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Exercise set 1

Consider the following tridiagonal matrix

a b o ... 0
c a b .0
A: :trldlag(c,a,b)ERMXM,MZ4,
0 c a b
0 0 c a

where we assume be > 0. It is known that the right eigenvectors ¥ (k = 1,..., M)
and the associated eigenvalues A\g(k = 1,..., M) are given by

» .
(k) gj ) jkm B kT
5 _<c> sm<M+1>, )\k—a+2\/%c0s(M+1 ,

where x§k) is the jth element of the vector *); Ax®) = X\, 2(®) . You can verify this

by simply inserting.

a) What are the left eigenvectors y®)(k = 1,..., M) and associated eigenvalues
Be(k =1,...,M) of A which satisfy y®*) A = B,y*)? Note that y*)’s are row
vectors.

b) Assume a > 2v/be > 0 and b = ¢, calculate the following quantity (called the ¢y
condition number):

[ A7, Al -
(Hint: look at the text “finite difference methods” by Brynjulf Owren, Section
3.1.)
c) Let Ap be

..
Ap = ﬁtrldlag(—l,Q, —1) € RM*M

where h = 1/(M + 1). Calculate the following quantity
: ~1
lim {4, -

M—o0

(Hint: look at the same section of the text as above.)

Consider a function u(z) defined on [0,1]. We want to approximate the derivative
ug(z) by using function values of u(x) on equidistant points
1 M

=0 = —\..
Zo , I M—}—l’ y L M—|—1’

Ty =1
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Exercise set 1

Let h =1/(M + 1).

a) Consider two different approximation methods:

B) —
uy(z) ~ @+ })L u(@) (Forward difference),

for x = xg, ..., zpr, and

ug () ~ u@+h/2) Z u@ = h/2) (Central difference),

for x = xy + h/2, ...,z + h/2 (so that we only use function values on x;’s).
Calculate the convergence order of these methods in terms of A. Then write
down the approximation as a matrix-vector multiplication:

u, = Apu,

where u, is a vector comprised of approximated values of u,(z), Ay is an (M +
1) x (M + 1) matrix, and w is a vector comprised of function values of u(x).

b) We define matrix exponentials by

exp(A) := I
k=0

Calculate the eigenvalues of exp(Bj,) for

1 .
By, = ﬁtrldlag(—l,Q, —1).
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