, (4)
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the QR-factorisation of W̃k+1.

Implement this method as a Matlab function that accepts an input parameter con-
trolling if the projection (4) is used. Implement a stopping criterion for the method.

Implement also the backward Euler method for solving (3). Consider next the follow-
ing projected version of the backward Euler method:

W̃k+1 = Wk − α (Gk+1 −Wk+1G
T
k+1Wk+1), Gk+1 :=

∂φ

∂W

∣∣∣∣
W=Wk+1

,

and
Wk+1 = Q, where W̃k+1 = QR.

Use a fixed point iteration to solve the system of nonlinear equations you need to
solve to compute W̃k+1. Use a suitable stopping criterion and a maximum number of
iterations.

Compare the performance of the forward and backward Euler method with and with-
out projection in terms of number of iterations to reach the target steady state solu-
tion. Test the methods with different step-sizes. Consider the following measure of
error:

Ek := |φ(Wk)− φ(Wk−1)|.

Show your results using tables or figures reporting Ek for each iteration k. Describe
the numerical results. Plot both the source signals and the separated signals.

Use the three source signals and the mixing matrix specified in the Matlab file data.m.
You will have to transform the sources so that they have unit variance and zero mean.
Mix the sources with the given matrix A and use the whitening procedure from part
2 of the project to find x̃i.

c) Generate now some signals si (they could be images, in this case each pixel is one
realization of the random variable si) compute their kurtosis in Matlab and make
sure they are all positive or all negative. You will find some suggestion in [2]. Pick
a matrix A (for example a random matrix) and generate the mixtures xi of these
signals. Use the whitening procedure from part 2 of the project to find x̃i. Use one
of the optimization methods to maximize φ and to obtain the approximations yi of
the source signals. Comment your results. Show the source signals, the mixtures
and the separated signals after applying the ICA approach. Show how the kurtosis is
optimized through the iteration.
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Problem 2

a) Construct the Lagrange interpolation polynomial p1 of degree 1, for a continuous
function f defined on the interval [−1, 1] using the interpolation points x0 = −1,
x1 = 1. Show further that if the second derivative of f exists and is continuous on
[−1, 1], then

|f(x)− p1(x)| ≤ M2

2
(1− x2) ≤ M2

2
, x ∈ [−1, 1],

where M2 = maxx∈[−1,1] |f ′′(x)|. Give an example of a function f , and a point x̃, for
which equality is achieved, that is

|f(x̃)− p1(x̃)| = M2

2
.
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