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@ assume §2 € R™ with smooth boundary (at least C'1'1)

@ consider
yr — div (k(z) grady) = au in Q x (0,7). (1)
9y .
5, =0 n92x(0.7). @)
y(0) =yo in Q. ()

e T < oo end-time
@ we understand (1)—(3) as an evolution equation in a Hilbert space

@ Definition
Let I C R aninterval and H Hiloert space, then C(I, H) is the space of all
continuous functions f : I — H, ¢ — f(t) € H with norm

[ull = supgep [u(®)] -
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Remarks - mé

e f € C(I, H) not necessarily continuous in space, consider e.g., g € C([0,T1)
and u € L?(Q), then f(t) = g(t)u not continuous in .

@ thorough introduction see, e.g., Zeidler: Nonlinear FA, Vol. lla, Springer, short
intro in Evan’s PDE book

@ general idea: analogous to introduction of LP(£2), introduce LP(I, H) as
completion of C(I, H) with respect to norm

1/p
I fllze o1 1) = </1 ||f(t)||§[dt) )
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Example: Banach space valued function spaces 'Zﬁ@’g

(1) C([0,T; L(2)) with norm || £|| = supy 7y (Jr, /()%dt)""

(2) Z3((0.T); (@) witrorm £ = [ (Jy £2(e 1)) ]
(3) HY(0,T); L*(€)) with norm

T 1/2
171 = ( | (e + 150 dt)
T 1/2
= (/ /(f2($,t)+ft2(x,t))dxdt> ,
0 Q

(4) L2((0,T; H*()) with norm

T 1/2
Ifl = /0 /Q(fQ(x,t)—i—Vf(x,t)|2)dxdt] .
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@ Weak formulation

/yt(t)godx+k/Vy(t)Vgodx:/auapdx
Q Q Q
—_—

N——
=a(y(t).¢) =F(y¢)

or
(1), ©)12(0) +aly(t), ) = Flp) forallp € H'(Q),t € (0,T) (4)
y(0) =yo in Q. (5)
@ we will show, (4),(5) has a unique sol.
y € HYY(Q) == H'(0,T; L*(Q)) N L*(0,T; H'(Q))

where @ =  x (0,T) is the space-time cylinder
o Lemma:Lety € HY(Q) theny € C([0,T7]; L*(Q)).

@ Hence initial condition (5) is well-defined
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@ two strategies to prove existence of a weak solution
o Galerkin ansatz
Replace V' = H () by finite dimensional approximation V,,,, put
Y™ (t) = Yiv, gi(t)pi, where ; is a basis of V,,,. For m fixed, y™ is
given as the solution to an ODE, passing to the limit gives solution to
(4)—(5), see, e.g. Evan’s book.
o Rothe method (which we will follow)
replace ¥ (t) by difference quotient M
@ Lemma:
Let f € LP(Q2), Q2 C R, 1 < p < 0. There is a constant C' > 0,s.t. for all
V' cC Qand h < dist (', 092) there holds
f(a + he:) — f(x)
h
Then, u,, € LP(2) and

D f = € LP() with | DIf|[Lon < C.

lue, |lr) < C.
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@ Assumptions on data
(A1) k > 0 konstant
(A2) a € L>®(Q)mitQ = Q x (0,T)und ||afp~g) < @
(A3) u € L*(Q), yo € H'().

@ Theorem: Assume (A1)—(A3), then (4)—(5) has a unique solution
y € HYH(Q).

@ Proofin 4 steps

@ uniqueness via apriori estimate

@ time discretization, solution of elliptic problems
© discrete apriori estimate

@ passing to the limit
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Step 1: Apriori estimate — |

Let y be a sol. to (4)—(5). Insert p = y; in (4) integrate with respect to time
t t t
/ /yg d$d€+k/ / VyVye dedé :/ /auyg dxdf .
o Ja 0 JQ 0o JQ
I Iy

for the integrals we obtain

/ / & Vol ded = / / 4 \vyPdeds
- /Q\Vy(t)|2da:— . /Q\Vyo\Qda:.

12<7// dmdf—i— // u?dxds .
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Step 1: Apriori estimate - I 'Cff’g

Altogether, we get

3 [ [ oaeac / V() d
/ /u dodé +° /IVyol dz

Remark: Functions y € H'(0,T; L?(2)) are absolutely continuous, i.e.

t
y(t):y(O)Jr/0 yedé f0.in Q

Using Holder inequality and (a + b)? < 2a? + 2b2 we get

/Qy(t)2dx/ﬂ(yo+/0tyfd§> :17<2/ derZT/ /ygdxdé 7)

hence, from (6) we get

HyH%m(O,T;Hl(Q)) + HyH?{l(O,T;L?(Q)) <C (H“H%z(om L2) T Hyo||2L2(Q)) :

Since (4) is linear, we can infer uniqueness.
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Step 2: time discretization, solution of elliptic problems

o Leti M € Nfixedand h = -, y° := yo. Form € {1, ..., M} we define

mh
/ afz, t)u(z, t)dt.
(m—1)h

S
°3
—

8

S~—

I
> =

@ We replace y;(mh) by 8,y™ := 3 (y™ — y™ ') and consider an implicit

time-discrete scheme
/§hymgpdx+k/ Vy"Vodr = / uTpdr forall p € HY(). (9)
Q Q Q

e applying Lax-Milgram), inductively we get unique sol. y™ € H*(£2) for

m =1, ..., M of elliptic problems (9).
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Step 3: discrete apriori estimates - | . 4{4’3

We derive time discrete counterpart of (6). Insert ¢ = y™ — y™ ! to get

/Qéhy’”(ym —y™ Ndx + k/QVymV(y’” —y" Nde = /Quy(y'” —y" Nda .

