TMA4190: Introduction to Topology.

Final Exam

e Let n > 1. We will always denote by R"” the set consisting of n-tuples of
real numbers equipped with the standard topology (the one you know
from Calculus).

e We denote by I C R the unit interval I = {z € R| 0 < z < 1}
equipped with the subspace topology.

Problem 1. Define the notion of topological space and continuous map be-
tween topological spaces and provide the following examples:

i) Define the discrete topology and indiscrete topology on a set X.

ii) Give three different topologies on the set X = {a,b,c,d} which are
different from the discrete and indiscrete topologies.

Solution. A topological space is a pair (X,7) where X is a set and 7 is a
collection of subsets of X called the open sets. We require 7 to satisfy the
following properties:

e We have (), X € 7.
e An arbitrary union of elements U; € 7 for ¢ € I remains in 7.

e A finite intersection of elements U; € 7 for j € J and |J| < oo remains
in 7.

A map f: X — Y between topological spaces is said to be continuous if for
every open set U C Y we have that f~1(U) is open in X.



i) The discrete topology is defined by declaring every subset of X to be
open. The indescrete topology on a set Y has as open sets {0, Y'}.

ii) For example, we can declare 7 = (0, X, {a}), 72 = (0, X, {a,b}) and
3 = (0, X, {a},{b}, {a, b}).

[
Problem 2. Let A C X where X is a topological space and such that A # ().

i) Define A° the interior of A, A the closure of A and A, the boundary
of A.

ii) Show that A = QAU A°.
iii) Give an example of A C X, with A° = ().

Solution. i) The interior of A, is the union of all open sets U which are
contained in A. The closure of A is the intersection of all closed sets
which contain A. A point x € X lies in 0A, if for any open subset
U C X such that x € U, then UNA# @ and UN X \ A # 0.

ii) A point z € X belongs to A if and only if for every open set z € U, it
follows that U N A # (). This tells us that either x € JA, or if x ¢ 0A,
this is because there exists an open set x € V such that V' C A which
precisely says that = € A°.

iii) Let @ C R denote the subset of rational numbers. Since every open
interval in R contains irrational numbers we conclude that Q° = (.

|
Problem 3. Let A C X where X is a topological space and A # ().
i) Define the subspace topology on the subset A.

ii) Show that a subset Z C A is closed in the subspace topology if and only
if there exists some Zx C X which is closed in X such that ZxNA = Z.

Solution. i) The subspace topology on A consists in subsets of the form
U N A where U is open in X.



ii) Suppose that Z C A is closed in A. Then there exists an open U C X
of X such that UN A= A\ Z. Let Zx = X \ U (which is closed by
definition). We check that

(X\U)NA=A\(UNA) =A\(4A\2) = Z

For the other direction we consider a closed subset in L C X and set
LNA=Z7. We compute

(X\L)NA=A\(LNA) =A\Z

Since X \ L is open by definition we conclude that Z is closed in the
subspace topology.
|

Problem 4. Let f: X — Y be a continuous map of topological spaces:
i) Define what it means for f to be a quotient map and give an example.
ii) Define what it means for f to be an open map.
ii1) Show that if f is surjective and open then f is a quotient map.

Solution. e A map f: X — Y is a quotient map, if it is surjective and
V CY is open, if and only if f~*(V) is open in X.

e Amap f: X — Y isopenif f(U) is open for every open subset U C X.

e Let V C Y be any subset, and suppose that f~1(V) is open. Then
since f is surjective we have that f(f~1(V)) = V. Moreover since f is

an open map we conclude that V' is open.
[ |

Problem 5. Let X be a topological space.
i) What does it mean for X to satisfy the Hausdorff property?

ii) Let X be Hausdorff and let B, be the set of all open sets which contain
x. Show that ez U = {7}

Solution. i) X is said to satisfy the Hausdorff property if given = # y
points in X, then there exists open neighbourhoods U,V such that
reU,yeVandUNV =0.



ii) Suppose we have y # x such that y € ()5 U. Since X is Hausdorff we
get open sets V, W such that y € V, x € W and such that VW = 0.

However, by definition y € W and so we get a contradiction.
|

Problem 6. Let X be a topological space.
i) Define what it means for X to be compact.

it) Recall that a continuous map f: X — Y is a local homeomorphism if
for every x € X there exists an open neighbourhood x € U such that
fiw: U — f(U) is an homeomorphism. Show that if f: X — Y is a
local homeomorphism where X is compact then for everyy € Y we have
that f~(y) is a finite set.

Solution. i) A space is said to be compact if given a covering by open
sets {U,; }ier, where (J,c; U; = X then there exists a finite subcollection
{ig,...,i,} such that

n
Uu, =x
5=0
In other words, every open cover admits a finite refinement.

ii) For every € X, we fix an open subset such that fjy,: U, — f(U,) is
an homeomorphism. This yields an open covering {U,}.cx which we
may refine to a finite subcover {Uy,...,U,}. It is clear that
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so it es enough to show that each f~!(y) N U; is a finite set. How-
ever, since the restriction of f to U; is an homeomorphism (and hence

bijective) we conclude that f~!(y)NU; is either empty or a single point.
[

Problem 7. Let X be a topological space.
i) Define what it means for X to be connected.

it) Let X be a connected topological space and let A C X such that A #
0, X. Show that A # (.



