
Numerical methods for the heatequation
PDE:qw(x,t) - bw(x,t) =f(x,t)(x,t)=2x(0,T)

E b.C.: w(x,t)1=3,x,t)"eT=(0,T)
i.. w(x,0) =4(x) x =R

we interpret u(xit) as a function oft which maps a time t to some function
E(x),t +xw(x) E(t)(x) =a(x,t). h(ti) =r(t)

PDE:AWH) +AuC) =f(t) => ODE-setting where - 1 =A
↑
linear mapping

=> 1u(t) =f(t,w(t)) =f(t) - Au(t).
dt

Try June Numerical methods for ODES now.

· Implicit Enter:
I

-

S
j =I R =N, tw =n. 5.
i

for m = 1,2 . . . .computer
·

- w(tn) =f(tn,u(tun)) =f(tm) - Austan



· Combine with FEC

For each tm, we consider the PDE:

u(x,tn -51w(x,t) =5f(x,tm) +5u(x,zn)
⑪ (d-3A)w(x,twx) ="

ghtn
1

pE b.c u(x,tn) =St) on OR

Vinta V
e

⑪a Weah formulation Find with) -(a) s.t K weHCR) itholds
-(w(tn),v)

a a(n,v)
e

S w(tn) dx +sr),Pate =ar(fr, what(wit,a2

Dissecte woch formulation
④. Um FER to solve, leading to

Find Waltute) e Veright s.t. FEn-> Va,o itholds that

Sweet, Gabe +i a(unitar),ww)=..
* - L



* himar algebra formulation. Sendingtosimplify cotton, 9 =0]

um(tu) =g,(x), unit) =Et es
· For i =1...N Mij
-

(y,Yilm+se)e
j =1 u

Juan Mile
=:Aij b** Bij

u* = =(V), U ==

· Initial conditions: Sano) =n=(x) =Ewig, l=(ui
For n =1..2.. &,solve

M4*sAh** =b*=U".



general thefor method
Lowers barward Enter, forward Enter and Grant-Wilson method.

Sivers " and in th*- E* (for simplicity we ansume a fixed time step 3:JnFr).
n+1

find W s.t.

M(-(n) +OAw*+(1-0)Aw =0f** +D-0) f

· Recall that&-methods can be interpreted as trying to approminate
wat tm +05, so the ris of1) could be replaced by

qr+0 =f(tn +05).

· O-methods reduces to Advantages / Disadvantages:
⑦ ⑰

O =0 explicit/forward Euler: firstorder in time, cheap to compute but not
⑦ ⑦

A-stable, leads to severe time-step restrictions
⑰ ⑰

O =ICrank
- Nicolson: Second order in time, implicit, A-stable

-

butnotstrongly A-stable / not very dissipative

very popular scheme ⑰ ⑦
⑦

O =1 implicitbackward Euler firstorder, strongly A-stable, butvery dissipative,
not well-suited tocomputestationary flows.



Aquick glimpse atnumerical methods for parabolic OCP

distributed control
· State equation (SE) ↓
01 3 -D. (3xDy) =BW in 2 x10,T) =:Q space-time cylinder

- x&n3 =0 on && x10,T)

y(0)
=30 on 2 + 403

· Lostfunctional distributed observation
11y() -3/z Ilala

2 -
en

S(y,) =1 S(son4dt
+6S(3T)-3E)dxtSSd- 2 2

end-time observation

· Example ofa parabolic OCP:minimize y(y,w) subjectto SE and beKad=((Q).
· Adjointequation (AE) ·Optimality condition

(2w +p,n-x)a =0
-8p - D. (xDy) =5 - ya im Q .S(a +p)(n-w) drdt2O FweH

- x0mP =0 on (0,T) +&2
·Riez reprantation off'(u) (f(n) =((y(),n)

p(T) =x(z(i) - ya)
Df(u) =2w +

xp(pCT,9.) =5 (52(t) -yi19 (3,4:) =(πya,4)
28 =

5MY-oYd



· Optimize them discretive (OtD) approach (for 51 =0, no end-time observation, uncontrained wh
OC i (ww +p,w)y =0 F) (raw(t) +p(t), wH))r

=

0 for are. t in 10.51.
=) Saw +p =0 for a.e. (x,t) in Q.

we discutive (SE), (AE), (OC) uing FER and them backward Enter.

·FER:v =V =H(R). Ey,3bais functions
W =b =a(2) [4,3* simplify by suing Un =Va. 9:=4:

3(xt) =28,9,(x), 4(xt) =yit)y,(x).,5(1) =(y,()-w
ji=1

SE C873r14ilz +Dyim
=

(ww4: i =1,Nr.
(discute) ne

.

SE:

Calgebraic) Mi +A5 =Bu w j(0) =(y)
Mij=(4;14a Aij =(k44j,44 V =3,y(0) =3,45

· AE

Sagebraic)

- j +y =4(5- go) efiant fromanintrogationstouchIre
· OC - ↳ME +Bp =0 forz =(0,T) -acollects dof-coft-from - projection,calgebraic



· Discutein time wing Bodward Euler:
5:I

· SERG + sA5* =5E +M n =0, . - Ne

(I +A)- &Mit =0

Collecteverything in big mate system:

I +A
-

+AIedit.
Y eB

NEW· How large is this splew. A,=R



· Same disclization (BE) for AE: - My +Ap =M(5-ga)
· Time-discliecion (pr-pin) +Ap =R(52-5a) m =-1,

... 1.0.

+1
- 6 -

-(i):))))
-jee

3 Wy.NE

....(2)(i) - (i)()-()



Projected gradientmethod

·dinimize reduced functional f(w) = =y(y(u),w) iming the projectedgradientmethod as before
Algorithm

· Initial control ,

For n = 1,2
. . . .

·Compute state in solving the forward heatequation
. adjointstate on solving the backward equation
· Compute new descentdirection dm = - Xf(un) via Rieszrepresentens

Idr = - 5wn +p) (a +pp,w-) =0

· Find appropriatestep lenght up by tying to solve -> (Wet(rit) + pla,t))(wr.1 - [(xA
f(Praa(an +ande)) =

miro 5 (Puna(ur+ adi)). 20 for are.
(x,t)=Q,

e.g. using a suitable bactracing algorithm.

· Note:as before for time-dependent) box-constraints 3(x,t) =w(xit) =3.(x,t),OC translatestw

5(x,t) =R13.3(x,y))- P(x,t)).


