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Exercise set 4

1 Convexity and closedness in L1([0, 1]) should not pose any problems. For the non-
existence of a solution, note first that the constraints imply that ‖u‖L1 > 1 for all
u ∈ C. Then observe that functions in C may have a smaller L1-norm, if their mass
is concentrated near 1. Use this in order to construct a minimising sequence.

2 From the results in the lecture it follows easily that F is weakly lower semi-continuous
and coercive in H1(B2). Note also that F is obviously strictly convex. If the feasible
set is convex and closed, this immediately yields existence and uniqueness.

For non-convex sets it is still possible to obtain weak closedness, but this requires
a more accurate analysis. Here it is necessary to remember that weak convergence
in H1 has different effects on the gradients ∇y than the function values y(x). And,
if the weak closedness does not hold, it is in general very difficult to say anything
concrete about the existence of a solution (you can try of course!).

(An interested student may also analyse the constraints in problem b) a bit more
closely in order to show that this problem has precisely two local solutions.)

3 a) This is somehow straight forward. Note, however, that it is necessary to show
that X is non-empty. Here, the assumption about f on Γ should help.

b) Here one needs to realise that this is a convex optimisation problem with convex
constraints. Thus a necessary and sufficient optimality condition is that the
variation in all feasible directions is non-negative. See e.g. Optimisation I, the
note on convex optimisation, Proposition 4. Note that the proof remains valid
in Hilbert spaces. Thus instead of the weak form of a PDE, one should end up
with a variational inequality, where some inequality needs to hold for all feasible
directions. Formally, it is then possible to apply the Gauß–Green theorem in
order to obtain a more concrete form of this inequality.
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