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Problem 1 Let
A =

(
6 3
3 4

)
.

Perform one step of the QR-method (for computing eigenvalues) with the shift
parameter µ = 2.

Problem 2 Assume that A ∈ Rm×n with m < n has the non-zero singular
values σ1,. . . ,σm.

a) Given λ ≥ 0, we define the matrices

Gλ :=
(
λI A
AT −λI

)
and Hλ :=

(
λI A
−AT λI

)
.

Show that the singular values of the matrices Gλ and Hλ are precisely the
values

√
σ2
k + λ2, k = 1, . . . ,m, and λ. Additionally, show that both matrices

are invertible in case λ > 0, and determine whether the matrices Gλ or Hλ

are positive (semi-)definite.

Given a ∈ Rm and b ∈ Rn, we want to simultaneously solve the linear systems

u− Av = a,

ATu+ v = b.
(1)

b) Show that the Jacobi method for the solution of this system converges for
all initial values u(0) and v(0) in case ‖A‖2 < 1.

c) Given µ > 0, we now apply the iteration

u(k+1) = 1
µ

(
a+ (µ− 1)u(k) + Av(k)

)
,

v(k+1) = 1
µ

(
b+ (µ− 1)v(k) − ATu(k)

)
.

For which µ > 0 does this iteration converge to a solution of (1) independent
of the starting vectors u(0) and v(0)?
How should one choose the parameter µ in order to obtain the fastest con-
vergence?
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Problem 3

a) We are given a linear system of the form

(I + uuT )x = b,

where I ∈ Rn×n is the n-dimensional identity matrix, and u ∈ Rn \ {0} is
some given non-zero vector. Assume we apply the CG-method for solving
this system. How many iterations do you expect the method to take until
convergence is reached? Justify your answer!

b) Consider now in particular the system
2 1 1 1
1 2 1 1
1 1 2 1
1 1 1 2

x =


2
2
1
0

 .

Use the CG method with initialisation x(0) = 0 for solving this system.
Iterate until you have reached convergence.

Problem 4 We consider the two linear systems

Ax = b and Ãx̃ = b̃,

where
Ã = QAQT and b̃ = Qb

for some orthogonal matrix Q. Denote by x(k) the k-th iterate for the GMRES
method for solving the system Ax = b with initialisation x(0) = 0, and by x̃(k) the
k-th iterate for the GMRES method for solving the system Ãx̃ = b̃, again with
initialisation x̃(0) = 0. Show that x̃(k) = Qx(k).

Problem 5 We are given a linear system Ax = b and some initial guess
x0 ∈ Rn of its solution. Denote by xSD the result of one step of the steepest
descent method starting with x0, and by xMR the result of one step of the MR
iteration starting with x0. Assume now that xSD = xMR.

Show that in this case the initial residual b−Ax0 is an eigenvector of A. Conclude
that xSD = xMR solves the system Ax = b.
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Problem 6 Consider the matrix

A =
(

1 0.2 1 −0.2
0.5 1.1 0.5 −1.1

)
.

a) Compute the reduced singular value decomposition of the matrix A.

b) Use the singular value decomposition in order to compute the solution of the
problem

min
x∈R4
‖x‖2

2 s.t. Ax =
(

1
−2

)
.


