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In this project, we aim to implement �nite di�erence methods for: (1) boundary value
problems; (2) parabolic equations; (3) elliptic equations; (4) and hyperbolic equations, for
understanding how the actual computation works.

3 Consider the following 2D Laplace equation on the unit square (x, y) ∈ [0, 1]2 =: Ω,

uxx + uyy = 0, u(x, y) = g(x, y) where (x, y) ∈ ∂Ω,

where the boundary condition is given by

g(0, y) = 0, 0 ≤ y ≤ 1,

g(x, 0) = 0, 0 ≤ x ≤ 1,

g(1, y) = 0, 0 ≤ y ≤ 1,

g(x, 1) = cos(2πx), 0 ≤ x ≤ 1.

a) By using separation of variables (i.e., assume that the solution can be written
as multiplication of functions which only depend on one variable), derive the
analytical solution.

b) Implement the �ve point formula for this problem. Using constant step sizes
h = 1/(Mx + 1) and k = 1/(My + 1) for directions x and y, respectively. Make
convergence plots for both discretization of directions x and y. What order of
convergence do you observe?

4 Consider the following linearized Korteweg-deVries (KdV) equation for x ∈ [−1, 1],
t > 0,

ut + (1 + π2)ux + uxxx = 0, u(x, 0) = sin(πx),

where the periodic boundary condition with period 2 is assumed:

u(x+ 2, t) = u(x, t).

Note that due to this periodic boundary condition, we can consider that the function
is de�ned on R but we only need to focus on one period [−1, 1]. Consider the grid
point

x0 = −1, x1 = −1 +
2

M
, ..., xM = 1.
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a) Discretize the problem with central �nite di�erences in space. For the temporal
discretization, use both forward Euler and the trapezoidal rule (the Crank-
Nicolson method). For the third derivative, use the following central di�erence
approximation:

uxxx|x=xm
=
u (xm+3)− 3u (xm+1) + 3u (xm−1)− u (xm−3)

8h3
+O

(
h2
)
.

Prove or disprove that these two discretization methods (�nite di�erence-Euler,
�nite di�erence-trapezoidal) are Von Neumann stable (hint: see Section 5.9).

b) The analytical solution of this problem is given by u(x, t) = sin(π(x − t)).
Implement numerical methods explained above. Make the convergence plot of
the discrete `2 error interms of spatial discretizationM for the time t = 1 being
�xed.

c) [Optional] When the periodic boundary condition is imposed, Fourier series
expansion is one of the most useful tools. In the above setting, we can write

u(x, t) =
∑
k∈Z

û(k, t) exp(iπkx), û(k, t) =
1

2

∫ 1

−1
u(x, t) exp(−iπkx) dx,

where i is the imaginary unit. Due to the orthogonality and completeness of
Fourier basis functions, we have

ut(x, t) =
∑
k∈Z

ût(k, t) exp(iπkx) =
∑
k∈Z

(
−iπk(1 + π2) + iπ3k3

)
û(k, t) exp(iπkx),

and
u(x, t) =

∑
k∈Z

û(k, 0) exp
(
−iπk(1 + π2)t+ iπ3k3t

)
exp(iπkx).

Prove that for any time t > 0,

‖u(x, t)‖ :=

√
1

2

∫ 1

−1
|u(x, t)|2 dx =

√
1

2

∫ 1

−1
|u(x, 0)|2 dx,

in other words, the L2 norm is conserved over time. Then numerically try
to observe if this L2 norm is numerically conserved by using the methods im-
plemented above with your own choice of initial condition; make plots of the
discrete `2 norm over time t (x−axis for time, y−axis for `2 norm).
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