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This part of the project work counts for 10 % of the final mark.

The exercise a) problem 2 counts for 50 % of this part of the project work, the other tasks
count for the remaining 50 %, equally.

Your answer to this part will be a report to be handed in in PDF-format and Matlab-
code to be handed in as m-files. Answers to theoretical questions should be justified, and
code should be sufficiently commented. The bullet lists marked by To be handed in:
are meant as guidelines. They are not exclusive, nor do they specify the order in which
elements should appear. Your report should be written so that it can be read independently
without refering to the problem statement.

Problem 1 The matrix H n×n is an upper Hessenberg matrix if all the entries below
the first subdiagonal are zero. A Givens rotation is a matrix of the form

G(i, j, θ) =



1
1

. . .
cos(θ) − sin(θ)

. . .
sin(θ) cos(θ)

. . .
1


,

in the 2× 2 case the Givens rotation is

G =

[
cos(θ) − sin(θ)
sin(θ) cos(θ)

]
.

It is easily shown that any n× n Givens rotation G is such that GGT = GTG = I.

a) Consider the matrix

H =


1 2 3 4
5 6 7 8
0 9 10 11
0 0 12 0

 .
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Find the QR decomposition of H by using three elementary Givens rotations. Use
Matlab for this task.

b) Suppose now that H is a n×n Hessenberg matrix. Generalize the procedure and show
that one can compute the QR deomposition of H by using n − 1 Givens rotations.
How many operations (additions or multiplications) are necessary to transform H in
upper triangular form?
Suggestion: assume the square root of a number costs 10 operations. Notice that it
is not necessary to compute θ but only directly the values c and s, where c = cos(θ)
and s = sin(θ).

To be handed in.

• The Q and R matrices obtained in a), and an explanation of how you obtained them.

• (pseudo-)code for the procedure in b), as well as proof that it does what is required.

• The answer to the second part of b), with derivation.

Problem 2 Independent Component Analysis: part one

Let us suppose n signals x1(t), . . . , xn(t) were recorded from n different positions in a room
where there are p sources or speakers. Each recorded signal is a linear mixture of the voices
of the sources speakers s1(t), . . . , sp(t), namely

x1(t) = a1,1s1(t) + · · ·+ a1,psp(t),

...
xn(t) = an,1s1(t) + · · ·+ an,psp(t),

where the n · p coefficients ai,j ∈ R denote the mixing proportions. The mixing matrix A =
(ai,j) is unknown. The cocktail party problem consists in estimating signals s1(t), . . . , sp(t)
from the only knowledge of their mixtures x1(t), . . . , xn(t). We will assume for simplicity
n = p.

We will assume that the actually recorded signals and the actual sources are just samples
of the random variables x1(t), . . . , xn(t) and s1(t), . . . , sp(t) for t = t0, t1, . . . , tM . Our main
assumption on the source signals is that s1(t), . . . , sp(t) are statistically independent and
non Gaussian. So this problem can be solved using Independent Component Analysis, [2].
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Consider the covariance matrix E[ssT ] whose entries are

E[ssT ]i,j =
1

M

M∑
k=1

(si(tk)− µi)(sj(tk)− µj), µi :=
1

M

M∑
k=1

si(tk).

a) A typical assumption is that the source signals are spatially white, which means the
components of the signal s(t) are uncorrelated and have variances equal to 1, i.e.
E[ssT ] = In. For this reason a good first step in the search for the sources is to
transform the observable signal x(t)→ x̃(t) ∈ Rn, in such a way that the E[x̃x̃T ] = I.

This can be done by computing the inverse square root of the covariance matrix. Let
Σ = E[xxT ] (symmetric and semi-positive definite) and Q symmetric and such that
Q2 = Σ, then

x̃(t) := Q−1x(t),

has the desired property in fact

E[x̃x̃T ] = E[Q−1xxTQ−T ] = Q−1ΣQ−1 = I.

