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Exercise set 2

1 Show that the function y : (−1, 1)→ R, y(x) = sgn(x) is not contained in H1(−1, 1).

Note: You may have to use the fact that a function v is equal to zero almost every-
where, if the integral

∫
vw dx is equal to zero for every smooth function w.

2 Assume that ~b ∈ C1(Ω̄;Rn) is a continuously differentiable vector field on Ω and that
f ∈ L2(Ω). Consider the PDE

div(~bu)−∆u = f in Ω,

u = 0 on Γ.

a) Provide a weak formulation of this PDE.

b) Assume now that ~b is divergence free, that is, div~b = 0 in Ω. Show that this
equation has a unique solution in H1

0 (Ω).

c) Find reasonable assumptions weaker than div~b = 0 that still guarantee the
existence of a unique solution in H1

0 (Ω).

3 Recall the Riesz representation theorem, which states that every bounded linear
functional ` on a Hilbert space V can be written as `(v) = 〈y, v〉V for some (unique)
y ∈ V .

Assume now that f ∈ L2(Ω) and define the bounded linear functional ` ∈ (H1(Ω))∗,

`(v) =

∫
Ω
fv dx for v ∈ H1(Ω).

Show that the function y ∈ H1(Ω) satisfying `(v) = 〈y, v〉H1 for all v ∈ H1(Ω) is the
solution of some PDE. Write doen both the weak and the strong form of this PDE.
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4 Recall the Cantor set from exercise sheet 1, which is constructed from the unit interval
by removing first the central interval (1/3, 2/3), then the two intervals (1/9, 2/9) and
(7/9, 8/9), then four (central) intervals of length 1/27, and so on.

We now define Lebesgue’s singular function (sometimes called Devil’s staircase) by
setting

f(x) =


1/2 for 1/3 ≤ x ≤ 2/3,

1/4 for 1/9 ≤ x ≤ 2/9,

3/4 for 7/9 ≤ x ≤ 8/9,
...

Or, using again ternary expansions,1 we have

f(x) =

∞∑
k=1

bak/2c2−k for x =

∞∑
k=1

ak3−k.

a) Show that f is continuous.

b) Show that f is differentiable with f ′(x) = 0 in every point x 6∈ C.

c) Conclude that f 6∈ H1(0, 1).

1Here we have to use finite expansions whenever possible.
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