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Exercises

⑦ Let H
,
: f = f ' and Hz :

g = g
'
.
Then Hz : X * I → Z given by

Hz ( x , t ) = Hz ( H ,
( x , t ) , t )

is a homotopy from got to g'of ' : Hz is clearly continuous , and

Hz ( x, O ) = Hz ( H, ( x , O ) , O ) = Hz ( f- ( x ) , O ) = g ( f- ( x ) ) = ( go f) ( x )

Hz ( x , 1) = Hz ( H , ( X , I ) , I ) = Hz ( f- ' ( x ) , I ) = g
' ( flex ) ) = ( g

' of 1) ( x )

for all X E X .

7-20 For [ f- I C- IT ,
( X , Xo ) , we have

£ 1) = [ a- * faze [a ,
- '

* [ try
.

* [a ]

•

such that if y = xx B , then

j ( [¥7 = [ I * f * y I = [ Tip * f * a * PI = [ fs * I * f * a * BI = B ( [I * f * a 1) = § ( I ( [ f1 ) ) .

Hence
, f = Bo I .

N
•7.30 Let N = Cl

, 0,0 ) E IR
'
. The map f

: 521N → IR
'

given by

"

"

i:÷÷÷÷:*
.. ":* ... .. ..

•

f " ( X
, y )
- ¥¥yz ' ¥¥yz ' l - ¥z+yz ) . f- ( X , y , Z ) 1122

As f
- '
is also continuous , it follows that f is a homeomorphism ( called stereographic projection ) .

Since IR' is simply connected , it follows that 521N is also simply connected . Hence ,

I
,
( 521N ,

s ) E O

where 0 denotes the trivial group .

7-40 Let r :X → A be a retraction of X onto A .
We want to show that A is closed .

Note that A - { xexlrcx ) - x } . Let 0=1 (x , x ) Ix ex } be the diagonal in XXX
,
and let f : X→ Xx X be

the map given by f- ( x ) = ( x , rlx ) ) . Then f is clearly continuous . Since D is closed in XXX

and f
- ' ( o ) = ( x c- X I fix ) = ( x , rlx ) ) c- Of = { x c- X I x.= rex ) } = A

,
it follows by continuity of f

that A is closed in X .

7.50 Reflexivity and symmetry of homotopy equivalences is obvious
.

If X = Y and Y = Z , we must show that X - Z . Assume that f :X → Y and g
: Y→ Z are

homotopy equivalences with homotopy inverses f
'
: Y → X and g

'
: Z → Y

, respectively .
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We will show that g of
: X→ Z is a homotopy equivalence with homotopy inverse f ' og

'
: Z → X

.

In other words , we show that

( go f) o ( f
'

og
' ) ⇐ idz and ( f ' og

' ) o ( g of ) ⇐ idx

where id is the identity map .

Since composition is associative , we have ( go f) o ( f ' og
' ) = go Cf of

' ) o g
'
. By assumption , f- of

' tidy ,

and so , by Exercise 7. I , we have

go ( fo f ' ) = g o id y .

As go id y
= g , it follows that

go ( f- of ' ) og
'
e

g
o id y o g

'
= go g

'
= idz .

A completely analogous argument shows that ( f ' og
' ) o ( g of ) = id × .

Hence , the relation of homotopy equivalence is an equivalence relation on any set of topological spaces .

7-60 Assume that X is contractible
,
i. e.

,
id × - c× . where exo : X → X is the constant map at Xo EX :

( Xo
( x ) = Xo

for all × EX .
Let Y = 1×03

,
and let i : Y → X be the inclusion map .

Then cxoo i = id y , and so
,

c.
× ,

° i ⇐ idy .
Since i o exo = cxo and exo - idx , it follows that i o c , = id× .

Hence
,
X = Y

.

( Here we have thought of exo as a map from X to Y
.
)

Now assume that X - Y where Y = { c } . Then there is a homotopy equivalence f : X → Y with

homotopy inverse g : Y→ X
.
Hence

, g of - id × and fog = i dy .

Since Y - le }
,
we have

g
( c ) = X *

for some X *
E X

. Then for all X E X , we have

( go f) ( x ) = g ( f ( x ) )
=

g ( c ) = X * .

This means that go f = c×* , i. e. , got is a constant map .

Hence
,
id × = go f - c×* . Thus X is

contractible
.

⑥ Since the
map p : IR -> s ' given by

pl t ) = ( cos (2kt ) , sin ( Ze t ) )

is a covering map , and the identity map idsi : St → s ' is a covering map , it follows by the fact that
the product of two covering maps is a covering map that

px ids, i IR X 51 → s
'

x s
'
= T2

is a covering map .
Hence

,
HR x S '

is a covering space of the torus T2 = S
'
x S '

.
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8.20 Since E is path connected , the lifting correspondence

OI : IT , CB , bo ) → p
- ' Cbo )

is surjective where pceo ) = bo .
Furthermore

,
since B is simply connected , p

- ' Cbo ) consists of

only one point , eo .

