
Optimization#

Lecture 8, Feb. 1



4. Frichetand Goteaus derivative

Artation for v =x(X +y-

r(x) 1(x(1->6u(x) =a((x11)= - -> ②
11 x/)

1(x11 ->0r(x) =0(1)=> r() -> o

For Danach pace X, Y, we define

L(x,y) =58:X +y/f linear
and continuous

&12:Letf: 1(5)cX +Y
and 5 and Yare Damad

space,
then there hold,

i) J isFreetdifferentiable (F-difff.)
in X.

#> the SithTC L(X,4) sit,



8(4th) - f(x) =Th +0(1h()

↑ is called F-derivative of 8 atX.,
S'(x,) i

=T

(ii) J isGatos diffe. (2-difff.

#> I T th(X,y), S.th.

f(x, +tk) - f(x) =Tk +o(t)

for all k ofwith11kX =1 .

T iscalled the gateana privative.

(iii) If the F-ora) derivationexcite

for all X, -11, then

S'. ncX +L(f,y),
x f(x) in called

F(or 2) derivativeof 8 in th



Seanglas
->

1. F = (20,1) - (R,y ))sinx+yldx
clain:Is Fcliffwith

Fiyh =
1

2)y(k)h()dX
Proof:
-

F(y +2) - F(y) - F'(y)h ->
-

=32(y +412 -4 - 2/43dx

=12 -

dx = 1h1i =0(Mh40)

2. Letit be a fillert you and

F: H -1, U-> DUNE
=(u,u)+)



F(n +h) - F(u) =(u +h,n+h)p- (u)

=2(u,h)y +(h,h)

=2(u,h)+ +1h))=

=(2u,h)H +0)(h)))

=> FiF-diff with

F'(n)h =(2u,h)H

F'su):H) -(i.e.F' -> H
*

by identification wing Tieoz

=> F'(u) =2u

3. letF:x -y linear and continue,
them FisF- diffe, with
F-derioctidF=F

be cause

F(x +h) - F(x) =F(h) + o



#and:It is easy to lash that

Idiffe. > diffe.
the concesses ingeneral is nottrue,

Theaven
->

I chainsuch

let X, s, z be Damaha
space,

F:M(x.)(X -u(f(x.)c.y
2: U(f(xx) -zand let

F "(X,) and U'F(X.1) eraitan

F- derivatives.

Then H(x) =2 (F(x) inF. liffs.
withH'(x? =G'(F(Xn) F'sx0)

=2'(F(X.3) 0F'(X,)



example:

f(u) =g(x(u),n) =(y - ya)dx

==) y- Ya( 4 - Ya)((r)
where S: \"(2) -> ("(r), uh Su =y

linear and continuous, huma S' = S

and F(u) =Su - yr

G(y) =z((y)(2(r)
F'( u)h =3h

a'(y)h =(y,h)(i)r)

then J'sush=G'(F(u)) F'h

=(F(u),F'h)yz =(F(u),Sh)p



=(Su -y,,sh),z
=(s(su -yp),h)(z

asplying chairs theorem, we gat

As
+

(su - ya)

demal:Fo TC ((X, y) with
-

Hilbertspace & and Y, we define

the adjointoperator Tc L(X,*)

by (y,Tx(yy =(T
+

y,X)x

5. We can
my optisualityconditions



We begin withconvictoring
(4) reifius, Nucl

utlad

#mma14: lethad all be cloned

and
convers, 8:23-12 2-liffe.

and is les and to (P). Then,

there hold

f'(w) (u -) =0 WueMod

Iroof:lethold then

is + t(u - a)-Had far all to 30,1]

vince of is a-diff, we obtainfor
t >0, mall enough

O =(u
- z)) - f(i)



↓
+= 0

f'(z)(u - i) =0.

Now, we consider (cpl):

uni J(y,n)
enhi.to a.(y,y) =)bgdx NgeHol

and u +H.12(2)r)

We definereduced outfunctional

f(u) =j(y(u),u) =E(Su - yu)dx +fu

using previous essamples, we get

f'u)h =(su -ya,Sh)p() +5(u,h),

=(s* ((u - ya),h)( +g(u,h)/z



Now, we wantto characterizes*,
the adjointsolution operator.

#16 For the stateequation

2
- Ay =uiz

y
=0ou0r

the Flilhentspace adjoint 5*: ("(i)-> L"()

indefined on S*z=p, where

↑
is weak has to

(x)9
- A p

=z,nr

P =0, ondr

i.e. s isthe 10 gevator 1 S*=P
of equ. (*)

Iroaf:si defined as

(z,(u) =(Sz,u)Vz,n.Li(k)



then there holde

7.) (0p.00dX= Sz0dXWeeHica)
2 r

2) Goy.oge =ugdeNgeHae
take v =yin(1) and G =pin (2)

(zydx =(z,Su) =pudx =(s*z,u)
2

Δ

Now couride (*(su-ya) =S*z,

i.e. we choose z =Sx -

yp
=y - ydc

then S*(sa-ye) =p, where p

when the adjointequ.

(AES
- AP

=

y -Y,
in h

P =0 on 22



Corollary 17: For Fsul =J(y(w),3)

we have f'(x) =4 +5u

Iroof:

f'susk =(S
=(su - yu) +5u,h)p
-
=P

=(p +5u,h),z

This f'(u) =p+5u

Now letisbe and to CCP) and

he l3(2) Sith 5 + h -Mad, then

We have

0 = f'(i)h, for k=n-z

we get
(p +5u,n - n)) = 0

Vx +Had


