TMA4212 Numerical
Solution of Differential

Equations by Difference

Norwegian University of Science

and Technology Methods
Department of Mathematical Sprlng 2023
Sciences

Exercise set 4 Solutions

A boundary value problem for the transport equation

a) We rewrite the scheme as :

n n n k
(S) 1Lt - —-nur - r U | =0, r:3ﬁ,
ap g asw

We have monotonicity if:
e ap > 0, which is always true;

e ag > 0, whichis trueif l —r>0—>r<1— % < %, which represents our
CFL condition;

e q,=1= ZQ 0+p @@, which is always true.

The same can be verified on the boundary.

b) I choose ¢ = t| f|lz(0,1)x(0,7)) as comparison function. Following standard
arguments seen in class I have that:

(1) —LpVi = (=Lu (1l o, x0.1))) = Fa = Il oo (o,1)x0.7)) < 0,

The application of the maximum principle allows me to conclude that the
maximum of V.2 — || f|| Lo ((0,1x (0,7)) (and, with analogous procedure —V,; —
™| fll Lo ((0,1)x (0,7))) 18 either on the boundary or 0. Since V,}[9;.0 = 0 on the
boundaries and —t,|| f{| Lo ((0,1)x(0,r)) is negative, we have that

max [£V," — "|| fll Lo (0,1)x (0,1))] <0
. Then:
max [V = "1 f | oo 0,1y x (0,7 ] < 0 = £Vt < tull fll oo (0,1)x (0,7

< T\ fllzoe0,1)x (0,1))-

and stability with respect to the right hand side is proved. As usual this same
procecure can be applied to the error equation e, = u), — U to prove e}, <
T'|| 7| oo ((0,1)x (0,7)) Where 7}, is the truncation error.

c) The scheme uses just first order schemes, so we have that:

uptt — g U — U,
T =~ 3T L (g + 3uy)
= Ut + §utt + O(kﬁ ) + BUI + Eum + O(h ) — (Ut + SUI)
k 3h k 3h

= guen(§1) + 5 uaa(€2) < Slluelloe o) x01) + 55 1zl oo (0,1)x(01))-
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for some &;. We thus have:

1 3
Cr = glluullz=(oyx 1), C2 = lluwell Lo(0.1)x(0.1))-

d) We define a grid with stepsize h = 1/M in the z direction and & = 1/N in the
y direction. We have to solve for points P, , = (mh,nk) with m =1,..., M
and n = 1,..., N. With reference to (S) we will have just one boundary case
(excluding the initial step):

1. U}} _, is known, the scheme becomes:

Ustt — (1 —r)UR = kf2 +rf(Pn_1n)-

A variable coefficient transport equation

a) The Upwinding procedure is decided by the sign of a(xy,,t,). If a(zpm,,t,) >0
then the scheme is the same as in (S), but if a(zm,t,) < 0 then I have to take
the spatial difference in the other direction and I obtain:

if a(@p,ty) >0: UM — (1 —rmU? - UR_ | =0,
(52)
if a(zm,t,) <0: UM — (1 4+r2)U 472U, =0, T = a(Tpm, ty)

m~m+1 m

k

=

b) To check Von Neumann stability we rewrite the scheme in a unified way as:
Ut — (1=t — UL + 07U+ U2 =0
where:
r* =max(r,0), r~ = (-r)t, r=r
We now identify U]}, = £7e'm and the scheme above reads:
é-n—&-lezﬂxm _ (1 gt r—)fneiﬁxm + T+§n€iﬁ(xm_h) + T—gneiﬁ(z‘m—ﬁ—h) -0
which simplifies to:

E=1—r"—r7) - rte B _ = ibh
= (1 —|r|) — |r| cos(Bh) — irsin(Sh)

Taking the square of the modulus leads to:

1€]? = 14 7% + 12 cos(Bh)? — 2|r| — 2|r| cos(Bh) + 212 cos(Bh) + 12 sin(Bh)>
=14 2r% = 2/r| + [2r? — 2|r|] cos(BR) = 1 + (2r* — 2|r|)(1 + cos(Bh))

Von Neumann stability is given if:
€2 <1 — (2r* = 2r)(1 +cos(Bh)) <0 — 2r* —2r| <0 — —1<r<1
or, alternatively

lal’
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To check if the scheme is dissipative or dispersive we similarly indetify U =
pre@ntBrm) ohtaining:

pn+1ei(wtn+,ﬁxm) _ (1 S r*) nei(wtn+,3:1:m)
+ T+pnei(wtn+5(:rm*h)) + Tfpnei(wthrB(merh))
and simplifying:

p=(1- rt — rT) — rteBh _ p—¢ibh
= (1—|r|) = |r|cos(Bh) — irsin(Bh) =0

then
o> = 1+ (2r* — 2|r|)(1 + cos(Bh))

and since p < 1 by the stability assumption made the scheme is dissipative.
Also, we have:

rsin(Sh)
(1= [r[) = [r[cos(Bh)

which is nonlinear in Sh and thus the scheme is also dispersive.

arg(p) = arctan | —

The Leap-frog scheme for the problem at hand reads:

n+1 n—1
Um — Um

2k

+ a(zpm, tn) o

Rearranging:
urtt —urt 4 eUR - U =0,
We have now two types of boundary conditions. On x = 0:
UPtt —UP ! + U3 = rf(Pon).-

On z = 1, as suggested, we extend the value found for U}, _, at the time step
before outside the domain and impose:

Uyt — Uy +rU_ —rUp_y = 0.
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