Summing up for m = 1 to [ yields

! !
Z h/(éhym)zda:+k Z / Vy"V(y™
m=1 Q m=1"%

Iy I

l
=) / up(y™ =yt da
Q

m=1

We apply inequalities of Holder und Young to [ ::
I
<> [ s < 3 Zh/ Y2da + = Zh/dhy
& T
u?
— dxdt h| (8
2/0/9 i 30 [

IN
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Step 3: discrete apriori estimates — Il
Here, we have used

l l mh 2
™20y = i alz, tu(x T
mz_:lh/g(ua) dm_mz his /Q</(m1)h (2, t)u( ,t)dt) d

=1

Holder T
/ / wldxdt < &2/ / wldzdt .
—1)h 0o Ja

1 1 1
Next, we apply the identity [a|? — a - b = 3 la —b> + = |a]* — 3 |b]? to I,

l l
2 fQ Vymv(y™ — ymil)dx = 21 (fQ |Vym|2dx - fQ Vymvymil)

m=1 m
!

=3 ElfQ|Vy y" 1 2do + 1 Z Jo(Vy™P? = [Vy™ 1 1?)dx
o
1

=1 Zﬂ Jo IVy™ = Vym = 2de + 5 [ |V [Pde — § [, |[Vy°[*da.
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Step 3: discrete apriori estimates — Il

All'in all, we obtain

1 & k
5 g:j Blony™ a0 + 5 x| 199" 720

+— Z/\Vy — Vy™™ 12dx<—/ / w?dadt + = /|Vy0|2dx

(10)
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Step 4: passing to the limit -1

Define linear and constant in time interpolating functions

t —mh
yn(t) =y™ + (y™ —y™ ") for t € [(m—1)h,mh]

h
Jn(t) =y™ for t € [(m — 1)h, mh]

From (10) we get

lyn.ellL2(o,m; L2 ) + 1 1VER] [I22(0) < C1-

Moreover, as for the time-continuous case, see (7), we obtain

lon (]2 / S 273 / . /yht Vs

M
< 2/ yodu +2T ) h/(éhym)Qda: <C,.
Q o1 JQ
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Step 4: passing to the limit - Il 'Zﬁf’g
Using triangle inequality, we get || Vyn (t)[| 22 (o) < Cs,
altogether, we have

lynll 2 0,7; L2 (@))nL>= 0,15 1 (@) + |8l Lo (0,1 71 (02)) < Ca (11)
From (10) we infer

~ T N
||vyh - vyh“%2(07T; L2(Q)) = fO (fl\Vyh — Vyh|2dxdt

mh
[ [ (Vym + = (vym — vymt) — vym) dedt
1(m—-1)h Q

INE

m

M mh 9 5
= > [ (S d vy = vy de
)

m=1(m—1)h
S 12, —
=3 2 JIVy™ = Vy™2dz , 55 0. (12)
m=1Q
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Step 4: passing to the limit —llI xﬁ’g
Utilizing (11) we get

yn — y schwach*in L>(0,T; H'(Q))
(13)
schwach in H'(0,T; L*(Q)) N L*(0,T; H'())
Un — § schwach*in L>(0,T; H*(Q))
(14)
schwachin L?(0,T; H'()).

Moreover, we observe

T M mh 2
N Z t—mh m m—
/o /Q(yh ~ 9n)*dodt = /( Dh /Q % (y™ —y™ ") dadt
m=1" "

h? U
==y h/(éhym)de — 0.
3 m=1 Q2

and together with (12)

Hyh - Z)h”%z(O,T;Hl(Q)) h:)() O, ie., Yy = g a.e.in Q .
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Step 4: passing to the limit — IV xﬁ’g

Now, we get back to (4). Multiplying with 1) € L?(0, T') with test function
¢ = Py € L*(Q) we get

T T T
/ /yh7t¢dxdt+k/ /V@thbd:rdt:/ /ﬁggbdxdt
o Jao o Ja o Jao

where @/ (t) = u(z) fort € ((m — 1)k, mh).

(03

There holds
a" — au stronglyin L2(Q).

Utilizing (13), (14)and y = § a.e.in ) we obtain

T
_ _ 2
/0 </Q yepdx + k/QVngadx /Qaud)d:c) Y(t)dt =0 forall p € L*(0,T)

Thus, y solves (4)—(5).
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