THMAYA0 Introduction o bopolegy
Exercises
Let Myt and Hyt g g’ Thaw Hyr XxI — 2 given by
Hy(x, &) = Hy CH (L), 1)
is & homofopvg From gof o 3'015)-' Hy is ch-rILé continwors ;5 aund

Ha(x,0) = H, (H(x,0),0) = H,(£(x),0) = g (F(x)) = (geF)(x)
HaCx 1) = Ho (H U, 1), 1) = H (800, 1) = g/ () = (g7 o #))(x)

-ﬂor a,tf X € X
For ['F]ETT, (X,XQ) ) we lhove
2([£1) = [@xfw)=[u] « [£]%[x]

swclh taok F F = ox [&, o

JCLF1) = [y dryl=[xvpetx M‘s]=[[§*a*4xx*‘3]=fs([&*nx]hﬁ(&([{])).

N

~ ~
Hence , y = Bewx.

N

let N = (\,O,O)E fRs. T waop {: Sz\N — IRZ ﬁ]vev\_ L:lé m
xy) - Py S

'F( X, (1 ) 2 ) = 1~ 2
is a continwous la‘,iu_{,-iow with. £7': R* — S*\N given ‘°‘a w
2x 2y 2

-l
J (x'“ﬂ)= ()+x"+t\1‘ 7o Taxteyr 1= )+x‘+t\1‘)' £(x,y,2) R

As 27 s alse conbinmous , it follows thet £ 35 o homeomo rpli s (colled s-l-_eraogm,:lnic_ ijea[jow).
Since R s """"P"é commnecked , it follows Haet S*\N is olso sf‘.m.\,[\l,\a comnected . Hevu,e,

T, (S*\N,s)= 0
where O duamokes thn Erviel growp-
Let r:X — A be o retvackion of X oute A. We want o show +that A is closed.
Note that A= {xeXIr(x)=xf Let a={0x)Ixex| be Hw diagomal 1 KxX, amd Wk £:X— X7 X be
e wop Ve \0\1 £(x )= (X,r(x)). Thaw £ is clx.auf-b\a conkFinumows . Synece A is closed i X xX
and £7YUA)= {XEX | £x) = (x,rx))eAf= {xeX | x=rtx)]=A, it Follows L:g cowl-‘mu&kké of £
thet A s closed w X

Re#h,x‘w;lﬂl_ el “'J-W‘“’V""{:“é oP 'onwo":o'a: eq,_uiv:albv\-bcs is obviows.

|'P X:Y w& \("\_-Z)WC_ MWSE s\/\ow‘u/u'—-b XLZ-ASSM ‘.“/\M{_ ﬁx_b\(ﬁzvuoq %Yézdﬂ
L\Qmo‘{TOP\; eiuul\/q,bb\/\_c_es wor L\.Q\AI\Q'EOPIZ nverses -ﬁ, Y — PO} 3’-‘ z2 — \(, v:svec\:\\/t\\é.

(__
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We will show tuet jo‘Fl X—> Z is « |now\o{-opg eg_w'tval.u«uc wi A L\ovvxo{-opg mverse £lo ﬁ” z2— X
I other words, we show Het

(gof)e(fog’) = jdy amd  (flog')e(gef)=idy
where W is Hoo i&uai—ﬂrvé wiop.

Since cowrportion is associchive 5 we hauve (30#) ° (-f-’ﬂj’ ) = g e (Fof’)eg’, By asswunpbion foflaidy,

onrdl se; loy Exercise 1, we howve
ge(Fof!) = goidy.
As goidy = g, it follows thek
go (4o #)eg’ = goidyeogq’ = gog’= idy.
A complitely amalogous argumunt shows that (Fog’) e (gof)=idx.

