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Exercise set 1 Solution

1 Consider the following tridiagonal matrix

A =



a b 0 . . . 0

c a b
. . . 0

. . . . . . . . . . . . . . .

0
. . . c a b

0 . . . 0 c a


= tridiag(c, a, b) ∈ RM×M , M ≥ 4,

where we assume bc > 0. It is known that the right eigenvectors x(k)(k = 1, ...,M)
and the associated eigenvalues λk(k = 1, ...,M) are given by

x
(k)
j =

(
b

c

)j/2
sin

(
jkπ

M + 1

)
, λk = a+ 2

√
bc cos

(
kπ

M + 1

)
,

where x(k)j is the jth element of the vector x(k); Ax(k) = λkx
(k). You can verify this

by simply inserting.

a) What are the left eigenvectors y(k)(k = 1, ...,M) and associated eigenvalues
βk(k = 1, ...,M) of A which satisfy y(k)A = βky

(k)? Note that y(k)’s are row
vectors.
[Solution] By taking transpose, we have (y(k)A)T = AT (y(k))T = βk(y

(k))T .
Therefore, we only need to know the right eigenvectors and associated eigenval-
ues of AT = tridiag(b, a, c). Right eigenvectors and associated eigenvalues for a
tridiagonal matrix are already given above, hence

y
(k)
j =

(c
b

)j/2
sin

(
jkπ

M + 1

)
, βk = a+ 2

√
bc cos

(
kπ

M + 1

)
.

b) Assume a > 2
√
bc > 0 and b = c, calculate the following quantity (called the `2

condition number): ∥∥A−1∥∥
2
‖A‖2 .

(Hint: look at the text “finite difference methods” by Brynjulf Owren, Section
3.1.)
[Solution] Since ‖Ah‖2 =

√
ρ(ATA) =

√
ρ(A2),

∥∥A−1∥∥
2
‖A‖2 =

max |λk|
min |λk|

=
a+ 2|b| cos

(
π

M+1

)
a+ 2|b| cos

(
Mπ
M+1

) .
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c) Let Ah be

Ah =
1

h2
tridiag(−1, 2,−1) ∈ RM×M ,

where h = 1/(M + 1). Calculate the following quantity

lim
M→∞

∥∥A−1h ∥∥2 .
(Hint: look at the same section of the text as above.)
[Solution] For this matrix, eigenvalues are given by

2 + 2 cos
(

kπ
M+1

)
h2

, k = 1, ...,M.

The smallest eigenvalue is when k =M , and this can be expanded as

2 + 2 cos(π − hπ)
h2

= π2 − π4h2

12
+O(h4).

Therefore,

lim
M→∞

∥∥A−1h ∥∥2 = lim
h→0

h2

2 + 2 cos(π − hπ)
=

1

π2
.

2 Consider a function u(x) defined on [0, 1]. We want to approximate the derivative
ux(x) by using function values of u(x) on equidistant points

x0 = 0, x1 =
1

M + 1
, ..., xM =

M

M + 1
, xM+1 = 1.

Let h = 1/(M + 1).

a) Consider two different approximation methods:

ux(x) ≈
u(x+ h)− u(x)

h
(Forward difference),

for x = x0, ..., xM , and

ux(x) ≈
u(x+ h/2)− u(x− h/2)

h
(Central difference),

for x = x0 + h/2, ..., xM + h/2 (so that we only use function values on xi’s).
Calculate the convergence order of these methods in terms of h. Then write
down the approximation as a matrix-vector multiplication:

ux = Ahu,

where ux is a vector comprised of approximated values of ux(x), Ah is an (M +
1)× (M + 1) matrix, and u is a vector comprised of function values of u(x).
[Solution] For the forward difference scheme, by using the Taylor expansion
around xi, i = 0...,M we have

u(xi + h)− u(xi)
h

=

(
u(xi) + ux(xi)(xi + h− xi) + uxx(ξ)(xi + h− xi)2/2

)
− u(xi)

h

=
hux(xi) + h2uxx(ξ)/2

h
= ux(xi) +

huxx(ξ)

2
,
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for some ξ ∈ [xi, xi + h]. Therefore this is a first order approximation.
For the central difference scheme, by using the Taylor expansion around xk =
x0 + h/2, ..., xM + h/2 we have

u(xk + h/2)− u(xk − h/2)
=
(
u(xk) + ux(xk)(xk + h/2− xk) + uxx(xk)(xk + h/2− xk)2/2 + uxxx(ξ1)(xk + h/2− xk)3/6

)
−
(
u(xk) + ux(xk)(xk − h/2− xk) + uxx(xk)(xk − h/2− xk)2/2 + uxxx(ξ2)(xk − h/2− xk)3/6

)
= hux(xk) +

h3(uxxx(ξ1)− uxxx(ξ2))
48

,

for some ξ1 ∈ [xk, xk + h/2], ξ1 ∈ [xk − h/2, xk]. Dividing this by h and we
conclude that this central difference gives the second order convergence.
For both schemes, we can write ux = Ahu with

Ah =
1

h



1 −1 0 . . . 0

0 1 −1 . . . 0
. . . . . . . . . . . . . . .

0
. . . 0 1 −1

0 . . . 0 0 1


,

where the first and last rows may vary depending on the boundary conditions
we may impose.

b) We define matrix exponentials by

exp(A) :=

∞∑
k=0

Ak

k!
.

Calculate the eigenvalues of exp(Bh) for

Bh =
1

h2
tridiag(−1, 2,−1).

[Solution] Bh is a symmetric real matrix and therefore we can diagonalize it
by Bh = TDT−1 where T is some orthogonal matrix (indeed, we already know
the form from the previous problem: T consists of eigenvectors of Bh and D
consists of eigenvalues). Using this decomposition,

exp(Bh) :=

∞∑
k=0

Bk
h

k!
= T

( ∞∑
k=0

Dk

k!

)
T−1

= T


∑∞

k=0
λk1
k! 0 0 . . . 0

0
∑∞

k=0
λk2
k! 0

. . . 0
. . . . . . . . . . . . . . .

0 . . . 0 0
∑∞

k=0
λkM
k!

T−1,

and we know
∑∞

k=0
λki
k! = exp(λi). Therefore the eigenvalues are

exp(λi) = exp

2 + 2 cos
(

iπ
M+1

)
h2

 .
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