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Exercise set 3

1 a) You have to verify the conditions of the Browder–Minty theorem. Hemi-continuity
has been done in the lecture (but is also possible explicitly here by expanding
the term (y + tz)3), and the only difficulty should be coercivity. There, an
estimate like y4 ≥ 2y2 − 1 might be useful.
Also, it is important not to try to prove strong monotonicity, because the next
part of the exercise shows that it cannot hold!

b) Try to find the analytical solution in case f is a constant function.

2 a) This problem might be more complicated than it appears at first glance. It is
important to realise that the gradient of the function ϕ(ξ) = Aξ · ξ is not equal
to 2Aξ. For a simple computation of ∇ϕ(ξ), recall that (Taylor series!)

ϕ(ξ + εζ) = ϕ(ξ) + ε∇ϕ(ξ) · ζ + o(ε).

b) Note that Aξ · ξ = ξ ·AT ξ = 1
2(A+AT )ξ · ξ.

3 Here it is important to compute variations only in directions where you may actually
vary the functions (or: be careful with boundary conditions). Apart from that,
everything should be straight-forward, the second part literally so.

4 a) In order to show that
∫ 1
0 ykv dx → 0, you can define vk(x) = v(x) if x < 1/k

and vk(x) = 0 else. Then
∫ 1
0 ykv dx =

∫ 1
0 ykvk dx. Now you can e.g. use Hölder’s

inequality, and then use dominated convergence in order to show that the second
integral tends to zero.

b) Assuming that a sub-sequence converges, show that the weak limit has to be
equal to 0. Then find a contradiction with e.g. the test function v(x) = 1.
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