We must show that p is a bijection .
In particular , we will show that p

- ' lb) consists of only one

point for every be B .

Let C. = I be Bl Ip
- ' (b) 1=1 } and D= I be B l l p

- ' (b) It 11
.
Note that Cn D= 0 and Cu D= B

. We will

show that C and D are both open in B .
If be C then there is a neighborhood U of b that is

evenly covered by p , i. e. , p
-
' ( U ) = V where p Iv : V→ U is a homeomorphism . Thus for b ' EU

,

Ip- ' ( b ' ) 1=1 .

Hence
,
be U E C

, and so , C is open in B . Similarly , if b E D there is a neighborhood
U of b that is evenly covered by p .

Then p
- ' l U ) = # Vi where I Vil - l p

- ' ( b) I and ply. : Vi → U
is a homeomorphism for all i . Thus for b ' E U

, Ip- ' ( b 'll = I p
- ' ( b) I

. Hence , be U E D , and so ,
D is

open D in B .

Since B is simply connected ,
it is also connected .

As bo E C and both C and D are open in
B
,

we have by connectivity of B that B - C and D=0 . Hence , p is a bijection .

By the fact that every covering map is also an open map, and that a bijective open map is a homeomorphism ,
we conclude that p : E → B is a homeomorphism .

(To see that every covering map is an open map , let p : E → B be a covering map and let V

be an open subset of E . If X E plV ) , then we can choose a neighborhood U of x that is evenly
covered by p . Assume that p

- ' ( U ) - H Va .
Then there is a point ye V such that ply ) - x andX

y E Va, for 1' C- A .
Then Vn Vx, is open in Vx. .

Since ply, i Vx' → U is a homeomorphism , it follows
that p ( Vn Va

' ) is open in U , and hence , it is open in B . Thus p ( Vn Va ) is a neighborhood of x
where pl Vn Vx' IE pl V) . Hence , pl V ) is open , and thus p is an open wrap .

)

8.30 Let p : E→ B be a covering map where pleo ) = bo for eo E E .

Assume that E : I→ E is a loop in E based at eo ,
and that

Px ( CET ) = [ pot]

is the identity element of it , ( B , bo ) . Then there is a path homotopy H :p OF =p Cb
.

where Cbo : I→ B

is the constant path in B at bo .
If IT is the lifting of H to E such that TICO

, 01 = eo , then

TT : E =p Ceo where Ceo : I → E is the constant path in E at eo . Hence , [ It is the identity
element of it , ( E ,

e o ) , and so , p * : IT , ( E , eo ) → it , ( B, bo ) is a monomorphism .

8.40 Recall that IRP" = 51N where n is the equivalence relation given by x - y if and only it
x = t y , i - e .

, 1×1=1 - x , X } . Let q : S " → IRP
" be the quotient map given by q (x ) = 1×7 .

We will show that q is a covering map. Let a :S
"
→ S" be the map given by a ( x ) = - x ( we call

it the antipodal map ) . Clearly , a is a homeomorphism and a ' = a o a = idsn . Note that for CXIEIBPN
,

we have [XI = Ix , acx ) } . We first show that q is an open map . If U is an open subset of
Sh then

g-
' ( q CU ) ) = U u al U ) .
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Since a is a homeomorphism , we must have that ACU) is open in Sw
.
Hence

,
U U al U ) is

open in S
"

.
Thus g.(U ) is open in IRPH by definition of the quotient topology . Hence , q is an

open map .

We now show that q is a covering map. Choose an x c- Sn . Since a ( x ) # X and Sh is Hausdorff,
there are neighborhoods U,

of x and Uz of a Cx ) such that U, n Uz = 0 .
Let U = U

,
n al Uz ) .

Then U is a neighborhood of x as x e U and U is open in Sw
.
Furthermore , we have U n al U )-0.

Since q is an open map , g- CU ) is a neighborhood of Ex IE 112pm where g-
'

( QCU ) ) = U u all) . Thus

g- Iu : U→ GLU ) and qlacu, i al U )→ of Calle ) ) - flu) are continuous bijective maps. Since q is also

open , it follows that these maps are in fact homeomorphisms. Hence , que) is a neighborhood of Kt
that is evenly covered by q , and so

, q is a covering map . ( It is a 2- fold covering .
)

Finally , since S
" for me 2 is simply connected , we have by the lifting correspondence a bijection

QT : I , ( IRP
"

,
Xo )→ of

' ( Xo )

for any Xo E IRP
"

.
As Iq

- ' ( Xo ) 1=2 for all Xo E IRPh, it follows that

IT , ( IRPh , Xo ) E 21/2 .