Solution. i) A space X is connected if we cannot find open subsets U, V/
such that U,V # () and U,V # X, and such that U NV = () and
UuV = X. A pair U,V as above is called a separation.

ii) Suppose that A = (). Then we have that A = A°. Note that this

implies that A° is both open and closed. Therefore, this implies that

X is not connected unless A° is empty or the whole space. If A° = X

then since A° C A, this implies that A = X which is a contradiction.

Similarly if A° = (), then A = @) but A C A, so it follows that A = 0.
The result follows.

|

Problem 8. Let X be a set and let d: X x X — R be a function.

e Define what it means for the pair (X,d) to be a metric space.

e Show that if (X,d) is a metric space, then the metric d: X x X — R
1S a continuous function.

o Let (X,d) be a compact metric space and let T: X — X be a contin-
uwous map such that d(T(z), T(y)) < d(z,y) for v # y. Show that the
function ®: X — R defined as ®(x) = d(x,T(x)) is continous and that
there exists a unique point xo € X such that ®(xqy) = xy.

Solution. e The pair (X,d) is a metric space if it satisfies the following
axioms:

1. For every x,y € X then d(z,y) > 0 and d(x,y) = 0 if and only if
T =y.

2. For every z,y € X then d(z,y) = d(y, x).

3. For every z,y,z € X then d(z,z) < d(x,y) + d(y, 2).

e Let (z,y) € X x X, such that d(z,y) = p and consider an interval
(p—e€,p+¢€ = U. We claim we can find some § > 0 such that
B(z,6) x B(y,0) C d~*(U). Let (a, 3) € B(x,8) x B(y,d). We wish to
show that |d(a, B) —p| < . We apply the triangular inequality (twice),

d(a, B) < d(a,z) +d(z, B) < d(a, ) + d(z,y) + d(y, B).
By assumption we have that d(y, ) < § and d(«, z) < § which yields,
d(a, B) <26 +d(z,y).
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Therefore |d(a, 8) — d(z,y)| = |d(a, ) —p| < 25. The result follows by
setting 0 = 5.

e Let (id xT') denote the cartesian product of the identity function and
T. The universal property of the cartesian product guarantees that
this map is continuous. Finally, we conclude that & = d o (id X7 is
continuous since it is a composition of continuous functions.

Since X is compact, it follows that ®: X — R attains a minimum by
the generalized extreme value theorem. Let g € X, be such minimum
and note that ®(zp) > 0. Then ®(xy) = 0 since otherwise ®(T'(xg)) =
d(T (o), T o T(xg)) < d(xo, T(x0)) = P(x0).

Suppose there exists another point yy such that ®(yy) = 0. Then
if yo # xo we must have that d(T(yo),T(z0)) < d(yo,20) but this

contradicts the fact that T'(yy) = yo and T'(zo) = zo.
n

Problem 9. Let f,g: X — Y be continuous maps of topological spaces.
e What do we mean when we say that f is homotopic to g¥
e What do we mean when we say that X is homotopy equivalent to 'Y ¢

o Let T'= {Hausdorff, compact, connected, path connected} be the set of
topological properties which we have studied in this course. We say that
P €T is invariant under homotopy equivalence if:

— Given a homotopy equivalence f: X — Y then X satisfies P if
and only if Y does.

Give an example of a property of topological spaces which is not invari-
ant under homotopy equivalence.

Solution. i) We say that f, g is homotopic to g if there exists a continuous
map H: X x I — Y such that H(—,0) = f and H(—,1) = g.

ii) We say that X is homotpy equivalent to Y if there exists amap f: X —
Y which is a homotopy equivalence. A map f: X — Y is a homotopy
equivalence if and only if there exists another map ¢g: ¥ — X such that
g o [ is homotopic to the identity on X and f o g is homotopic to the
identity map on Y.



iii) We show that being Hausdorff is not invariant under homotopy equiva-
lence. For this we pick an indiscrete space X with more than 2 points.
Since X cannot be Hausdorff, it will suffice to show that X is homotopy
equivalent to a point. Let z: * — X be a map selecting an element in
X and let t: X — * be the unique map to the point. Clearly tox = id,
so we need to show that z ot is homotopy equivalent to the identity.

We know that every map with target a space with the indiscrete topol-
ogy is continuous. Therefore, we conclude after defining H: X xI — X

via the formula,
y, ifx=0
H(y,t) = :
x, ifxz#0.

which yields a homotopy between x ot and the identity.
|

Problem 10. Let D? = {(z,y) € R? | 2*+y* < 1} denote the 2-dimensional
disk and let P = D* x I\ {(0,0) x I}. Show that P is path connected and
compute its fundamental group.

Solution. Tt is clear that we have an homeomorphism, P ~ (D?\ {(0,0)})x 1.
Note that D?\ {(0,0)} is path connected as D? is path connected, and we
can always construct a path that avoids passing through (0,0). We conclude
after noting that the cartesian product of two path connected spaces is again
path connected.

We compute that 71 ((D?\ {(0,0)}) x I) ~ 7 (D*\ {(0,0)}) x 7 (I) =~
m1(D? \ {(0,0)}) since the fundamental group preserves products and the
unit interval is contractible. We saw in class that D? \ {(0,0)} is homotopy
equivalent to S! (the circle) and therefore 7(D?\ {(0,0)}) = Z. |