Hence , tha relebion of L\omofapg eq_ulva.bw\.ce s oun eg_MleML& NICUHOW on wwg s&‘LL of -L"o/oo/ogl‘ccv(. ?Fa_cas-

Asstume Hhet X is contrachble , 1e., idy =~ cy, where <y X— X s the constaunk waep ok ¥g€X:

Cy, (x) =%,

‘For el K&X. Let M = {’(g}, od Ut 1: Mo— K be 4he ')v\_c\buﬁov\_ wiop - T o Cyx
cxoo 2 = id\(. Fince iﬂc,(‘, = Cx, PSS | Cxp = icL)( , it Ffollows thet iocxn':’ idx_ Hcy\_(,e} X = Y

b"‘i= icA\(, and so,

(Here we hove -“n,ou.gkf of Cx, @5 oo rap frome X 4o Y. )

Now assutar thet X ¥ Y whew Y ={cl. Then there is o homobopy eguivaltnce #: X — Y with
homo{-opg inverse 7: Y—> X. Heuce, 304’&' }dx aud -Fﬂg = iv{\(_ S‘iVL(.: \/= {C]) we have

g(c)= X «
For some Xx € X. Thew For all xe X, we have
(ga-ﬁ)(x) = g(F(x)) = ?(c) = Xy

This means that goﬁ = Cx, s e, gofis a constant nop. Hence , idy = gof ~ cu, . Thws X is
contractible .

Since the waap P! R— &' ra-‘we_w [m&
ptt) = (cos(2rE), vin(2n t))

is o covering wap, e tha idm.,{-f(-z_ naap idgr + 81 = 8! s a co'vcr'\l/\g wap, it follows Iot; e Ffact that
Hhe Proc\u\,d: of two covu-hmg Wi ps is o c.oveﬁng map thet

px idgi: Rxst — s'xs'=TF

—_2

is a covering waop - Hemee, RxS' is o covcﬁl/\g space of Hue torwws T =8'x¢8'.
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Simee E s Pc"““ connected , tha lf#}ng COrre_SPaVLa(_!U\(e
& T (B)bo) - P_1(,o°)

Ls su.,r]ec,hvﬁ wb\&rf_ P(Eo)= bo- erHM—r‘W\oN.) Since B is ﬁwx.’a'g !—owm_r,d:r_-l) P—I(lob) covnia‘.-s of

oV\_Lq o poiwb , €o-

We W\Uv\‘l-' S\now -]:l/wv“-' P s o~ \:'L]edinV\z. ‘V\. parﬁcu\u) we wnu s‘/\ow ‘H/\.o_{' P—l(b) con.&')%‘bs D‘g owltg ons
po‘lw‘b Yor every b eR.

Lt C={beB|Ip"WL)=1} amd D={beBlIp-(b)= 1] Note thet CAD=P owd CuD=B. We will
show Hat C amd D are bothh open v B. If beC thun Hure is o neighborhood U of b Hhek i
evenly covercd by p, te., pTU)=V ke plyi V> W s a homeomorpuisus . Thius for blelU,
Ip=1(’ ) =1. Hence, belle C, and so, C is opew in B. Similarly, if beD Hure 15 oo neighborhed
U of b Hict is evenly coverced by p. Thuw p7'(U)= I_l_Iv-L whare  [Vil= [p7'6)] and ply;Vi— U
is o homeomorphismt for all i Thus for b'e U, [p~UbL" )= Ip7'(b)]. Hemce, beUE D, amd so, D is
open D e B.

Since B s a—;MPl(a COWLEG&, 1\7 s a-lSO c_oku_a&&. As boe C ad bothh C el D axe orev\, we -B;
we |have b\a cownec“ﬁvi\:g of B Hiet B=C cnd D=g. Hewee, P « BiJecHoV\,,

&3 B fack that every covtﬁwg wep 13 also onwn open map, omd et o b',jzc:lﬁvc ofein waep IS o homwmorpl/\ielﬂk,
we CD‘V\.Q‘W&}- -U/\‘JT P: E— B D e ‘/\QW\:OMOTP\*\)(W.