Our first task is therefore to compute the inverse square root of Σ. We want to
compare different approaches for this: the first approach is based on the eigenvalue
decomposition of Σ = V DV T (Q = V D

1
2V T ), use the eig in-built Matlab function

to implement this method. The second and third are based on Newton method to
solve the matrix equation Q2 = Σ, you will find these in the article [1]. Consider the
iterative methods (I) and (III) from the paper. Implement them and compare the
results in a table where you report the max norm of the error versus the index of the
iterate for the two methods, for different test matrices, given below. The max norm
of an n by n matrix is defined as

‖A‖max = max
1≤i,j≤n

|ai,j |.

(This is the ∞-norm of A considered as a vector. It is not a subordinate norm, it is
not submultiplicative.)

Use the method based on eigenvalue decomposition to compute a reference solution
for the problem. Do you obtain quadratic convergence in the two Newton iterations?

Note: In the iterations you need to calculate expressions of the form B−1C. You
should put some thought into how you want to calculate these.

Give an estimate of the number of operations per iteration needed for the two Newton
iterations. To perform the experiments consider the following test matrices:
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•

Q2 = I −A, A = n2



−2 1 0 . . . 0

1 −2 1
. . .

...

0
. . . . . . . . . . . .

...
...

. . . . . . . . . . . . 0
...

. . . . . . . . . 1
0 . . . 0 1 −2


and A an n× n matrix, I the n× n identity matrix. Use n = 5, 10, 100, 1000.

• TakeQ2 to be the Wathen matrix from Nick Higham’s matrix gallery in Matlab.
Consider input parameters 10 and 3, and 100 and 3.
Note: The Wathen matrices returned by gallery are in sparse format. You
might want to convert these to full format (using full) before using them as
input to eig and your algorithm.

b) Now observe that

I = E[x̃x̃T ] = E[Q−1AssTATQ−T ] = Q−1AE[ssT ]ATQ−T = ÃÃT ,

so the matrix Ã = Q−1A is an orthogonal matrix.

This means we have to find estimates y(t) := W T x̃(t) of the signals s(t) by construct-
ing an orthogonal de-mixing matrixW ∈ Rn×n. One findsW solving an optimization
problem on the group of n× n orthogonal matrices O(n).

The idea for finding W is based on the notion that the sum of independent random
variables has distribution closer to Gaussian than the distributions of the original
random variables (by the central limit theorem). So to find approximations for s
we maximize non-Gaussianity. The de-mixing matrix may be searched for such as it
solves the optimization problem

max
W∈O(n)

φ(W ). (1)

where φ is a suitable measure of non-Gaussianity.

A measure of non-Gaussianity is the kurtosis, defined for a scalar signal z ∈ R as

kurt(z) := E[z4]− 3E2[z2]. (2)

If the random signal z has unitary variance, then the kurtosis computes as kurt(z) =
E[z4]− 3. Notice that according to this definition the kurtosis of a Gaussian variable
is zero.
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Assume the n source signals have all either positive or negative kurtosis. Maximizing
or minimizing kurtosis is thus a possible way of estimating independent components
from their linear mixtures.

Then we define

φ(W ) = ±1

4

n∑
i=1

kurt(wT
i x̃) = ±1

4

n∑
i=1

E[(wT
i x̃)4]− 3n.

Show that the partial derivatives of phi are

∂φ

∂wi,j
= ±E(x̃iy

3
j ).

Collecting the terms ∂φ
∂wi,j

in a matrix, we can say that the gradient of φ is

∂φ

∂W
= ±E[x̃ (y.3)T ],

where y.3 is the vector whose components are the cubes of the components of the
vector y.

To be handed in:

• Your method for calculating the square root of a matrix by eigenvalue decom-
position.

• Your implementation of the two iterative methods for finding the inverse square
root in a).

• The table containing the errors of the iterative methods for the 6 example ma-
trices.

• Your estimate of number of operations for the two methods, with derivation.

• Calculation of the gradient in b).

• Answers to questions in the text above.
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