(To see theat eVery coverivg Waep i o opewn waep, let P:E—> B be covering waap ond LtV

be ovn open sulsed ok E. If xEP(V), then we cen dhoorve o V\.\:\g\hjoaf‘nocaq W of x thet is evv_u\.lfa
covercd by p. Assinn het p k)= I%Vn - Thew Hlere is o point geV such theb ply)=x ond

g €Vp for Xeh. Thaw VNVy is open v Vo Since ply, - VR U s o howmeomorphioun, it Hollows
Hot p(VAVA') is open v U, oand hawce , ® is opew v B Thus pVaVa) is o W;.QL\L,,,TIW& of x
where plVnVarle P(V). Hevee , P(V) is opevt, and Hews p s an epen wwf)

Let p:E™R be a covering maap wiiere P(Co)=ba for e, <E.
Assumnr Hrot £:T— E 15 o loop m E based ot e,, and thek
pi ([F1) = [peof]
is the id;_pd.—\-‘l.‘g elbwanmt of o, (B, bo). Thew ther is A_Fa.Hm howxaéopg H:P"'F =p ¢p whare <, I — B
is 1he couwstants ’wvék in B ot b, £ ﬁ st \i“.“w\g of H 46 E sudh Haek ﬁ(0,0)= € > thie
i—?- E:P CE, wlhere Ce°= T—€ s Hoo covntai Poc‘:'l'\- inn E ot €, HEV\.L-Q_, [2] s 'H/L,k \M(‘Lz

elewunk of 7T, (E, eo), amel so, Px * T, (E,e0) — TC,(B, bo) is & MonomorPMW.

Recell thet RP™ = SN/ whawe ~ s the eﬁ_uiv«l,v.vx_r.e relatiow. gven 'ag X~y F and owbq -
X = :t'g, i.e., x1= E—i,)(}. Let ﬁ-" Sh ,-RP"\- be +ha g_u_o'l-feuu(,‘ ma_/a ?';\/ew- bg a‘(X)= [X]

We will chow Aok q s & covc_r'cv»g wWAap- let a : S™ — ™ be 4he o e::‘,vew lo'a olx) =—x (we call
t 'l-\mk am-l-ipoolo\k 'VV\.ALP) C'EML% ; O s a ")OMwIM—OP‘Pl/MEM a.A/Lo[ aa —aoG = ;D‘SN. Note +tWe b -ﬁor [X]&RP")

we hove [x1= {x,alx)]. We stk show Hiet 9 I8 can opun Waop. £ U is e open suloset o S™ then

g (a(W)) = Uu allh).
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Since e is e howoma—PwSM, we must have thet olWW) s oper i S Hemee, WL ya(lh) js
opev W SV\', T hws q,_(.U-) i3 opew- T~ IRPM‘ ID% otlwe%vv\ljdow of '“/LL g‘u..c{-iewi, ‘&Opblogg- Hewug) g s o

5‘90,\«_ MP .

We now show thet g s & covevﬁng map- Choose am X e 8™ Sinece alx)#*X cad S™ is Hwabor#,
there ore vu.}glak:ov—hoaols W, of x amd U, of al(x) such dthoat Un U, =@F. Lebt U= WU, Nallly).
Thon W s e vw\j‘n'oor—\nooen of X as xe U ad W is open S"™. Furthermore, we have W Nnallh)=9.
Simce g is am open waep, glU) is a neighborhood of [x1e RP™ where g7'(g(UW)) = U v o). Thus
glu: U= g) end glgwy all) = glatt)) = ¢(U) an continuous bijective wreps. Since g is also
epet) it follows Hret Hhuse maps afe in fact homeomorphisms. Hence, g(L) js a Vu_?gh,loor-hooa[ of [x]
thot is evenly covered. by g, omdd 50, g is & covering map. (It s & 2-fold covoﬁwg.)

Finedly, ¥inee S™ for n22 s s“MPb.é commecked ) we have loa e U‘p{—‘\v»g c_orrcspovwb,woe, o lo‘l\}ec‘lﬁo?/\—
& 7T, (RP™, %o ) — q_"(xo)
for uny Xo€ RP™. As Iq_"(Xo)| =2 dfor all x,€ rRFh', it follows thet

T(I(TPP“’, Yo)EZ/Z.



